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ABSTRACT

We study recovery of amplitudes and nodes of a
finite impulse train from a limited number of equispaced
noisy frequency samples. This problem is known as
super-resolution (SR) under sparsity constraints and has
numerous applications. Prony’s method is an algebraic
technique which fully recovers the signal parameters in
the absence of measurement noise. In the presence of
noise, Prony’s method may experience significant loss of
accuracy, especially when the separation between Dirac
pulses is smaller than the Nyquist-Shannon-Rayleigh
(NSR) limit. In this work we combine Prony’s method
with a recently established decimation technique for
analyzing the SR problem in the regime where the
distance between two or more pulses is much smaller
than the NSR limit. We show that our approach attains
optimal asymptotic stability in the presence of noise. Our
result challenges the conventional belief that Prony-type
methods tend to be highly numerically unstable.

Index Terms— Prony’s method, decimation, sparse
super-resolution

1. INTRODUCTION

The (noisy) SR problem is to recover the amplitudes
{αk}nk=1 and nodes {xk}nk=1 of a finite impulse train
f(x) =

∑n
k=1 αkδ(x−xk) from band-limited and noisy

spectral measurements

g(ω) =

n∑
k=1

αke
2πjxkω + e(ω), ω ∈ [−Ω,Ω], (1)

where Ω > 0 and ‖e‖∞ ≤ ε for ε > 0. The SR problem
belongs to a class of inverse problems with multiple
applications, including parametric spectral estimation,
direction of arrival estimation, finite rate of innovation
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sampling, time-of-flight imaging and unlimited sensing
[1, 2, 3, 4, 5]. High-order versions of (1) are considered
in e.g. [6, 7].

In the noiseless regime (i.e., when e(ω) ≡ 0), Prony’s
method [8] recovers the parameters {αk, xk}nk=1 from
2n equispaced samples g(k), k = 0, . . . , 2n − 1. This
is achieved by reducing the SR problem to a three-
step procedure, which involves solution of two linear
systems, in combination with a root-finding step (See
Algorithm 2.1 below). In the presence of measurement
noise, however, the conventional wisdom is that Prony’s
method is ill-conditioned, meaning that it suffers from a
significant loss of accuracy. An especially challenging
regime for Prony’s method occurs when the separation ∆
between two or more nodes is smaller than the Nyquist-
Shannon-Rayleigh (NSR) limit 1/Ω. Recently, min-
max error bounds for SR in the noisy regime were
derived in the case when some nodes form a dense
cluster [9, 10]. These theoretical bounds establish the
fundamental limits of recovery in the SR problem.
However, a tractable algorithm which achieves these
theoretical bounds has been missing in the literature.

In this work we develop a reconstruction algorithm
inspired by a decimation approach first proposed in [2].
Our procedure relies on sampling the spectrum of g at
2n equispaced and maximally separated frequencies, and
solving the SR problem thus obtained by applying the
Prony’s method. For success of the approach, care needs
to be taken to avoid node aliasing and collisions. Inspired
by [10], this is achieved by considering sufficiently
many decimated sub-problems. The result is a tractable
algorithm, which has lower computational complexity
than the well-established and frequently used ESPRIT
algorithm (see e.g. [11]). We further provide theoretical
motivation and numerical examples which show that
the proposed algorithm achieves the optimal asymptotic
stability and noise tolerance guaranteed in the literature.
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2. TOWARDS OPTIMAL ALGORITHMS

Throughout the paper we consider the number of nodes
(resp. amplitudes) n ∈ {1, 2, . . . } in (1) to be fixed.
We assume that the nodes satisfy {xk}nk=1 ⊆

[
− 1

2 ,
1
2

]
.

By rescaling the data (1), this assumption poses no loss
of generality (see Section 4 in [10]). Let {x̃k}nk=1 and
{α̃k}nk=1 be the approximated parameters obtained via a
reconstruction algorithm using the data (1).

Definition 1 ([10]). Let {(αk, xk)}nk=1 ⊆ U . Given ε >
0, the min-max recovery rates are

Λx,jε,U,Ω = inf
A:g 7→{α̃j ,x̃j}

sup
{αj ,xj}

sup
‖e‖∞≤ε

|xj − x̃j | ,

Λα,jε,U,Ω = inf
A:g 7→{α̃j ,x̃j}

sup
{αj ,xj}

sup
‖e‖∞≤ε

|αj − α̃j | .

Here U is some fixed subset in the parameter space,
whereas the infimum is over the set of all reconstruction
algorithms A which employ the data (1).

The min-max rates define the optimal recovery rates
achievable by a reconstruction algorithm, in the presence
of measurement noise of magnitude less than ε and when
the node and amplitude pairs belong to U .

It has been well established that the difficulty of
SR is related to the minimal separation between nodes,
∆ := mins 6=k |xs − xk|. A particular case of interest,
both theoretically and from an applications perspective,
concerns signals whose nodes are densely clustered, i.e.
∆� 1

Ω [12, 13, 14, 15, 16, 17].

Definition 2. We call {xk}nk=1 a clustered configuration
if there is a partition of the nodes into clusters such that
the distances between the nodes in each cluster are on
the order of ∆, while the inter-cluster distances are on
the order of 1/Ω (well-separated clusters). [9, 10].

Theorem 1 ([10]). Let the super-resolution factor
satisfy SRF := 1

Ω∆ ' 1, and {|αk|}nk=1 be (uniformly)
bounded. Let there exist a single cluster X of size
1 < ` < n, whereas all other (singleton) clusters are
well-separated, and ε / (Ω∆)2`−1. Then

Λx,jε,U,Ω �

{
SRF2`−2 ε

Ω xj ∈ X ,
ε
Ω xj /∈ X ,

Λα,jε,U,Ω �

{
SRF2`−1ε xj ∈ X ,
ε xj /∈ X .

Here, /,',� denote asymptotic inequalities/equivalence
up to multiplying constants independent of Ω,∆, ε, while
U is the set of signals satisfying the assumptions above.

The min-max bounds establish fundamental recovery
limits in any application modeled by (1) (e.g. [18]).
Related results are known in the signal processing
literature for Gaussian noise [14, 16, 19]. Despite a
plethora of methods to solve this problem, up to date a
tractable algorithm which achieves the min-max rates is
missing from the literature. In particular, the frequently
used ESPRIT algorithm is sub-optimal, both in terms of
the bounds and the threshold SNR [11].

While the proof of Theorem 1 is non-constructive,
it motivates a design of an algorithm achieving the
optimal rates in practice. Let J :=

[
1
2

Ω
2n−1 ,

Ω
2n−1

]
.

For a decimation parameter λ ∈ J , the measurements
{g(λk)}2n−1

k=0 yield the problem (1) with {e2πjxj}nj=1

replaced by {e2πjλxj}nj=1. By [10, Prop. 5.8] there exists
an interval I ⊂ J of length |I| ≥ cΩ such that every
λ ∈ I satisfies |e2πjλxi − e2πjλxj | ≥ 1

n2 , whenever
xi, xj belong to different clusters (collision avoidance).
By [10, Prop. 5.12], for a collision-avoiding λ, the
condition number of the (theoretical) solution map Pn
which inverts (1) in the case e ≡ 0 and ω ∈ {kλ}2n−1

k=0

matches the min-max rates. Set {α̃j , e2πjỹλ,j}nj=1 =

Pn {g(λk)}2n−1
k=0 . Let the set of all aliased solutions

corresponding to {ỹλ,j}nj=1 be

Xλ :=

n⋃
j=1

{
(λ, t) : t =

ỹλ,j +m

λ
,m ∈ Z, |t| ≤ 1

2

}
, (2)

where the aliasing follows by periodicity of y 7→ e2πjy .
The arguments above imply that Xλ contains at least one
element (λ, t) with t ≈ xj for each j = 1, . . . , n (call it
Property P*). Thus, to obtain a constructive procedure
for recovery, we propose the following general approach:

1. Find a collision-avoiding λ ∈ J ;

2. Compute {α̃j , e2πjỹλ,j}nj=1 ≈ Pn {g(λk)}2n−1
k=0

with optimal stability/accuracy;

3. Find {(λ, x̃j)}nj=1 ⊂ Xλ s.t. x̃j ≈ xj (dealiasing).

In this work we tackle steps 1 and 3. For step 2, we
propose to use the classical Prony’s method [8], which
provides an exact solution to the problem in the noiseless
regime (see Alg. 2.1). Define the node/amplitude
error amplification factors

Kx,j := ε−1Ω|xj − x̃j |, Kα,j := ε−1|αj − α̃j |.

The use of Prony’s method is motivated by the simulations
in Fig. 1. Fixing Ω = 2n − 1 and testing Alg. 2.1
for n ∈ {3, 4, 5} and cluster sizes ` ∈ {2, 3, 5} in
the regime ∆ � 1 (i.e., SRF � 1 in Theorem 1),
and in the presence of measurement noise shows that
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Prony’s method asymptotically achieves the min-max
rates required for step 2.

Remark 1. In all numerical tests in this paper, we follow
[10] and consider xk to be successfully recovered if the
error |xk − x̃k| is smaller than one third of the distance
between xk and its nearest neighbor.

Algorithm 2.1: The Classical Prony method

Input : Sequence {m̃k ≡ g(k)}2n−1
k=0

Output : Estimates {x̃k, α̃k}nk=1

Notation: col {yk}mk=1 = [y1, . . . , ym]> ∈ Cm.
1 Construct H̃n = (m̃i+j)0≤i,j≤n−1

2 Solve the linear least squares problem

col {qk}n−1
k=0 = arg min

q∈Cn

∥∥H̃nq+col {m̃k}2n−1
k=n

∥∥
2

3 Compute {z̃k}nk=1 as the roots of the (perturbed)
Prony polynomial q(z) := zn +

∑n−1
j=0 qjz

j .

4 Recover {x̃k}nk=1 from z̃k via x̃k = Arg(z̃k)
2π .

5 Construct Ṽ =
(
z̃ik
)k=1,...,n

i=0,...,n−1
and solve

col {α̃k}nk=1 = arg min
α∈Cn

∥∥Ṽα−col {m̃k}n−1
k=0

∥∥
2

6 return the estimated parameters {x̃k, α̃k}nk=1

3. DECIMATED PRONY’S METHOD

Here we develop the Decimated Prony’s Method (DPM)
(Alg. 3.1). To find a collision-avoiding λ, we consider
Xλ as in (2) for each λ ∈ GwhereG = linspace(J , Nλ)
is the uniform grid of size Nλ ∈ N (the choice of Nλ
is motivated in Remark 2. Cf. Fig. 2 for a numerical
justification of this approach) [steps 1–5]. Next, we
compute the histogram of {x : (λ, x) ∈

⋃
λ∈GXλ} with

Nb bins (cf. Remark 2) and find the n bins {Bj}nj=1 with
largest counts [step 6]. Based on [10] we expect the set

Λ :=

n⋂
k=1

{λ : (λ, x) ∈
⋃
λ∈G

Xλ ∧ x ∈ Bk} (3)

to contain only collision-avoiding λ’s. In particular, if
λ is not collision-avoiding, Property P* will not be
satisfied since at least two nodes will be ill-conditioned.
Furthermore, the proof of [10, Prop. 5.17] suggests
that if λ1 6= λ2 are collision-avoiding, then, with
high probability, (λ1, t1) ∈ Xλ1

and (λ2, t2) ∈ Xλ2

with t1 ≈ t2 implies t1 ≈ t2 ≈ xj for some j =
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(a) Error amplification factors for ` = 2, n = 3
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(c) Kx,1 for various `, n

Fig. 1. Classical Prony method - asymptotic optimality. (a)
For cluster nodes, {Kx,j} (left) scale like ∆2−2`, while {Kα,j}
(right) scale like ∆1−2`. For the non-cluster node j=3, {Kx,j}
and {Kα,j} are lower bounded by a constant. (b) Noise
threshold for recovery of cluster nodes scales like ∆2`−1. (c)
Kx,j � ∆2−2` for cluster nodes holds for different `, n. The
number of tests is (a) 200, (b) 2000, (c) 200 for each `, n.

1, . . . , n. Thus, provided Λ 6= ∅ (otherwise the algorithm
fails), we choose λ∗ = max Λ to obtain maximal in-
cluster separaton of {e2πjλ∗xj}nj=1 [step 7] and recover
the corresponding {x̃j}nj=1 by choosing x̃j ∈ Bj
s.t. (λ∗, x̃j) ∈ Xλ∗ [step 8]. Finally, the amplitude
approximations are found by solving a Vandermonde
system [step 9].

Remark 2. Following the criterion for successful node
recovery (see Remark 1), Nb is set to be at least 3∆−1.
We further conjecture that Nλ ' Ω is sufficient to ensure
correctness of the algorithm. We leave the rigorous
justification of this claim to future work. As a guideline,
increasing Nλ is expected to improve the robustness of
the approximations generated by DPM.

Next, we analyze the time complexity of DPM by
addressing each step of Algorithm 3.1. Below we use the
notation O = On (recall that n is considered fixed).
The classical Prony’s method has complexity O(1),
since it depends only on n. For every λ ∈ G we apply
Algorithm 2.1 with the samples {g(λk)} and compute
Xλ in (2), which costs O(Nλ + λNλ). Computing
the histogram with Nb bins for data of size

∑Nλ
i=1 nλi

costs O(NλΩ + Nb). Finding the bins {Bk}nk=1 with
n largest counts costs O(Nb). Computing Λ in (3)
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and λ∗ = max Λ, together with finding the estimated
{x̃k}nk=1 costs O(Nλ). Finally, solving an n-order
Vandermonde system costs O(1) [20]. Thus, the total
complexity is O(NλΩ + Nb). As mentioned in Remark
2, Nλ ' Ω and Nb ' ∆−1 are expected to be sufficient
for correctness of DPM. This gives overall complexity
O(Ω2) + O(∆−1). For small Ω the dominating factor
is ∆−1, in which case we may take Nλ = O(SRF)
to have maximal robustness. Otherwise, for large Ω
the dominating factor is O(Ω2). For comparison, the
widely used ESPRIT method [1] has a time complexity
of order O(Ω3): it includes three SVD decompositions
and several matrix multiplications of orderO(Ω)×O(Ω).

Fig. 2. The separation ∆λ := mins 6=k

∣∣∣arg
(
e2πjλ(xk−xs)

)∣∣∣
as a function of λ, for the single (left) and multi-cluster (right)
cases. We see that most λ ∈ G satisfy ∆λ > 1

n2 , i.e. are
collision-avoiding. Here we set Nλ = Ω.

Algorithm 3.1: Decimated Prony Method

Data : Nλ, n,Ω, Nb > 3
∆

Input : g(ω) as in (1)
Output: Estimates {x̃k, α̃k}nk=1

1 for λ ∈ G := linspace(J , Nλ) do

2 m̃(λ) :=
{
m̃

(λ)
k = g(λk)

}2n−1

k=0

3 {e2πjỹλ,k , α̃λ,k} ←− Prony
(
m̃(λ)

)
4 Compute Xλ as in (2)

5 X ←−
⋃
λ∈GXλ

6 Compute H - Histogram of {x : (λ, x) ∈ X}
with Nb bins. Set {Bk}nk=1 = ArgMax(H,n)

7 Compute Λ as in (3) and λ∗ ←− max{λ : λ ∈ Λ}
8 {x̃j}nj=1 ←− {x : (λ∗, x) ∈ Xλ∗ ∧ x ∈ Bj}
9 Construct Ṽ =

(
e2πjx̃jkλ

∗)j=1,...,n

k=0,...,n−1
and solve

col {α̃k}nk=1 = arg min
α∈Cn

∥∥∥∥Ṽα− col
{
m̃

(λ∗)
k

}n−1

k=0

∥∥∥∥
2

return the estimates {x̃k, α̃k}nk=1

We perform reconstruction tests of a signal with

random complex amplitudes and measurement noise in
a single-cluster configuration, where ε,Ω,∆ are chosen
uniformly at random. The results appear in Fig. 3. We
also investigate the noise threshold ε / SRF1−2` for
successful recovery (see Remark 1), and compare to
Thm. 1 by recording the success/failure result of each
experiment. These results provide numerical validation
of the optimality of DPM both in terms of the SNR
threshold and the attained estimation accuracy.

Finally, we compare the performance of DPM with
the ESPRIT method. Fixing ` = 2, n = 3, ∆ =
10−2.8,Ω = 102.5 and running 50 tests for each of 10
values of ε between 10−3.5 and 10−2, the mean absolute
error in recovering the cluster node is comparable between
the two methods. However, DPM with Nλ = 50 runs
about 7 times faster (Fig. 3(c)).

Future research avenues include providing a rigorous
proof of the algorithm’s correctness and improving its
robustness, and proving that Prony’s method indeed
achieves the optimal recovery rates. We believe our
method can be extended to higher dimensions, along the
lines of recent works such as [21] and references therein.
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(a) Error amplification factors for ` = 2, n = 3.
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(b) Recovery SNR threshold.
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10 4
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m
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n(
|

x
|)

=2, n=3, SRF=2

DP (2.8 sec.)
ESPRIT (19.8 sec.)

(c) DPM vs. ESPRIT.

Fig. 3. DPM - asymptotic optimality. (a) For cluster nodes,
{Kx,j} (left) scale like SRF2`−2, while the {Kα,j} (right) scale
like SRF2`−1 (SRF = (Ω∆)−1). For the non-cluster node j=3,
both {Kx,j} and {Kα,j} are lower bounded by a constant. Here
Nλ = 10 and number of tests=300. (b) Noise threshold for
recovery of cluster nodes scales with SRF2`−1. Here Nλ =
2500 and number of tests=5000. (c) Comparison of accuracy
and runtime with the ESPRIT method. While the mean absolute
errors (50 tests for each ε) scale the same and are comparable,
the DPM runs 7 times faster (Nλ = 50).
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