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1 Orthogonal systems

Definition 1. V vector space over a field F C C, u,v € V. An inner product is a function
(u,v) € F s.t.

1. (u,u) >0, and (u,u) =0 iff u = 0;

o

v,u) = (u,v) (T denotes the complex conjugate)

(
-
3. (u1 + uz, 9) = (u1, 9) + (u2, 9)
4.

au,v) = a(u,v)

Definition 2. Let f, g be continuous in [a,b] and w (z) > 0 continuous in (a,b) possibly
with a finite number of zeros. Let

b
Foghy = (F.9)0 = (f9) = (}.9) = / f (@) g (@) w (z) da. 1)

This is an inner product in the space V = C'[a, b] of continuous functions in [a, b], over the
field F = R. f, g are orthogonal if (f, g) = 0. We also write f L g.

Definition 3. The system of orthogonal polynomials w.r.t an inner product is the set
of polynomials Qg € Iy, ..., Q, € II,,,..., s.t. @; L Q, for all i # j.

Claim 1. Qp L1y for k=1,...,n

There always exists a system of orthogonal polynomials wrt. the inner product (1).



Figure 1: First Legendre polynomials

Proof. Can be shown by performing Gram-Schmidt orthogonalization procedure starting

with the monomials {1, z,22,...,2", ... }. In such a way the OP are unique up to a constant.
O

Example 1 (Legendre polynomials). w (z) = 1 on the interval [—1,1]. The OP obtained
are called Legendre polynomials. Without proof, we present the following facts:

)™ dr n .
P.(z) = <2 )' g [(1 — xz) } , n=0,1,2,... Rodrigues’ formula
"n! ax™
2n +1 n .
P,ii(x) = n—HxPn(m) o 1Pn_1(a:), n=1,2,... Recursion formula

Pi(z)=1 , Pi(x)=2z, P(z)= % [32% — 1]

Example 2 (Chebyshev polynomials). w (x) = ﬁ on (—1,1):

T,(z) = cosn(arccosx), n=0,1,2,...
To(x) =1, Ti(z)==x, Th(zr)=22*-1

Properties:

1. Recursion:






This can be shown using the identity cos a 4 cos 8 = 2 cos (O‘Jrﬁ) coS (a 6)

Tri1(x)+T,1(x) = cos ((n + 1) arccos z) + cos ((n — 1) arccos x)

a B
=2 cos (n arccos x) cos (arccos(z)) = 22T, (x), n=1,2,...

(a-15)/2 (a—p)/2

Therefore T), (x) is a polynomial of degree n.
2. Orthogonality:

! cos(n - arccos ) cos(m - arccos z)
T, (z), T, () = d
(Tua). Tule)) = | e :

0
[x = cosf,0 = arccosx,0 = — (1 — 332)71/2] = —/ cos(n - @) cos(m - 0)do

= /07r cos(n - 0) cos(m - 0)do

[m #n] = % /Ow(cos(n —m)6 + cos(n + m)f)df =0

3. The leading coefficient of T, (x) is 2"~ 1.
4. T, (z) has n (simple) roots in (—1,1): zj, = zy, = cos [ . 2] for k=0,...,n — 1:

2k+1 7 T
5} = cos [(2]{—1—1)5} = 0.

T, n) —
(k) cosn{ -
5. |T,, (z)| < 1in [-1,1] with n+1 extremal points vy = vy, = cos [22], k=0,1,...n

Indeed: "

k
T, (k) = cosn {—W

n} = cos|kn] = (—1)".

Example 3 (Laguerre polynomials). w (z) = e~® on the semi-infinite interval [0, 00). Re-
cursion formula:

Example 4 (Hermite polynomials). w(z) = e " on the interval (—oo,+00). Recursion
formula:

n+l( )

Ho(z) =1,



2 Gaussian quadrature rules

Fixing a weight w (z), we look for an integration rule of the form
b n B
1) = [ Flaola)dn = Y- A () = 1(7). )
a i=0

We will look to determine {A;, x;}", overall 2n + 2 parameters. The rule will be exact for
polynomials P € Il 1.

Theorem 1. If {z;},_, are the roots of Qn41, the orthogonal polynomial of degree n+ 1 with
respect to the inner product (1), and the coefficients {A;};_, are determined by the formulas

A = / li(z)w(z)dz, i=0,...,n, (3)

then the formula (2) is exact for polynomials of degree at most 2n + 1, with the error

B b
E(I(f))Zf(f)—f(f)Z/ flzo,n, o, o, 21, @ 7] ghyy () w(z)de =
HZ:O(’C*IIc)2

B f(2n+2)(§)
 (2n+2)!

/ o (@) ()

2.1 First proof

Consider the interpolation polynomial P, to f (x) at the nodes a < zp <z < -+ < x, <b.
We know that

I(f):/ Pn(a:)w(x)dx+/ flxo,z1, .oy xn, @] gy () w (x) do.

[

-~ -

I E(I(f))

Clearly we have ¢,41 () = 0;,Qny1 (). By Claim 1 we have (@41, 1) = fab Qnt1 () w (x)de =
0. Therefore (g,+1,1) = 0 as well. As in the development of Case B in the previous lecture,
we have for every x,.1

[ w0, 1 Ty, T 1x]:f[mo"rl""?xnax}_f[xo,x1,...,xn,xn+1]
9 Y ymy n+1,y x_xn+1
f[$07$17...7$n;$]:f[$0;$17...,$naxn+1]+f[l‘(),$1,...,xn,xn+171;] (x_xn+1)

b
E(I(f)):/ f[l‘OaZEla'--axn;x]Qn+l (l’)’ll)(l')dl’
b
:/ {f [x()?xl?"'?xn?xn-i-l] +f[$0,x1,... 7«77n7$n+1;55} («T —$n+1)}qn+1 (x)w(ac) dx
b
= / flxosxi, ..o Tny Tnyt, 2] (T — Tpt1) @yt () w (2) dx.

5



b
Put 7,45 (2) = (2 — Zpt1) qnsr (x) . We have ['rp0 (2)w (2)de = (Guy1, T — Tnpr) = 0
(since Qny1 L I1;). Therefore we can apply the computation again, and get that for every

Tn+2

b
BUD) = [ Flavsnennen.al s (5) w(0) do

b
:/ flxo, @1, oy oy Tng1, Tno, ) (X — Tpyo) The () w () da.
a

Again, (rpi2, 7 — Tni2) = (Gni1, (T — Tpp1) (T — Tnya)) = 0 since Qpyq L I, Continuing in
this fashion, we obtain that for every choice of x,,11,..., 22,11 We have

b
E(I(f)) = / fl@o, @, oo @0y Tty Tngas -+ o, Topg1, 2] (T — Tapg) Tons (2) w (2) do

where 79,11 () = @it (2) (¥ — Tpy1) -+ - (T — Tay).

Now we choose k1 = 2y for k = 0,...,n. Therefore (z — 2o,11) ront1 (x) = ¢4 (x), and
by Claim 1 from Lecture 5 and Claim 5 from Lectures 1-3 (which holds for repeated nodes
as well) we conclude that

b
E([(f)):/ f[x(]?xl)"'7xnax07x17"'7xnax]q72z+l(x)w(x)dx

fem@©) o,
s | it @staas,

finishing the proof. [l

2.2 Second proof

As in the first proof, consider the interpolation polynomial P, to f (z) at the nodes a <
Ty < xp < -+ <z, <b Using Lagrange’s form of P, we obtain

(Pa, 1) = / Po(2)w(z)dz = Zf (@) li(z)w(z)de = Zf (%)/ li(z)w(z)dr = ZAif (i) -

@ =0 _ =

g

A;



Now consider the Hermite interpolation polynomial Py, () to f where each node is dou-
bled, i.e. {xo,zo,...,Tn, Tn}

e(x) = Popyq () — P, (z), dege=2n-+1

= e(2) = o1 (z)s(z), s(z)ell,
- <P2n+1, 1) = <Pn, 1> + <qn+15, 1)
= ;Aif (i) + {Gnt1,9) [Gn+1 L 1L

, . =0
(Prveis 1) = [ Panes(oho)ds = 3" Aif (2. (4)

Now let p(x) € Iy, be any polynomial, then it coincides with its Hermite interpolation
polynomial Py, ; at the nodes {xg, zq, ..., z,, ¥, }, and therefore (4) is exact for p.

By the formula (7) for Hermite interpolation error from Lectures 1-3, applied with 2n + 2
nodes as above, we have

f (l’) = P2n+1 (J]) + f [1’0, Los -+ -5 Ty T,y l’] qon+2 (ZL’) :
——
=qi+1(x)
Integrating and using the integral mean value theorem together with Claim 5 from Lectures
1-3, we get
b b b
/ f(@)w(x)de = / Py (2)w(x)dx + / flzo, o, Tny 0y ] ¢4 (2) w (2) do

n (2n+2) b
= ZAz‘f (z:) + %/ﬂ Gy () w(z)de,

completing the proof. n

3 Examples

Example 5. Approximate f_ll f(x)dx = Agf (z0) by using Gaussian quadrature.

Solution. Here n = 0, the formula should be exact for f =1, x:

1
-1

1
/ zdx =0 = Agrg = 29 =0

1

and so fil f(x)dx ~ 2f (0).



Alternatively, we can use the zero of the Legendre polynomial P, (z) = x, i.e. o = 0. To
find Ay, we require exactness for Iy, i.e. f=1:

1
/ ldx =2 = Ao,
-1

To compute the error, set ¢; () = x and then

s =22 [ ¢wa-L

as before.

Example 6. Approximate fil \/%da: by Gaussian quadrature using interpolation polyno-

mial of degree at most 2.

Solution. n = 2, we should use the Chebyshev polynomial T, (z) = T3 (z) = 423 — 3z

whose roots are zy = —‘/73,11 =0,20 = \/T?:

To find the coefficients, we require (2) to be exact for f =1, z, 22 :

Vi

T \/§
= dr =(As —Ay) — = A=A
VT e Ay = A=

1
1
7T:/ dr = Ayg + A; + Ay
-1
1

Finally

Example 7. Approximate f_ll f(x)dx =~ Aof (x0) + Arf (1) by using Gaussian quadrature.

Solution. n = 1 and we should use Legendre polynomial P,y (z) = P (z) = 1 [32% — 1],
the roots are :l:\/%,;. The linear system for the coefficients:

1
2:/ 1d$:A0+A1

1

1
1
0= zdr = (Ayg — A]) — = Ag=A; = 1.
/_1 (Ao 1)\/§ 0 1



The result is

IR (‘7) (7)

E(I(

Example 8. Answer the following questions.

1. Compute the first 3 orthogonal polynomials with respect to the inner product

()= | fagla) (1+0%) de

2. What are the two Gaussian quadrature nodes {xg,z;} forn =17
3. Approximate fj1 f(x) (1 + 2%) dx using {zg, z,} from 2).
4. Compute the error formula.

Solution. w (x) = (1 + z?).

1. Let’s use Gram-Schmidt on {fo, f1, fo} = {1, 2, 2%} :

Qo= fo=1
_ <f17Q0> e
= fi— (Q07Q0>Q =z —(z,1)

/_1(az+x)da:

=x— —F3 =
/ (1+2%)d
-1
—2+3-3
(2%,1) (2%, )
—— )
R 1 = S
5 (z,z)
_ 22

2. The zeros of Q5 are :I:\/g.



3. The linear system for the coefficients Ay, A;:

1
—:/ (14 2%) de=Ag+ 4

1

! 2 4
0:/ZL‘(]."‘J?Q)CZZL':\/;(Al_Ao):AOZAlzg

1

/llf(x)(1+12)dxz§{f<—\/g)+f(\/g>}.

4. The error formula gives

and so
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