Numerical analysis: Week 8: ODEs, one-step methods

Dr. Dmitry Batenkov

May 3, 2021
Task: solve the initial value problem
y' = f(z,y)
_ (1)
y (z0) = yo

1. Vast majority of interesting cases has no closed-form solution, so need to resort to
numerical methods.

2. Will compute approximation to the solution on the grid of step size h < 1:

Tp=x9+nh, n=01,...,

Yn = Y (Tn)
3. Euler’s scheme:
T, +h) —vy(z,
J () ~ 2 })l y (zn)
Y (zn +h) —y(z,)

~ (@0, y (Tn))
Yni1 = Yn + Af (Tns Yn)

h

4. Vector field picture intuition: see figure.
5. Example: f(x,y) = Ry with 20 =0, yo = 2

(a) Exact solution: y = 2e%*
(b) Compute: y, =2 (1 + Rh)"

(c) Check: take any z, put nh = x = x,,, compare as h — 0.

6. Error analysis.
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Figure 1: IVP solution, approximation and the slope field

(a) Taylor series for h > 0

() =y () + by () + o (6
=Y (xn) +hf (xm Yy (xn))
+ %y” (&n)
~—_———

truncation error=local discretization error after one step of Euler

ent1 = Y (Tng1) = Yni1
2

= b f (0, (50)) — A F (i) + 50" (60)
il < leal & B1F (0 () — F (2 m)] + 2 17 (&)
mean value thm. < |e,| + A |fy (Tn, 70| [y (2n) — yn| + h; ly" (&)
= el (L4 ALy Gonn)l) 4 0 (€], mibetwveen i,y (x,)

(b) suppose the exact solution is C? in [a,b] with |y”| <Y, fis C' (in both variables)



in a sufficiently large rectangle R around (o, yo), with |f,| < M in R. Then

%
lent1] < len| (1+hM)+——, eg =0
——

<
Q
|€1| <Q
lea] < Q(1+S5)

les] SQ1+S)S+Q=Q(1+5+ 57

S"—1 hY .
1 = g3 (AR 1)

e QA+ S+ 5+ + 8" =Q
(c) Taylor series for exp:

M2
14+ hM <M

(d) Substitute:
hY hMn hY M(x—z
’€n|§W€ _1}:W(6( 0)—1)
(e) We have proved

Theorem 1. Suppose the ezact solution to (1) is C? in [a,b] with |y"| <Y, f
is C' (in both variables) in a sufficiently large rectangle R around (xo,yo), with
|fyl <M in R. Then for each v = x,, € [a,b]

hY »
|€n| = |y (xn) - yn| S W (6M($n o) — 1) .

7. Order of convergence: the scheme is of order p if 3K > 0 s.t. |e,| < Kh?. Euler’s
scheme is of 1st order. Compare with local discretization error which is of second
order. This is a general feature (as in integration rules), as we are accumulating errors

: __ xT—x0
I n = == steps.

8. Example: 3/ = —2y,y(0) = 3. |e,] < --- < 20h.

9. Taylor series method:

h? h?
Y (Tni1) =y (¥a) + hy' (2,) + ?y// () + yy/// (@n) + ...+
hm

herl 1
) () + =y (&)

m! (m+1)

(a) m =1 and putting ¥/ (x,) = f (zn,yn) gives Euler’s method
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(b) m = 2: need to approximate y” (z,):

y' (x) = fo(x,y) + fy (2,9) ¥ (2) = o+ fyf
—~—

:f(m,y)
2

et =+ () + 5 o o)+ Fy () F (2,0

(¢) m = 3: working in the same way, we get
h2
Ynt1 =Yn + hf (20, yn) + ) [fo (Tny Yn) + f (@ yn) fy (T, Yn)] +
h? (2)
t+ 57 oo + 2 Foy + £ oy + fufy + £ (£)°]

(Zn,yn)

10. Euler’s scheme is of low accuracy, and Taylor method is not convenient. We will see
methods of degree 2 and 4 which are also easy to implement.

11. Runge-Kutta of order 2

(a) Main idea: find constants «, 3, a, b in the scheme

Un+1l = Yn + aky + bk
ky = hf (z, + ah,y, + k1)

to achieve maximal order of convergence.

(b) Taylor expanding f (z, + ah,y, + Sk1) around (z,,y,) (in 2D) gives (all evalua-
tions are at (x,, yn))

f(@n+ ah,yn + Bhf (2, yn)) = [ + ahfo + Bhff, (4)
1
+ 5 [0°0 fou + 2080 f fy + BB £,] + O (1)
(c) Taylor expansion up to order 3 gives (2) with a remainder Z—Ty(“) (&,). Substituting
(3) and (4) gives
Ynt+1 = Yn + ahf + bh{f + ahfz + Bhffy
1
5 [0 g+ 20802 oy B2 ]}
+ 0 (h?)

2

h h3
= Yo+ hf + 5 o+ LI+ 57 [fow + 2F Foy o+ P + Sy + £ ()]
(d) Comparing coefficients of k%, ... h3 gives
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o l: y,=1uy,
e h: (a+b)f=Ff
o 12 baf, +b8ffy, =5 [fo+ f1)]
o 1P: 0507 foo + 208 fuy + B fiu) = 5 [Fow + 2f Foy + P2 hyy + fofy + £ (£))7]
(e) 2nd and 3rd equations can be satisfied for all fifa+b=1, ba=00= %, but
the last equation cannot be in general true for arbitrary f.

(f) One choiceisa =b = 3 and o = § = 1. We get Modified Euler Method /Heun
method /Explicit Trapezoid Method

Ynt1 = 2 [k + ko]
kl - hf (xn7yn> (5>
k2 = hf (xn + h’v Yn + kl)

(g) Equivalence of Explicit Trapezoidal Method and the composite Trapezoidal rule
for integration of ¥/ = f (x),y (zo) = 0 (so f is independent of y)

(h) Example: one step of (5) for ' = —%,4/ (1) = 1 with (xo,y0) = (1,1)

Y1 =% +3 [k1 + k2] Yo + [ [ (xo,90) + hf (xo + h,yo + hf (20, v0))]
_ - —(woth (0 (zo+h) | —(zoyo—hwo)| _
=y + 5 { Yo 4 e ] =yo+ 2 ;(’)O(zolh) + 100(?;%%1)/0] —
_ —2x _ _ _ _ 1
=0+ 4 [z =y {1+ B[22} =00 (1— 125) = % = o4

The exact solution is y = %, so at x1 = 1+h the approximation is exact. However,
this is not true for the next steps x9 = 1+ 2h,z3 = 1 + 3h etc.
(i) Another popular choice is a = 0,b = 1 and o = § = %, giving the Midpoint
method
Yn+1 = Yn + k2
kl = hf ((L’n, yn>
=hf (zo+ 2y, + %)

(j) Interpretation of flows and vector fields: see figure.

12. Runge-Kutta of order 4. Same type of computation (although more lengthy) gives the
4th order scheme

Ynt1 = [kl + 2k + 2ks + k4]
kl - hf In; yn)

— hf (a0 + 20 + R /2)

= hf (zn+ /2, yn + k2/2)

=hf (xn + h,y, + k3)

which has truncation error O (h®) and the global error O (h*). k;/h is the initial slope,
ks/h is the midpoint slope, k3/h is the improved midpoint slope, and ky/h is the
approximate slope at the right endpoint.
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Figure 6.14 Schematic view of two members of the RK2 family. (a) The
Trapezoid Method uses an average from the left and right endpoints to traverse the
interval. (b) The Midpoint Method uses a slope from the interval midpoint.

Figure 2: RK family of order 2



