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1 Norms induced by inner products

Let V be a vector space over a field F C C, u,v € V, and let (-,-) = (-,-) be an inner
product (see Lecture 6).

Definition 1. A norm induced by the inner product (-,-) is defined as
Jull = +/(u, u).
Claim 1 (Cauchy-Schwarz inequality). For any inner product
[(w, )] < [l - [[v]].

Proof. We do not present a proof here, but the reader can consult any standard text. For
example, a beautiful book “Cauchy-Schwarz Master Class: An Introduction to the Art of

Mathematical Inequalities”. O
Claim 2. The induced norm || - || as defined above indeed satisfies the axioms of the norm,
ie.

1. Yv € V we have |[v|| > 0, and furthermore ||v|| = 0 iff v = 0.
2. [lav]] = \/(av, av) = y/|e?[[o]* = |of[[v]| Ya € FYv € V

3. Ju+v| < |lu|| + |lv]| (triangle inequality).

Proof.




Claim 3 (Generalized Pythagoras theorem). If (u,v) = 0 then ||u+ v||* = ||u||* + ||v|*.

Proof.

2 Least squares approximation

Given: vectors (or functions) {¢q, ¢1, ..., dn}-

Definition 2. The vectors {¢g, ¢1, ..., ¢, } are linearly independent if cogpo + c1p1 + ... +
Cn¢n = 0 implies ¢ = --- = ¢, = 0.

Definition 3. The functions {¢g (x),¢1 (z),..., ¢, ()} defined on an interval I (open,
closed, semi-infinite or infinite) are linearly independent if codg (z)+c1¢1 () +. . .+cudp (T) =
0 for all z € I implies ¢ =---=¢, = 0.

Claim 4. (g,¢;) = 0 for all i = 0,1,...,n if and only if (g, >\, ¢;¢;) = 0 for all choices of
Coy..-,Cn.

Problem (The least squares approximation problem). Let V' be an inner product space over
a field F C C, with inner product (-,-), with {¢o, ¢1,...,¢,} C V a linearly independent
set of vectors (functions). The least squares approximation of some f € V is the best
approximation to f from the subspace W = span {¢q, ¢1, . .., ¢, } with respect to the induced
norm, i.e.

o= arg min || f — w|. (1)

Theorem 1 (The least squares approximation). If the coefficients cf,...,cl (here x does
not mean complex conjugate) satisfy

n

STcilond) = (f.0)  i=0,1....n (2)

k=0

then the vector f* = >"I'  cid; is the least squares approximation tof, i.e. f* = fL5 where
L5 is given by (1).



Definition 4. The (system of) linear equations (2) are called the normal equations, since
it can be written in the form

(f*=f,0:)=0 1=0,1,...,n, (3)

and so by Claim 4 we have that the error (or the residual) f*— f is orthogonal to all vectors
in the subspace W.

(¢o, o) (d1,00) - (P, P0)
(G0, 1) (P1,01) .. (dn, b1)

Definition 5. The matrix of inner products G = is
(¢07 ¢n) (¢17 ¢n) S <¢n7 ¢n)
called the Gram matrix associated with the set {¢g, ¢1, ..., dn}-

Claim 5. The matrix G is non-singular, therefore the system of normal equations is uniquely
solvable.

Proof. Suppose G¢ = 0 for some vector of coefficients ¢ = (cg,...,c,). Consider g =
YoioCi¢i. From G¢ = 0 it follows that (g,¢;) = 0 for all i = 0,...,n, and by Claim 4
g is orthogonal to all vectors in W, in particular to itself: (g, g) = 0 and therefore g = 0.

Therefore the homogeneous system has a unique solution, proving the claim. O]

Proof of theorem 1. Let w = )", c;¢; € W any vector, then

n

w—f=—f+(f = f=> (a—c)oi+(f —f).

=0

=g

By (3) (f* — f,g) = 0 and therfore by the Generalized Pythagoras Theorem

lw = FI1* =g+ (f = 1= llgll* + 17 = DI = 1 =PI

with equality if and only if ¢; = ¢} for all i = 0,1,...,n. Therefore by definition f* = f¥is
the (unique) least squares approximation to f. O

Remark 1. If the system {¢g, ¢1,...,¢,} is orthogonal, i.e. (¢, ¢x) = 0 if i # k, then the
normal equations reduce to

(f, n)
(DK, Or)

i Dk, k) = (f, dr) = ¢, = kE=0,1,...,n.

w



Example 1. V = C[-1,1] over F = R with inner product (f,g) = f_ll f(x)g(z)dx. Let
¢r = Py (x), the k — th Legendre polynomial, for £ = 0,1,...,n. Let us find the least
squares approximation to some f € V. Since the system is orthogonal, the solution is given

by f* =3 1_ociPy () where

. L f@) P(2)da

c, = il k=0,1,...,n.
fflp,f(x)dx

Example 2. Let f be given by its samples at the grid points vy = 1,29 = 3,23 = 4,14 =
6, x5 = 7 as follows:

w | 1] 3 | 4 [6]7
flz) | =21][=09]-06[0.6]0.9

Find the least squares approximation to f of the form f* = ¢ + cjz.

Solution. We identify a function f (x) with the vector f of its samples at zq,...,x5. The
inner product space is isomorphic to R®, and we are looking for an approximation from
the two-dimensional subspace spanned by ¢¢(z) = 1 = (1,1,1,1,1) and ¢, (z) = = =

(1,3,4,6,7). In other words, V = R® and <f, §’> =§'f = 22:1 f (zx) g (). Computing
the inner products, the normal equations take the form

5 21 cox | | —21
21 111 ax || 2.7
whose solution is ¢ = —2.542, ¢j = 0.5033, i.e.

f*(x) = —2.542 + 0.5033z.



