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1. A single-step method is a scheme where y,,; depends only on y, . In contrast, a
multi-step method expresses v, as a function of {yn_p,...,yn} for p > 1.

2. Main idea: use ¢y (z) = f(x,y (x)) and apply an integration scheme for

Y (2rn) — y () = / Ty @) da

Tn+1
Y (Tns1) = y (a) + / f(2,y(2)) de 1)
—— = T T
RYn+1 XYn g(x

3. Adams-Bashforth scheme:
(a) use the interpolation nodes z,, z,—1 = x, — h, T2 = x, — 2h, T3 = x, — 3h:
Ynt1 = Yn + Aog (n) + Arg (2n-1) + Asg (v,-2) + A39 (v,-3)

(b) require exactness for polynomials of degree up to 3. Substitute g (z) = 1,2 —
T, (2 — 20)° (@ — )™
h = fx“+11da:_A0 1+A 14+ A,-1+A5-1
h?/2 = fx"“ (x —xp)de = Ag-0+4+ Ay - (=h) + Az - (—=2h) + Az - (=3h),
h3/3 = f”’”“ (. —x,)°de = Ag-0+ Ay - (—h)2 + Ay - (—2h)? + Az - (—3h)?
ht/4 = fx"“ (x—2,)%de = Ag- 0+ Ay - (=h)> 4+ Ay - (—=2h)3 4+ Ay - (—3h)3.

(¢) Solving the system gives
55 —59 37 -9
do=gph =il =g ds=gph

so the final scheme is

+£ [55f (Ina yn) - 59f (xn—la yn—l) + 37f (xn—% yn—Q) - 9f (l’n_g, yn—3>] .

Yn+1 = Yn 24
(2)



(d) Rate of convergence: use the error formula for the interpolation polynomial for
g (x) to compute the truncation error:

g(x) =P () + g|xn, Tn_1,Tn-2,Tn-3,2] (x —x,) (x — Tp_1) (x — Tp_2) (. — _3)

Tn+1
E = / g [xnyxn—laxn—%xn—& I’] (ZE - xn) (ZE - xn—l) (l’ - xn—2) (fL’ - xn—S) de’

251 o 251 (o5 251 4 oo
= nydn—1,4bn—-2,4n-3,S| S~ = Zan h® = — h
(e) Example: what is the truncation error for y' = —y* y (0) = 1,h = 0.1 at z = 07?

Y
Solution: the exact solution to the IVP is y = (1 + « ~!and so

251 251 251
|E| = h5—720 y® ()] < 51 h5% = ?10‘5 ~ 0.0004.
—

T (14a)®

4. Implicit schemes. Backward Euler: use the rectangle rule approximation (or the
terminal slope)

Tn41
/ g (z)dr = hg (Tm41)
Ynt1 = Yn + I f (1771—4-17 yn+1)

(a) Yns1 is given implicitly as a function of y,, in general need to solve a possibly
nonlinear equation

(b) Local truncation error:

Tn+1 Tn41 Tn41 MNn+1
[ ttenas= [ oo = [ gdos [ gl @ g da.

J/ N J/

hg(xn+1) Tp= truncation error

Tn+1 Tn+1
Tn = / g [xn-&-l? I] (I - xn—&-l) dr=g [xn-i-la d] / (x - zn-i-l) dx
Tn —— Ty

<0 in the interval

@—an1”“: g (),

=g [$n+17 d] [ 9

Tn

(c) Global error is of order 1

5. Crank-Nicolson scheme (implicit Trapezoidal scheme). Apply Trapezoidal rule
to approximating the integral (1)

h
yn+1==yn-+-§[f(am,yn)+-f(1m+q,yn+1ﬂ



(a) Local truncation error:

/x:"mrl flz,y(x))dr = /;n# g(x)dx = g (9 (z0) + g (241)]

Tn+1
+/ 9T, Tor1, 2] (x — ) (x — Tpyr) d.

N J/
-~

Tn,= truncation error

Tn+1
To = Z glrn, Tusr, 2] (x—2,) - (T —2py1) do
- ~——

>0 in the interval <0 in the interval

Tp+1
= g [Tn, Tny1,d] / (. —2,) (v — 2ppq) do

h I 3 27 h
t=r—an g (cn) [t t
=" g[Tn, Tny1,d] /0 t(t — h)dr = 5 {g — hEL

__g”(cn) 3
T h”.

(b) Global error of order 2.

6. Leap-Frog scheme. The general rule (1) can be extended to integrate from z,_, to
Tn+1-
(a) For p =1 we get
Tn+1
Yzt =y (@) = [ flayle)ds

Tn—1

(b) Approximating the integral by the midpoint rule:

Yn+1 = Yn—1 + th (xn7 yn)

n+1
1—1

(c) Local truncation error: use the symmetry f;i (x — x,) dx = 0 and get

Tn+1 Tn+1
yiene) = ylons) = [ o) =2hg @)+ [ glonal (@ - m) do.
) Tn= trun;artion error ’
Tn+1 Tpt1
Tn = / 9T, 2] (z — 2,) dz = g [T, Ty, d] / (x — 2p) (x — &) do
Tn—1 Tn—1
Tn+1 "
=g [xmxm d] / (ZL’ — l‘n)Q dr = gT(C)hg

(d) Global error of order 2.



7. Discrete difference equations

(a)

(b)

()

()

Our schemes are usually of the form of difference equation with constant coefficients:

Yn+N + AN-1YntN-1+ AN-1YniN-2 + .. ..+ GoYn = by
for some constants {ay,...,ay_1} and initial conditions {yo,...,yn_1}
Note the similarity to differential equation with constant coefficients

(N)

yol aNfly(Nil) + aNfly(Nﬂ) + ... Fagy, = g(x).

For the homogeneous equation (b, = 0) we will look for solutions of the form
Yn = 6n
Substitution and division by " gives:
BY +an 1 BN tan BN TP+ B4 ag =0

This is an algebraic equation of order N. If it has N distinct real roots (we will
deal only with such cases) {Bk’}kNﬂ then the general solution of the homogeneous
equation is

Yy = OB 4 Cofly + CafBy + ...+ Cn .

For the inhomogeneous part, we will deal only with the case when y,(LP) =(Cisa
solution to the inhomogeneous equation, and therefore the solution is of the form

8. Convergence

Setup: a discrete scheme computing {yn}nN:0 at the points {xi}z‘]\io with z; =
xo + ih € [a,b], with N = N (h) and Nh=a2nx — 29 < b—a.

Definition: the scheme converges to the solution y (z) of the IVP if

li ) — Yn| = 0.
i max |y (zn) = Ynl

We saw that Euler’s scheme converges when the conditions of the theorem are
satisfied, with the rate O (h).

Example of Backward Euler:

Yy =-2y, f[f(z,y)=-2y

Ynt1 = Yn + I f ($n+17yn+l) , n=0,1,...
Yo=y(0) =4

(1+2h)Yps1 = Yn, n=0,1,...
yn“"l:(l—?&{—zh)’ n:O,l,...

Y = e = o - (L4 20)7"
—2x,
— o - (1 4+ 2h) @ /h) =y ((1 n 2h)ﬁ)

h—0 _
— yo e 2,



(e) Example of Crank-Nicolson:

y =2y, [lz,y)=—-2

Yn+1 :yn—{_%[f (xnayn)+f(xn+17yn+l)]7 n=01,...
Yo =y(0)=A

yn+1:yn_h(yn+yn+1)7 n=0,1,...

14+ h) Y1 =10 —=h)y,, n=0,1,....

ynH:%yn, n=20,1,...

Yn = (;_Z) Yo o)
=0~ ()" = w (1-2¢5)
=y - (1_21%)%'3%{1 =y - ((1_21+Lh)%> 1+h

h—0 _
— yo e 2

(f) Example of Leap-Frog: we get a finite difference equation (homogeneous)

vy ==2y, fz,y)=-2y, y0)=y=3=y(x)=3c"
Yntl = Yn—1 — 4hyn
Ynt1 + 40y — Yp—1 =0
B4+ 4Bh—1=0— B=—2h+VAh2 +1

Yo = C <—2h + VAR T 1) +Cy (—Qh — VAR ¥ 1)
The first summand converges to the solution (use Taylor approximation /1 + x &
1+ %x:

2

n 4R\ "
e (—2h + VAR + 1) ~C, (—Qh +14 7) ~ Oy (=2h + 1) = Oy (—2h + 1)@n—20)/h
~ 016—2(:pn—zo) _ K1€—2wn

but the second summand does not:

Cy (—2h — VA2 +1)" =~ O, (_Qh 1 %)" ~ Cy(—2h — 1) =
= Co(=1)"(1 + 2h)(n=m0)/h 2 Ky (—1)"e™

This is a “parasitic” term. So the scheme does not necessarily converge.

9. Stability of single-step methods

(a) An iterative process is considered to be stable if small errors cannot “blow up”
after many steps

(b) Consider ¥/ = \y



(c) Write a one-step method as a homogeneous difference equation (see above)

Yn+1 = g()‘h>yn

(d) If we commit a small error in the initial condition gy = yo + do then the sequence
of iterates {g}n}gzo will have errors ¢,, — y, = 0, which also satisfy the difference
equation

(e) Definition: the scheme is stable if |g(Ah)| < 1, and strongly stable if [g(\h)| <
1.

(f) Example of Forward Euler: need |1 + Ah| < 1 for stability

i. This is a problem for A large and negative (need very small h). The Euler
method “overshoots” the true slope

(g) Example of Backward Euler:

Ynt1 = Yn + h)\yn-i-l

poy = U
TR
1
Ah) =
g(Ah) =

Stability when ;| < 1= |1 — Ah| > 1. If A < 0 the scheme is strongly stable

for all h.
(h) Example of Crank-Nicolson:

(1+ Ah)

A (kL
|14+ M| < |1 — Ah|
RA <0 <= stability

10. Stability in general

(a) More generally, a discrete scheme (one-step/multi-step) is given by a difference
equation with initial conditions {y,}"_,. The scheme is stable if a small change
in the initial conditions will not cause an unbounded change in the solution.

(b) Definition: an approximation scheme is stable if for every ¢ > 0 there exist
constants hg, Z s.t. for every h < hy and every initial condition {g,}_, with

@ggwn—%J<6 (3)

the solution {g,},_,, will satisfy

Y — Un| < Z Vn > 0.

We will prefer stable schemes, otherwise the numerical solution may diverge from
the true one after a large number of steps.

6



11. Example of Leap-Frog: with 3/ = Ay we can repeat the previous calculation to derive
the general solution of the form

Yn+1 — 2)\hyn —Yp—1 = 0 (4)
U =C1 [ A+ VAR2+ 1| +Co | Ah—=VA2h2 + 1 (5)
b1 B2
Initial conditions: Yo =Ci+Cs
y1 = Cy (Ah + VA2h? + 1) + Cy (Ah — VX2h2 + 1)
. yoﬁ2 yoﬁl — W
Solving for C, Cy :C = Oy =
S A 51 2= B =B,
1 2 |yol + [
Forh<«1:|C| < —— + < = gl
| 1| = o 11 (\52%’ !yﬂ) > 9

1 2 |yo| + |91
Co| € ——e Fy]) < 2PN
|Caf < VR 11 (1Bryol + [ ]) < 9
(a) Since both sequences {y,} and {7,} satisfy the homogeneous equation (4), their

difference does so as well.

(b) If (3) is satisfied, then we can find hy such that for every h < hy the constants
C1, Cy are bounded.

(¢) In order to have the general term (5) bounded for every n, we therefore need to
ensure that 81| <1 and |52 < 1.

(d) Clearly if A =0 then ; =1, 3 = —1 and so we have stability.
(e) If A >0 then 51 > 1, and if A < 0 then £y < —1
(f) Conclusion: Leap-Frog is stable only if A = 0.



