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Abstract. Following recent interest by the community, the scaling of the minimal singular value
of a Vandermonde matrix with nodes forming clusters on the length scale of Rayleigh distance on
the complex unit circle is studied. Using approximation theoretic properties of exponential sums,
we show that the decay is only single exponential in the size of the largest cluster, and the bound
holds for arbitrary small minimal separation distance. We also obtain a generalization of well-known
bounds on the smallest eigenvalue of the generalized prolate matrix in the multi-cluster geometry.
Finally, the results are extended to the entire spectrum.

1. Introduction

For an ordered set of distinct nodes X “ tx1, . . . , xsu with xj P p´π, πs, and N ě s ´ 1, consider
the pN ` 1q ˆ s Vandermonde matrix

VN pX q :“
”
eıkxj

ı1ďjďs

0ďkďN
. (1.1)

This class of matrices is the subject of numerous recent investigations in the applied harmonic
analysis community, e.g. [1, 4, 5, 14, 17, 18, 19, 20, 21, 22]. While interesting in their own right,
the spectral properties of VN are closely related to the problem of super-resolution (SR) under
sparsity constraints, which also received a lot of attention in recent years [6, 8, 9, 11]. In the SR
context, the smallest singular value σminpVN q :“ min

cPCs,}c}2“1 }VNc}2 controls the limit of stable
recovery of a superposition of Dirac masses supported on X from its first N `1 Fourier coefficients,
while the singular subspaces play a major role in various SR algorithms (e.g. MUSIC and ESPRIT)
[13, 19, 20, 21].

Let ∆ denote the minimal separation (in the wrap-around sense) between the elements of X . With
s fixed, two distinct asymptotic regimes are known:

(1) When N∆ Ç Op1q, the matrix VN is well-conditioned, and σminpVN q “ Op
?
Nq.

(2) When N∆ ! 1, σminpVN q can be as small as O
`?

NpN∆qs´1
˘
.

The well-conditioned case 1) has been studied in [1, 16, 22, 23, 25], by various tools from harmonic
analysis and analytic number theory. The separation condition ∆ Ç 1

N
plays a major role in the

analysis of the convex relaxations of the SR problem [7, 8].

Case 2) corresponds to the so-called “sub-Rayleigh” regime, where N “ 2π∆´1 is precisely the
Rayleigh resolution limit. The possibility to resolve closely spaced point sources from low-frequency
measurements with arbitrary precision was already established by G. de Prony in 1795 [26]1, provid-
ing the symbolic-algebraic basis for many other reconstruction algorithms that followed. However,
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without additional prior information regarding the geometry of X , the sensitivity to noise (“condi-
tion number”) of the SR problem in the sub-Rayleigh regime may be as large as SRF2s´1, where
SRF :“ pN∆q´1 is the “super-resolution factor”. This quickly becomes prohibitive already for
moderate values of s. The exponent 2s ´ 1 corresponds to the worst-case scenario where all the
nodes of X are clustered together and approximately equispaced, e.g. xj`1 “ xj `∆j with ∆j « ∆,
j “ 1, . . . , s ´ 1.

When ∆j “ ∆ for all 1 ď j ď s´ 1, VN is a contiguous submatrix of the DFT matrix (also known
as the “prolate matrix” in the literature [29]), and the scaling of σminpVN q, in the asymptotic
regime N Ñ 8, N∆ ă c directly follows from the “Bell Labs theory” of the spectral concentration
problem [27] (see also [3]). See Section 3 for further discussion.

Now suppose that an a-priori information is available, according to which only a small number of
nodes can be clustered, with the different clusters separated by θ Ç 1

N
(see Definition 2.3 below).

It has been recently shown by several groups that in this case, σminpVN q —
?
NpN∆qℓ´1 where ℓ

is the largest multiplicity of any such cluster. Accordingly, the SR condition number will scale as
SRF2ℓ´1 [4, 5, 6, 10, 17, 18, 19].

The scaling of the proportionality constants in the order estimates above, in particular, their
dependence on ℓ and s, are a subject of ongoing research. This question is of importance in the
regime where ℓ ! s, so that the factor SRF2ℓ´1 is significantly smaller than SRF2s´1.

In this paper we prove a single-exponential in ℓ and linear in s lower bound for σminpVN pX qq in
the multi-cluster geometry (Theorem 2.2), of the form

σminpVN pX qq ě c1
?
NpN∆{c2qℓ´1, (1.2)

where c1, c2 are absolute constants, independent of ℓ, s,N,∆, (and in fact, c2 “ 32πe), holding
whenever

c3pℓqs{θ ď N ď c4pℓq{pτ∆sq. (1.3)

Relative to prior works on the subject, in particular [18, 19] (see Section 3 below), our single-
exponential in ℓ bound (1.2) holds for a fixed N and all sufficiently small ∆. Applying a simple
limiting argument, in Theorem 2.3 we also generalize Slepian’s bound for the smallest eigenvalue
of the prolate matrix (see above) in the non-equispaced multi-cluster case.

The main technical contribution of this paper is a new method of proof of the bound (1.2) for
a single cluster (Theorem 2.1), which was previously shown in this setting in [18, Example 4.8]
(again, see details in Section 3). The proof is based on applying the classical Turan’s inequality
for exponential sums and Salem’s inequality to the analysis of stability of Vandermonde matrices
with nodes on the unit circle. The extension of this result to Vandermonde matrices with multiple
sets of clustered nodes separated by θ Á 1

N
, is done by invoking our recent result [5, Theorem 2.2],

which, in turn, shows that the column subspaces in C
N`1 corresponding to each cluster are nearly

orthogonal.

Our results can easily be extended to show single-exponential scaling for all the singular values
of VN (resp. eigenvalues of the prolate matrix). We present some details of these extensions in
Section 7, however for the sake of brevity we do not provide the full derivations.

2. Main results

Definition 2.1 (Wrap-around distance). For x, y P R, we define the wrap-around distance

dpx, yq :“
ˇ̌
Arg exp ıpx ´ yq

ˇ̌
“

ˇ̌
x ´ y mod p´π, πs

ˇ̌
P r0, πs ,

where for z P Czt0u, Argpzq is the principal value of the argument of z, taking values in p´π, πs.

We denote by T “ R mod p´π, πs the periodic interval of length 2π.
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Definition 2.2 (Single cluster configuration). The node set X “ tx1, . . . , xℓu Ă p´π, πs is said to
form a p∆, ℓ, τqT-cluster, for some ℓ ´ 1 ď τ ď π

∆
, if

@x, y P X , x ‰ y : ∆ ď dpx, yq ď τ∆.

Below we write Ckpℓq, for some indexes k “ 1, . . ., to indicate constants that depend only on ℓ.

Our first main result is the following.

Theorem 2.1. Let X form a p∆, ℓ, τqT-clustered configuration. Then there exist a constant C1pℓq
and absolute constants C2 “ 32πe,C3, such that for any N satisfying C1pℓq ď N ď 2π

τ∆
,

σminpVN pX qqq ě C3

?
N

ˆ
N∆

C2

˙ℓ´1

. (2.1)

Definition 2.3 (Multi-cluster configuration, periodic interval). The node set X “ tx1, . . . , xsu Ă
p´π, πs is said to form a p∆, θ, s, ℓ, τq

T
-clustered configuration for some ∆ ą 0, 1 ď ℓ ď s, ℓ ´ 1 ď

τ ď π
∆

and θ ą 0, if for each xj , there exist at most ℓ distinct nodes

X
pjq “ txj,kuk“1,...,rj Ă X , 1 ď rj ď ℓ, xj,1 ” xj,

such that the following conditions are satisfied:

(1) For any y P X pjqztxju, we have

∆ ď dpy, xjq ď τ∆.

(2) For any y P X zX pjq, we have
dpy, xjq ě θ.

Theorem 2.2. There exist constants C4pℓq, C5pℓq and absolute constants C6 “ 32πe,C7, such that

for any X forming a p∆, θ, s, ℓ, τq
T
-clustered configuration and N satisfying C4s

θ
ď N ď C5

sτ∆
,

σmin pVN pX qq ě C7

?
N

ˆ
N∆

C6

˙ℓ´1

. (2.2)

Definition 2.4 (Generalized prolate matrix). Let X “ tx1, . . . , xsu Ă R be a collection of s pairwise
distinct points on the real line. We define the generalized prolate matrix as follows:

GpX q “
„
1

2

ż
1

´1

eıωpxj´xkq
s

j,k“1

P R
sˆs.

Note that GpX q is symmetric and positive definite (see e.g. [4, Proposition 2.6]).

In a manner completely analogous to Definition 2.2, we define the notion of a clustered configuration
appropriate for this setting.

Definition 2.5 (Multi-cluster configuration, real line). The node set X “ tx1, . . . , xsu Ă R is said
to form a p∆, θ, s, ℓ, τq

R
-clustered configuration for some ∆ ą 0, 1 ď ℓ ď s, ℓ ´ 1 ď τ and θ ą 0, if

for each xj, there exist at most ℓ distinct nodes

X
pjq “ txj,kuk“1,...,rj Ă X , 1 ď rj ď ℓ, xj,1 ” xj,

such that the following conditions are satisfied:

(1) For any y P X pjqztxju, we have

∆ ď |y ´ xj| ď τ∆.

(2) For any y P X zX pjq, we have
|y ´ xj | ě θ.
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The next theorem is a direct corollary of Theorem 2.2, and it should be compared to (3.1).

Theorem 2.3. There exist absolute constants C8, C9 “ 16πe and constants C10pℓq, C11pℓq, such
that for any X forming a p∆, θ, s, ℓ, τq

R
-clustered configuration with θ ě C10s and sτ∆ ď C11,

λmin pG pX qq ě C8

ˆ
∆

C9

˙2pℓ´1q
. (2.3)

Remark 2.1. Frequently the definition of the prolate matrix contains an additional bandwidth
parameter Ω ą 0, so that the inner products are considered in an interval r´Ω,Ωs [4]. In the
present paper we do not lose any generality by rescaling Ω to 1.

3. Prior art

In this section only, c, c1, . . . , c
1, . . . , C, . . . denote generic constants which might be different in

different formulas, and which do not depend on N,∆.

Let us start with the setting ℓ “ s. Recalling Definition 2.4, we have, as N Ñ 8, that

p2Nq´1σ2
min pVN pX {Nqq Ñ λmin pGpX qq .

In the equispaced setting xj`1 “ xj ` ∆, j “ 1, . . . , s ´ 1, the matrix G is precisely the “prolate
matrix” [27, 29], and it holds that

λminpGpX qq “ CEQpsq∆2s´2 t1 ` Op∆qu , ∆ ! 1;

CEQpsq :“ 22s´2

p2s ´ 1q
`
2s´2

s´1

˘3 —s

ˆ
1

4

˙2s´2

.
(3.1)

Here —s means “up to polynomial in s and 1{s factors”. This gives

σminpVN q —s

?
N

ˆ
N∆

4

˙s´1 !
1 ` Op

?
N∆q

)
.

Non-asymptotic bounds for the case of node configurations X with minimal separation of at least
∆ are available as well. An explicit construction in [19, Proposition 3] (following [11]) gives

min
X

σminpVN pX qq Æs

?
N

ˆ
N∆

2

˙s´1

, N∆ ă 2π

CLLpsq
?
N

, CLLpsq “ 2π
s´1ÿ

j“0

ˆ
s ´ 1

j

˙
js

s!
.

For a single cluster setting ℓ “ s, Theorem 2.1 has been proven in [18, Example 4.8] with the better
constant C2 “ 4πe (in the earlier work [19] this constant was not explicit). The reduction in the
tightness of constant in our work might be related to the fact that our constant is also valid for all
the singular values, see Theorem 7.1 below.

Turning to the more general case ℓ ď s and cluster separation θ (as in Definition 2.3), in [19] and
later [18, Corollary 4.2] it was shown that

σminpVN pX qq ě 5

9

?
N

ˆ
N∆

4πe

˙ℓ´1

, N∆ ă 1.

However, the above holds under the condition Nθ ą cγpN∆q´γ with any γ ą 0 and cγ Ñ 8 as
γ Ñ 0. For fixed N, θ, this prevents ∆ Ñ 0 in order for the bound to continue to hold. In contrast,
assuming Nθ ą c1 and N∆ ă c2 with c1, c2 depending only on s, ℓ, it was shown in [5, Theorem
2.3, Corollary 2.1] that for all X satisfying the clustering geometric assumptions, we have

C 1?NpN∆qℓ´1 ď σminpVN pX qq ď 1

2

?
NℓepτN∆qℓ´1. (3.2)
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Figure 1. Single cluster - dependence of σmin on ℓ. We plot ℓ vs log10 ΛpX , Nq. N
is varying between 60 and 300, ∆ is varying between 10´25 and 10´4, while ℓ varies
from 2 to 40 and τ varies from ℓ´ 1 to τmax “ 80. The lower and upper bounds are
shown as dashed lines.

Here τ ě pℓ ´ 1q is a uniformity parameter, controlling the overall extent of any cluster (see
Definition 2.3). However, the constant C 1 was not explicit. In [4] the same scaling for the lower

bound was shown with C 1 “
?

π{2
ps

?
2πq2s´1

, albeit under the additional assumption that xj P π
2s2

p´1, 1s
for all j “ 1, . . . , s.

More details on the above developments are available in [5, Section 1.4], [18, Examples 4.7,4.8], [4,
Remarks 3.5,3.7] and [19, Remark 4].

Our single-exponential in ℓ bound of Theorem 2.2, which holds for a fixed N and all sufficiently
small ∆, thus provides an improvement upon the above mentioned results (except, possibly, for the
value of the absolute constant C6, see Section 4).

4. Numerical experiments

In this section we estimate the exponential dependence of σminpVN pX qq on ℓ numerically, by com-
puting

ΛpX , Nq :“ σminpVN pX q{p
?
NpN∆qℓ´1q.

Varying ℓ, τ and N,∆ fixed, we expect that

p1{c2qℓ´1 Æ ΛpX , Nq Æ p1{c1
2qℓ´1.

Our theoretical results indicate that the above holds with c2 ď 16πe and c1
2

ě 1{τ (see resp. (6.10)
and (3.2)).

As can be seen from Fig. 1, both the upper and lower bounds are correct, although the correspond-
ing constants 16πe and 1{τ are not tight.
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All numerical tests were performed in arbitrary precision arithmetic.

5. Discussion

It is an interesting open question whether a bound of the type (1.2) should hold in the multi-
cluster geometry, for Nθ ą c1, N∆ ă c2 where c1, c2 do not depend on s and with no essential
further restrictions on X . If this is the case, then it is plausible that the super-resolution problem
for a practically infinite spike train (s " 1) with small sub-Rayleigh clusters (a model analogous to
Donoho’s Rayleigh regular measures, [11]) can be essentially decoupled into treating each cluster
separately.

There is a room for further refinement regarding the bounds themselves, as there is a relatively
large gap in the constants between the upper bound in (3.2) and (1.2).

6. Proofs

6.1. Preliminaries on exponential sums. We review some preliminary results about exponen-
tial sums and their implications to the problem at hand.

Definition 6.1. Given a vector c P C
ℓ and X “ tx1, . . . , xℓu Ă R, we define the exponential sum

P ptq “ Pc,X ptq :“
ℓÿ

j“1

cje
ıtxj .

The number of nonzero cj ’s is called the degree of P . The set of all exponential sums of degree at
most ℓ is denoted by Iℓ.

Remark 6.1. Our definition of exponential sums covers the case of purely imaginary exponents
only to simplify the presentation. More general results for arbitrary complex exponents are available
in e.g. [24, 12].

We denote by µ the Lebesgue measure on R.

Given an interval I and a (complex valued) continuous function f P CpIq, 1 ď p ď 8, we denote

}f}LppIq :“

$
’&
’%

ˆ
1

µpIq
ş
I

|fptq|pdt
˙1{p

, 1 ď p ă 8;

suptPI |fptq|, p “ 8.

Exponential sums satisfy many classical inequalities from approximation theory. In particular, we
have the following estimates.

Proposition 6.1 (Turan’s inequality). Let P P Iℓ, and let Ω Ă I be intervals with positive Lebesgue
measure. Then

}P }L8pIq ď
ˆ
4eµpIq
µpΩq

˙ℓ´1

}P }L8pΩq.

Proof. See a review on Turan’s lemma on p.7 of [24] (and Turan’s original result [28], in German).

�

Proposition 6.2 (Nikolskii-type inequality). Let P P Iℓ, then

}P }Lpr0,1s ď
ˆ
πℓ

2

˙2{q´2{p
}P }Lqr0,1s, 0 ă q ă p ď 8, q ď 2.

Proof. This is Theorem 2.5 in [12]. �
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Applying the above with I “
“
0, 4π

∆

‰
, Ω “ r0, N s, p “ 8 and q “ 2 yields the following.

Corollary 6.1. Let X form an p∆, ℓ, τqT-clustered configuration and let N ď 4π
∆
, then for any

c P C
ℓ

}Pc,X }L2pr0,Nsq ě 2

πℓ

ˆ
N∆

16πe

˙ℓ´1

}Pc,X }L2pr0, 4π
∆

sq. (6.1)

Proof. Indeed, we have

}Pc,X }
L2pr0, 4π

∆
sq ď }Pc,X }

L8pr0, 4π
∆

sq ď
ˆ
4e ¨ 4π
N∆

˙ℓ´1

}Pc,X }L8r0,Ns ď πℓ

2

ˆ
16πe

N∆

˙ℓ´1

}Pc,X }L2r0,Ns.

�

Now consider an exponential sum Pc,X where ∆ is the minimal separation of the nodes in X . The

next result states that for intervals I with length of the order of 1

∆
or more, the coefficients norm

}c}2 and }Pc,X }L2pIq are related by an absolute constant. This is contrary to the case when the

length of I is smaller than 1

∆
, in which case the constant will depend on ∆ ¨ µpIq and ℓ, as we will

show below.

Proposition 6.3. Let X form an p∆, ℓ, τqT-clustered configuration and let c P C
ℓ. Then, there

exists an absolute constant C12 such that

}Pc,X }2
L2pr0, 4π

∆
sq ě C12}c}22.

Proof. It directly follows from [30, Vol.I, Chapter V, Th. 9.1] 2 stating that for an interval I such

that µpIq “ 2πp1`δq
∆

, δ ą 0, there exists an absolute constant C such that

}c}22 ď Cp1 ´ δ´1q}Pc,X }2L2pIq.

�

Finally we require the following Bernstein type inequality bounding the maximum absolute value
of the derivative of an exponential sum on r0, 1s, by its maximum absolute value on r0, 1s. See proof
in [12, Theorem 2.20]

Proposition 6.4. Let Pc,X be an exponential sum, c P C
ℓ and X “ tx1, . . . , xℓu Ă R, then

}P 1
c,X }L8pr0,1sq ď C13

˜
108ℓ5 `

ℓÿ

j“1

x2j

¸ 1

2

}Pc,X }L8pr0,1sq.

6.2. Proof of Theorem 2.1. Let X form p∆, ℓ, τqT-clustered configuration as in Theorem 2.1 and
assume, without loss of generality, that X is centered around the origin, i.e. minj xj `maxj xj “ 0,
which implies that X Ă r´τ∆{2, τ∆{2s.
Let

}P }2,N :“
˜

Nÿ

k“0

|P pkq|2
¸1{2

.

Then

σminpVN pX qq “ min
}c}2“1

}Pc,X }2,N . (6.2)

2Nazarov calls this type of inequality Salem’s Inequality, see [24, page 8].
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Fix some c P C
ℓ such that }c}2 “ 1 and N ď 2π

τ∆
ď 4π

∆
. Combining Corollary 6.1 and Proposition

6.3 we obtain

}Pc,X }L2pr0,Nsq ě 2

πℓ

ˆ
N∆

16πe

˙ℓ´1

}Pc,X }L2pr0, 4π
∆

sq ě 2

πℓ

ˆ
N∆

16πe

˙ℓ´1a
C12}c}2 “ C14

ℓ

ˆ
N∆

16πe

˙ℓ´1

.

(6.3)

At this point, we “almost” have the required result, what is left is to relate }P }2,N and the norm
}Pc,X }L2pr0,Nsq, as follows.

Define

Qc,X ,Npuq :“
ℓÿ

j“1

cje
ıNuxj .

Then Qc,X ,N puq “ Pc,X pNuq and

}Pc,X }L2pr0,Nsq “ }Qc,X ,N}L2pr0,1sq.

Put

Tc,X ,N puq :“ Qc,X ,Npuq sQc,X ,N puq “ |Qc,X ,Npuq|2 .

We have that

}Pc,X }2L2pr0,Nsq “ }Tc,X ,N}L1pr0,1sq “
ż

1

0

Tc,X ,N puqdu,

}Pc,X }22,N “
Nÿ

k“0

Tc,X ,N

ˆ
k

N

˙
.

(6.4)

Tc,X ,N “ řw
j“1

bje
iuλj is an exponential sum of maximal degree w :“ ℓ2 ´ℓ`1, with the frequencies

satisfying |λj | ď τN∆. Consequently by Proposition 6.4

}T 1
c,X ,N}L8pr0,1sq ď C13p108w5 ` wpτN∆q2q1{2}Tc,X ,N}L8pr0,1sq. (6.5)

Approximating the integral by a Riemann sum and using equation (6.5) we have

ˇ̌
ˇ̌
ż

1

0

Tc,X ,Npuqdu ´ 1

N

Nÿ

k“0

Tc,X ,N

ˆ
k

N

˙ˇ̌
ˇ̌ ď 1

2N
}T 1

c,X ,N}L8pr0,1sq ` 1

N
Tc,X ,Np0q

ď 1

2N
C13p108w5 ` wpτN∆q2q1{2}Tc,X ,N}L8pr0,1sq

` 1

N
Tc,X ,Np0q

ď 1

N

ˆ
1

2
C13p108w5 ` wpτN∆q2q1{2 ` 1

˙
}Tc,X ,N}L8pr0,1sq.

By assumption N ď 2π
τ∆

, therefore for an absolute constant C15

ˇ̌
ˇ̌
ż

1

0

Tc,X ,Npuqdu ´ 1

N

Nÿ

k“0

Tc,X ,N

ˆ
k

N

˙ˇ̌
ˇ̌ ď C15ℓ

5

N
}Tc,X ,N}L8pr0,1sq. (6.6)

In addition, using Proposition 6.2 with p “ 8, q “ 1 and n “ w, we have

}Tc,X ,N}L8pr0,1sq ď
´πw

2

¯2

}Tc,X ,N}L1pr0,1sq. (6.7)
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Therefore, substituting (6.7) into (6.6), we obtain

ˇ̌
ˇ̌}Tc,X ,N}L1pr0,1sq ´ 1

N

Nÿ

k“0

Tc,X ,N

ˆ
k

N

˙ˇ̌
ˇ̌ ď C15ℓ

5

N

´πw

2

¯2

}Tc,X ,N}L1pr0,1sq ď C16

ℓ9

N
}Tc,X ,N}L1pr0,1sq

(6.8)

For N ě 2C16ℓ
9, we get from (6.8) that

1

N

Nÿ

k“0

Tc,X ,N

ˆ
k

N

˙
ě 1

2
}Tc,X ,N}L1pr0,1sq.

By (6.4) we conclude that

}Pc,X }22,N ě N

2
}Pc,X }2L2pr0,Nsq. (6.9)

Finally substituting (6.9) into (6.3) we get that

}Pc,X }2,N ě C14

ℓ

c
N

2

ˆ
N∆

16πe

˙ℓ´1

. (6.10)

Note that for all ℓ ě 1 we have 2ℓ´1 ě ℓ. Since c was arbitrary, using the relation (6.2) completes
the proof of Theorem 2.1 with C1pℓq “ 2C16ℓ

9, C2 “ 32πe and C3 “ C14{
?
2. �

6.3. Proof of Theorem 2.2. Let X form a p∆, θ, s, ℓ, τq
T
-clustered configuration. Then there

exists an M -partition X “ ŢM
j“1

Cpjq such that for each j P t1, . . . ,Mu:

(1) Cpjq form a p∆, ℓpjq, τqT-cluster according to Definition 2.2, where ℓpjq ď ℓ;

(2) dpx, yq ě θ, @x P Cpjq, @y P X zCpjq.

By (2.1), we have that for each j “ 1, . . . ,M

σminpVN pCpjqqq ě C3

?
N

ˆ
N∆

C2

˙ℓ´1

, C1pℓq ď N ď 2π

τ∆
. (6.11)

We now apply Theorem 2.2 in [5], whose reduced version reads as follows.

Proposition 6.5. Let X form a p∆, θ, s, ℓ, τq
T
-clustered configuration. Then there exist constants

C17pℓq, C18pℓq, depending only on ℓ, such that whenever

C17s

θ
ď N ď C18

sτ∆
, (6.12)

we have

σminpVN pX qq ě 1

2
min

j“1,...,M
σminpVN pCpjqqq.

Since θ ď π and s ě 1, both lower bounds on N in (6.11) and (6.12) are satisfied whenever Nθ ě
smax pC1pℓqπ,C17q. On the other hand, Nτ∆ ă minp2π,C18q implies the corresponding upper
bounds on N . This completes the proof of Theorem 2.2 with C7 “ C3{2, C4pℓq “ maxpC17, C1pℓqπq,
C5pℓq “ minp2π,C18pℓqq and C6 “ C2 “ 32πe. �

9



6.4. Proof of Theorem 2.3.

Proof. Let θ ě C4s
2

and sτ∆ ď C5

2
, where the constants C4 “ C4pℓq, C5 “ C5pℓq, are the same as

in Theorem 2.2. Now let X form a p∆, θ, s, ℓ, τq
R
-clustered configuration.

For any N P N and j P t1, . . . , su put ξj “ ξj,N :“ xj

N
and ξ “ ξpNq :“ tξ1, . . . , ξsu, and define the

following shifted in frequency and normalized Vandermonde like matrix

rVN pξq :“ 1?
2N

“
exp pıkξjq

‰j“1,...,s

k“´N,...,N
.

We have

1

2

ż
1

´1

exppıωtqdω “ lim
NÑ8

1

2N

Nÿ

k“´N

exp

ˆ
ı
k

N
t

˙
.

Consequently GpX q “ limNÑ8 rVN pξqH rVN pξq, and so by continuity of eigenvalues [15, Section
2.4.9] we have that

λmin pGpX qq “ lim
NÑ8

λmin

´
rVN pξqH rVN pξq

¯
“ lim

NÑ8
σ2
min

´
rVN pξq

¯
. (6.13)

For N large enough we have tξ1,N , . . . , ξs,Nu Ă p´π, πs and we can write rVN pξq as

rVN pξq “ 1?
2N

V2N pξq ¨ diag
´
e´ıNξ1 , . . . , e´ıNξs

¯
, (6.14)

where diag
`
e´ıNξ1 , . . . , e´ıNξs

˘
is the s ˆ s diagonal matrix with

`
e´ıNξ1 , . . . , e´ıNξs

˘
as its main

diagonal. By (6.14) clearly

σmin

´
rVN pξq

¯
“ 1?

2N
σminpV2N pξqq. (6.15)

One can validate that for each N , tξj,Nusj“1
form a

`
∆

N
, θ
N
, s, ℓ, τ

˘
T
-clustered configuration and, on

the other hand, the assumptions θ ě C4s
2

and sτ∆ ď C5

2
imply that C4s

p θ
N q ď 2N ď C5

sτp∆

N q . Now

we apply Theorem 2.2 and obtain σmin pV2N pξqq ě C7

?
2N

´
2∆

C6

¯ℓ´1

and therefore using (6.15) we

have

σmin

´
rVN pξq

¯
ě C7

ˆ
2∆

C6

˙ℓ´1

.

Finally using (6.13) we get that λmin pGpX qq ě C2
7

´
2∆

C6

¯2ℓ´2

. This proves Theorem 2.3 with

C8 “ C2
7 , C9 “ C6

2
“ 16πe, C10 “ C4

2
and C11 “ C5

2
. �

7. Entire spectrum

As mentioned in the Introduction, our proofs can be extended to provide scaling for all the singular
values of VN (resp. eigenvalues of G.)

For a single cluster, we have the following more general result from which Theorem 2.1 immediately
follows as a corollary.

Theorem 7.1. Let X form a p∆, ℓ, τqT-clustered configuration. Denote the singular values of
VN pX q by

σ1 ě σ2 ě ¨ ¨ ¨ ě σℓ ” σmin.
10



Then for any N satisfying C1pℓq ď N ď 2π
τ∆

, there holds

σmpVN pX qq ě C3

?
N

ˆ
N∆

C2

˙m´1

, m “ 1, 2, . . . , ℓ. (7.1)

All the constants are the same as in Theorem 2.1.

Proof outline. Fix m “ 1, 2, . . . , ℓ, and let c P C
m with }c}2 “ 1 be arbitrary. Furthermore, denote

by Xm the ordered set tx1, . . . , xmu Ď X . By the Courant-Fischer minmax principle we have,
extending (6.2), that

σmpVN pX qq ě min
cPCm, }c}2“1

}Pc,Xm}2,N , m “ 1, 2, . . . , ℓ. (7.2)

Now we can repeat the computation from Section 6.2, replacing ℓ with m and X with Xm. �

In order to providie appropriate extensions of Theorem 2.2 and Theorem 2.3, recall the construction
of the M -partition of X from Section 6.3. Now for each m “ 1, 2, . . . , ℓ let qm be the number of
clusters among the Cpjq of multiplicity at least m:

qm :“ #tm : m ď ℓpjqu. (7.3)

The extension of Theorem 2.2 to include all the singular values is the following.

Theorem 7.2. Let X form a p∆, θ, s, ℓ, τq
T
as in Theorem 2.2. Then for N as in Theorem 2.2,

for each m “ 1, 2, . . . , ℓ there are precisely qm singular values of VN pX q bounded from below by

C7

?
N

ˆ
N∆

C6

˙m´1

. (7.4)

To prove this result, we repeat the proof from Section 6.3, replacing Proposition 6.5 with its “full”
version from [5] which reads as follows.

Proposition 7.1 (Theorem 2.2 in [5]). Let X form a p∆, θ, s, ℓ, τq
T
-clustered configuration. Let

σ̃1 ě σ̃2 ě ¨ ¨ ¨ ě σ̃s denote the union of all the singular values of the matrices VN pCpjqq in non-
increasing order, and σ1 ě ¨ ¨ ¨ ě σs denote the singular values of VN pX q. Then whenever (6.12)
holds, we have

σj ě 1

2
σ̃j, j “ 1, . . . , s.

As for Theorem 2.3, we can define the numbers qm in a similar manner with respect to the clustered
configurations on R, and then we have the following.

Theorem 7.3. For any X forming a p∆, θ, s, ℓ, τq
R
-clustered configuration as in Theorem 2.3, for

each m “ 1, 2, . . . , ℓ there are precisely qm eigenvalues of G pX q bounded from below by

C8

ˆ
∆

C9

˙2pm´1q
.

The proof is identical to that of Theorem 2.3, noting that (6.13) and (6.15) hold for all the singular
values, and using Theorem 7.2 in place of Theorem 2.2.
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