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Recap: parametric super-resolution

• Model: 𝑓 𝑡 = ∑!"#$ 𝑐!𝛿 𝑡 − 𝑡!
• Continuous: (𝑓 𝜔 = ∑!"#,…,$ 𝑐! exp 2𝜋𝑖𝜔𝑡! + 𝑒(𝜔), 𝜔 ≤ 𝛀, 𝑒(𝜔) ≤ 𝝐

ØSRF ≔ Ωℎ !"

Ø 𝛿𝑡# ∼ "
$
SRF%&!%𝜖 if 𝜖 < 𝑐 ⋅ SRF%&!"

• Discrete: (𝑓 𝑘 = ∑!"#$ 𝑐! exp 2𝜋𝑖𝑘𝑡! + 𝑒(𝑘), 𝑘 = 0,… ,𝑁, 𝑒 𝑘 ≤ 𝜖
ØSRF ≔ 𝑁ℎ !"

Øℓ" min: 𝛿𝑓 " ∼ SRF%&𝜖 if 𝑐# > 0
Ø 𝛿𝑓 % ∼ SRF%&!"𝜖

. . . . . . . . .



Today: 1D* SR algorithms

• Prony’s method
• Nonlinear Least Squares & Variable Projections
• Structured Low-Rank Approximation (“Cadzow desnoising”)
• (“single snapshot”) subspace methods
• ESPRIT / (Modified) Matrix Pencil
• Filter diagonalization
• MUSIC

*Mul%variate extensions exist for almost all of the above



Decimated Prony’s Method
𝜏̃ 𝑘 =%

!"#

$

𝑐!𝑒%&'(!) + 𝑒(𝑘)

• Construct 𝑛×𝑛 Hankel matrix

-𝐻$ = 𝜏̃ 𝑘 + ℓ )"*,#,…,$-#
ℓ"*,#,…,$-# =

𝜏̃(0) ⋯ 𝜏̃(𝑑 − 1)
⋮ ⋱ ⋮

𝜏̃(𝑑 − 1) ⋯ 𝜏̃(2𝑑 − 2)

• Find the unique solution 8𝒒 to -𝐻$8𝒒 =
𝜏̃(𝑑)
⋮

𝜏̃(2𝑑 − 1)
• Construct -Q 𝑥 = 𝑥$ + ∑!"*$-# =𝑞!𝑥!, let { =𝜌!} be its roots, 8𝑠! =

#
%&
∠=𝜌!

• Put =z! ≔ 𝑒%&'(̃! , then 𝑐̃! are given by
1 ⋯ 1
𝑧̃#
⋮

⋯
⋱

𝑧̃0
⋮

𝑧̃#$-# ⋯ 𝑧̃0$-#

𝑐̃#
⋮
𝑐̃0

=
𝜏̃ 0
𝜏̃(1)
⋮

𝜏̃(𝑑 − 1)

0 < 𝑚 ≤ 𝑐! ≤ 𝑀 < ∞
s1 ≔ 𝝀𝑡! mod 1
𝑒 𝑘 ≤ 𝜖



Finding 𝜆 (arXiv:2210.13329)



Reminder: (linear) condi@on number

• Linear system: 𝐴𝑥 = 𝑏, exact solution 𝑥!
• Perturbed system:  (𝐴 + Δ𝐴)𝑥 = 𝑏 + Δ𝑏, 𝑥! + Δ𝑥 – exact solution 
• Vector norm 𝑣 , the induced matrix norm 𝐴 = sup

" #$
𝐴𝑣

• Set 𝛿𝑥:= ∥&'∥
'!

, 𝛿𝐴:= ∥&(∥
∥(∥

, 𝛿𝑏: = ∥&)∥
∥)∥

• Condition number: 𝜅:=∥ 𝐴 ∥ 𝐴*$

• Lemma:
𝛿𝑥 ≤

𝜅
1 − 𝜅 ⋅ 𝛿𝐴

(𝛿𝐴 + 𝛿𝑏)



Prony’s method: Stability analysis

• Let 𝜏, 𝒒, 𝑄, 𝐻O denote the noiseless counterparts of 𝜏̃, '𝒒, (𝑄 , )𝐻O, 𝜌P = 𝑒QRST!
• Vandermonde factorization: 𝐻O = 𝑉O 𝝆 ×𝐶×𝑉OU(𝝆) - check!

• 𝜅 𝑉" ≲ max
#
∏!$# 𝜌# − 𝜌!

%&
≲ SRF'%&

• 𝐶 = diag{𝑐&, … , 𝑐"}

• 𝜅 𝐻O ≲ V" W# X
Y

, 𝛿𝐻O ≲ 𝜖, 𝛿𝜏 ≲ 𝜖
• 7𝑞P − 𝑞P ≲ SRFQZ[Q𝜖 ≔ 𝜂 whenever 𝜖 ≲ SRFQ[QZ

• Stability of polynomial roots [1, p.38]: 7𝜌P − 𝜌P ≲
\] ^!
]$ ^!

𝜂 + 𝑂 𝜂Q

• Clearly 𝑄( 𝜌! = ∏#$! 𝜌! − 𝜌# ≳ SRF&%' à |𝑠̃! − 𝑠!| ≲ SRF)'%)𝜖
• Finally: |𝑡̃! − 𝑡!| ≲

&
*
SRF)'%)𝜖ß not optimal!!!

• Extra powers of SRF added for |𝑐̃P − 𝑐P|

𝑉$(𝝆) =

1 … 1
𝜌# ⋱ 𝜌$
𝜌#% ⋱ 𝜌$%
⋮ ⋱ ⋮

𝜌#$-# … 𝜌$$-#

s1 ≔ 𝝀𝑡! mod 1

[1] J. Wilkinson, Rounding Errors in Algebraic Processes, Dover, New York, 1994.



But…

• The analysis is not -ght, since we know that Prony’s method computes 𝐹'
!" exactly 

• Therefore, Prony + op-mal decima-on gives best accuracy, but we don’t know 𝜆∗! 
(except when 𝑝 = 𝑑)

• Q: Where is the problem in the analysis?

𝛿𝒒 = 𝒒 − 8𝒒 /𝜖 and 𝛿𝒓 = 𝝆 − 8𝝆 /𝜖 have same scaling 
è errors in the coefficients are not independent!

For comparison, we plot 𝛿e𝒓 = 𝝆 − f𝝆 /𝜖 where { e𝜌!} are 
the roots of a polynomial g𝑄 with random errors in the 
coefficients of same magnitude 𝛿𝒒

Open question: explain this phenomenon!

𝜖 = 10-2*



Prony’s method: accurate analysis

• Step #1: use Rouche’s theorem from complex analysis
• If 𝑝 𝑧 > 𝑞 𝑧 − 𝑝(𝑧 |, 𝑧 ∈ 𝜕𝐵 (𝑧i) and 𝑝 𝑧i = 0 (simple zero) then 𝑞(𝑧)

has a simple zero inside 𝐵 (𝑧i) (proof: argument principle)
• 𝑝 𝑧 ∼ ∏(𝑧 − 𝑧j)
• 𝑞 − 𝑝 has some common factors in the coefficients

• Step #2:
• compute L𝑧j − 𝑧j = 𝐴j𝜖 + 𝑂(𝜖Q)
• (𝑉𝜹𝒄 = (𝑉[k𝜹𝒎− (𝐼 − (𝑉[k𝑉) 𝒄

R.Katz,N.Diab, DB, in prep.



Nonlinear Least Squares (NLS)

• The NLS problem can be solved by iterative algorithms such as Gauss-Newton, Levenberg-
Marquardt,...[1]

• NLS is equivalent to Maximum Likelihood Estimator  with Gaussian noise in estimation theory
• Convergence to a local minimum can be guaranteed under sufficiently reasonable assumptions

• Problem 1: initialization needs to be sufficiently close to the global optimum
• Basin of attraction estimates are partially available [2], essentially depend on 𝜎345(𝐽6)

• Problem 2:  Accuracy of the solution - can we estimate 𝒙𝑵𝑳𝑺 − 𝒙𝟎 ?

𝒙 ≔ 𝒄, 𝒕 ∈ ℝ%$ , 𝐹)(𝒙) = ∑!"#$ 𝑐! exp 2𝜋𝑖𝑘𝑡! ,	𝑘 = 0,… , 𝑁 –parametric model
𝑔) = 𝐹)(𝒙𝟎) + 𝑒), 𝑒) ≤ 𝜖 – noisy	data

𝒙𝑵𝑳𝑺 = argmin
𝒙
∑)"*< 𝑟)∗ 𝒙 𝑟)(𝑥),	where		𝑟) 𝒙 = 𝑔) − 𝐹)(𝒙) are	the	residuals

𝐽𝑭 𝒙 =
𝜕 ℜ𝐹* ℑ𝐹*, … , ℜ𝐹< ℑ𝐹< ?

𝜕[𝑐#𝑡#…𝑐$𝑡$]
(𝒙) ∈ ℝ(%<A%)×%$

[1] J. Nocedal and S. J. Wright, Numerical Optimization, 2nd edition. 2006.
[2] Y. Traonmilin and J.-F. Aujol, “The basins of attraction of the global minimizers of the non-convex sparse spike estimation problem,” Inverse Problems, vol. 36, no. 4, p. 045003, 2020



Stability of nonlinear optimization problems [1]

• 𝑓 𝒙, 𝜖 smooth, 𝒙∗(𝜖) = arg min
𝒙
𝑓(𝒙, 𝜖) , 𝒙∗ 0 = 𝒙𝟎

• 𝒙∗(𝜖) local minimum when ∇𝒙𝑓 𝒙∗ 𝜖 , 𝜖 ≡ 𝟎 in a neighb. of 𝜖 = 0
• Implicit function theorem: ∇𝒙𝑓 𝒙, 𝜖 ≔ 𝑔 𝒙, 𝜖 = 𝟎. Sufficient 

conditions for existence of a solution which is also a minimum:
• 𝑔 𝒙𝟎, 0 = 0
• ∇𝒙𝑔 𝒙, 𝜖 |��i = ∇𝒙𝒙Q 𝑓 𝒙, 𝜖 |��i ≻ 0 (positive definite Hessian)

• Full differential: 0 ≡ 𝜕𝑔 𝑥∗, 𝜖 = ∇'𝑔 𝑥∗, 𝜖 ∇K𝑥∗ 𝜖 + ∇K𝑔 𝑥∗, 𝜖
• ∇K𝑥∗ 𝜖 = − ∇''L 𝑓(𝒙∗, 𝜖 )*$∇'KL 𝑓(𝑥∗, 𝜖)
• This gives a first order estimate 𝒙∗(𝜖) − 𝒙! ≈ ∇K𝒙∗ 0 ⋅ 𝜖

[1] A. V. Fiacco, Introduction to sensitivity and stability analysis in nonlinear programming. Academic Press, 1983.



Back to least squares problems

• Residuals: 𝒓 𝒙, 𝜖 = 𝑭 𝒙 − 𝒈 𝜖 , 𝑭 = [𝑓!…𝑓M], 𝒈 = 𝑭 𝒙𝟎 + 𝒆(𝜖)

• 𝑓 𝒙, 𝜖 = $
L
𝒓(𝒙, 𝜖) L

• Compute: ∇𝒙𝑓 𝒙, 𝜖 = 𝐽𝑭O(𝒙)𝒓(𝒙, 𝜖), ∇''L 𝑓 𝒙, 0 = 𝐽PO 𝒙 𝐽P(𝒙), 
∇𝒙KL 𝑓 𝒙, 𝜖 = −𝐽PO 𝒙 ∇K𝒆(𝜖)
• SubsPtute: ∇K𝒙∗ 0 = − ∇𝒙𝒙L 𝑓(𝒙∗, 0 )*$∇𝒙KL 𝑓 𝒙∗, 0 = 𝐽𝑭

Q 𝒙𝟎 ∇K𝒆(0)
• 𝐽𝑭

�: = 𝐽𝑭U𝐽𝑭
[k
𝐽𝑭U - pseudo-inverse

• Stability at the global opPmum is controlled by row norms of 𝐽𝑭
Q 𝒙𝟎



NLS stability – open questions

• EsPmate 𝜎/01 and row norms of 𝐽𝑭
3 𝒙𝟎 in the mulP-cluster geometry

• Obtain quanPtaPve esPmates on the neighborhood of 𝜖
• Structured perturbaPons:  what if ∇4𝒆 0 = 𝐽𝑭 𝒙𝟎 + 𝐿𝑂𝑇?

∇K𝒙∗ 0 = 𝐽𝑭
Q 𝒙𝟎 ∇K𝒆(0)

Multi-modality of the NLS cost [1]

[1] L. Condat and A. Hirabayashi, “Cadzow Denoising Upgraded: A New Projection Method for the Recovery of Dirac Pulses from Noisy Linear Measurements,” Mar. 2014.



VARiable PROjection (VARPRO)

• Note that in fact 𝑭 𝒙 = (𝒄, 𝒕) = 𝑉 𝑒%&'𝒕 𝒄, where 𝑉 is the Vandermonde 
matrix

• So 𝒄<EF, 𝒕<EF = arg min
𝒕

min
𝒄

#
%
𝐴 𝒕 𝒄 − 𝒈 %

• The inner min. is a linear LS! Its solution is 𝒄𝒊𝒏𝒏𝒆𝒓 𝒕 = 𝐴L 𝒕 𝒈
• We end up with 𝒕<EF = argmin

𝒕
#
%
(𝐴 𝒕 𝐴L 𝒕 − 𝐼)𝒈 % = argmin

𝒕
VP(𝒕; 𝒈)

• 𝒄"#$ = 𝐴%(𝒕"#$) 𝒈
• This is a different nonlinear problem with the same global optimum

• Better optimization landscape (smaller # of local minima)
• Faster convergence
• Efficient implementation utilizes explicit computation of 𝐽&'

• Works for any separable 𝑭 𝒙 = 𝐴 𝒕 𝒄
• Stability properties in the SR regime are unknown.

xMNO = argmin𝒙
1
2 𝑭 𝒙 − 𝒈 %

[1] L. Kaufman and V. Pereyra, “A Method for Separable Nonlinear Least Squares Problems with Separable Nonlinear Equality Constraints,” SIAM J. Numer. Anal., vol. 15, no. 1, pp. 12–20, Feb. 1978
[2] G. Golub and V. Pereyra, “Separable nonlinear least squares: the variable projection method and its applications,” Inverse problems, vol. 19, no. 2, p. R1, 2003.
[3] V. Pereyra and G. Scherer, Exponential Data Fitting and Its Applications. Bentham Science Publishers, 2010.



Structured Low-Rank Approxima6on (“Cadzow denoising”)

• Problem: 𝐴 is not Hankel anymore, so no “annihilation” as such
• We can “project” 𝐴 to a set of Hankel matrices (by averaging anti-diagonals) but then it will not be of rank 𝑑
• Cadzow [1]: alternatively project onto rank-𝑑 (non-convex op.) and Hankel (linear op.) to “denoise” the matrix, after which annihilation will work
• This works in practice for low noise levels, but no proof of convergence yet
• [2] suggests an alternative impl. via proximal splitting (still no global convergence guarantees)
• Possible improvement: add the non-degeneracy condition of the upper minor – which we know to be necessary and sufficient for solvability

[1] J. A. Cadzow, “Total Least Squares, Matrix Enhancement, and Signal Processing,” Digital Signal Processing, vol. 4, no. 1, pp. 21–39, Jan. 1994, doi: 10.1006/dspr.1994.1003.
[2] L. Condat and A. Hirabayashi, “Cadzow Denoising Upgraded: A New Projection Method for the Recovery of Dirac Pulses from Noisy Linear Measurements,” Mar. 2014.

rank 𝐻E,P = 𝑑
𝐻E,P = 𝜏 𝑘 + ℓ )"*,#,…,E

ℓ"*,#,…,P =
𝜏(0) ⋯ 𝜏(𝑀)
⋮ ⋱ ⋮

𝜏(𝐿) ⋯ 𝜏(𝐿 + 𝑀)
𝜏 𝑘 =%

!"#

$

𝑐!𝜌!)
𝐿 ≥ 𝑑,𝑀 ≥ 𝑑

Annihilation method
1. Approximate -𝐻E,P by a rank-𝑑 matrix 𝐴
2. Find 𝒒 ∈ ker 𝐴 , construct 𝑞(𝑧) = ∑!"*P 𝑞!𝑧!

3. Find 𝑑 roots of 𝑞(𝑧) closest to the unit circle

Annihila%on property: ∑ℓ"*$ 𝑞ℓ𝜏 𝑘 + ℓ = 0, ∀𝑘 ∈ ℕ𝑥 − 𝜌# ⋯ 𝑥 − 𝜌0 = 𝑥$ + 𝑞$-#𝑥$-# +⋯+ 𝑞#𝑥 + 𝑞*

https://doi.org/10.1006/dspr.1994.1003


Subspace methods

Vandermonde decomposition: 𝐻E,P = 𝑉E 𝝆 ×𝐶×𝑉P?(𝝆)à rank 𝐻E,P = 𝑑

𝐻E,P = 𝜏 𝑘 + ℓ )"*,#,…,E
ℓ"*,#,…,P =

𝜏(0) ⋯ 𝜏(𝑀)
⋮ ⋱ ⋮

𝜏(𝐿) ⋯ 𝜏(𝐿 + 𝑀)

𝜏 𝑘 =%
!"#

$

𝑐!𝜌!)

𝜌! = 𝑒%&'Q!

𝑉E(𝝆) =

1 … 1
𝜌# ⋱ 𝜌$
𝜌#% ⋱ 𝜌$%
⋮ ⋱ ⋮
𝜌#E … 𝜌$E

𝐶 = diag{𝑐#, … , 𝑐$}
𝐿 ≥ 𝑑,𝑀 ≥ 𝑑

Singular Value Decomposition: 𝐻E,P = 𝑈R,$ 𝑈R,$S × Σ$ 0
0 0 ×

𝑉R,$∗

𝑉R,$S
∗

Signal subspace property: ℛ 𝐻E,P = ℛ 𝑈R,$ = ℛ(𝑉E 𝝆 ) Noise subspace property: (𝑈R,$S )∗×𝑉E 𝝆 = 0

In the presence of noise, these become ≈, and taking 𝐿 ≫ 2𝑑 should reduce the error

For simplicity assume 𝐿 ≈ 𝑀

[1] P. Stoica and R. L. Moses, Spectral analysis of signals (Chapter 4). Pearson/Prentice Hall, 2005.



ES@ma@on of Parameters via Rota@onal 
Invariance Techniques (ESPRIT)

• Q: how to get 𝜌#, … 𝜌$ from ℛ 𝑈R,$ = ℛ(𝑉E 𝝆 )? 

• 𝑉E↑ =

1 … 1
𝜌# ⋱ 𝜌$
⋮ ⋱ ⋮

𝜌#E-# … 𝜌$E-#
(last row removed), 𝑉E↓ =

𝜌# … 𝜌$
𝜌#% ⋱ 𝜌$%
⋮ ⋱ ⋮

𝜌#E-# … 𝜌$E-#
(1st row removed), 𝚪 ≔ diag {𝜌#, … , 𝜌$}

• Rotational Invariance Property: 𝑉E↓ = 𝑉E↑×𝚪à𝚪 = (𝑉E↑)L𝑉E↓

• 𝑉E = 𝑈R,$𝑅 for an invertible 𝑅 ∈ ℂ$×$ à 𝑉E↑ = 𝑈R,$↑ 𝑅, 𝑉E↓ = 𝑈R,$↓ 𝑅à𝚪 = 𝑅-#(𝑈R,$↑ )L𝑈R,$↓ 𝑅

• à {𝜌#, … , 𝜌$} are eigenvalues of (𝑈R,$↑ )L𝑈R,$↓

ESPRIT algorithm
1. Compute truncated SVD of -𝐻E,P, take -𝑈R,$
2. Compute 𝑑 eigenvalues of (-𝑈R,$↑ )L-𝑈R,$↓

𝐻E,P = 𝑉E 𝝆 ×𝐶×𝑉P? 𝝆 = 𝑈R,$ 𝑈R,$S × Σ$ 0
0 0 ×

𝑉R,$∗

𝑉R,$S
∗

Matrix Pencil algorithm
1. -𝐻E,P↑ = 𝑈#Σ#𝑉#R, -𝐻E,P↓ = 𝑈%Σ%𝑉%R (rank-d approximations)
2. Compute 𝑑 eigenvalues of Σ%-#𝑈%R𝑈#Σ#𝑉#R𝑉%



Signal subspace methods – analysis

• PerturbaMon of )𝑈«,O à related to 𝜎¬­®(𝑉 )
• PerturbaMon of eigenvalues: Gerschgorin’s circle theorem [2, Ch.IV, Thm. 2.3]

• 𝑅%&(𝑈̂>,"↑ )3𝑈̂>,"↓ 𝑅 = Γ + 𝑅%&𝐸𝑅 for some error matrix 𝐸

• Thm [1]: if 𝜖 ≲ k
°
SRF[±Z[² then |𝑡̃P − 𝑡P| ≲ SRFQZ[Q𝜖 (for ESPRIT)

• Min-max: 𝛿𝑡! ∼ &
B
SRFC'%C𝜖 if 𝜖 ≲ SRFC'%& ß ESPRIT almost opPmal

• Experiments suggest 𝜖 ≲ SRFC'%& is sufficient!

• Q: what is the true performance?

ESPRIT algorithm
1. Compute truncated SVD of -𝐻E,P, take -𝑈R,$
2. Compute 𝑑 eigenvalues of (-𝑈R,$↑ )L-𝑈R,$↓

Matrix Pencil algorithm
1. -𝐻E,P↑ = 𝑈#Σ#𝑉#R, -𝐻E,P↓ = 𝑈%Σ%𝑉%R (rank-d approxima%ons)
2. Compute 𝑑 eigenvalues of Σ%-#𝑈%R𝑈#Σ#𝑉#R𝑉%

𝐻E,P = 𝑉E 𝝆 ×𝐶×𝑉P? 𝝆 = 𝑈R,$ 𝑈R,$S × Σ$ 0
0 0 ×

𝑉R,$∗

𝑉R,$S
∗

[1] W. Li, W. Liao, and A. Fannjiang, “Super-resolution limit of the ESPRIT algorithm,” IEEE Transactions on Information Theory, 2020, 10/ggrnpw.
[2] Stewart, Gilbert W. "Matrix perturbation theory." (1990).

. . . . . . . . .

𝜏 𝑘 − 𝜏̃ 𝑘 ≤ 𝜖

https://doi.org/10/ggrnpw


Are these algorithms optimal or not?

I suspect same problem as in the analysis of Prony’s method, i.e. using 
too general bounds, disregarding additional structure in the error terms

D. Batenkov, G. Goldman, and Y. Yomdin, “Super-resolu%on of near-colliding point sources,”
InformaAon and Inference: A Journal of the IMA, p. iaaa005, May 2020, doi: 10.1093/imaiai/iaaa005.

https://doi.org/10.1093/imaiai/iaaa005


Filter Diagonalization Method (FDM)

• NMR/spectroscopy: want to recover 𝑡!’s only in a certain band 

• Select large 𝑁 and set 𝑃': = [𝑒()*+
)
*!] with T# ≤

,
-
≤ 𝑇), 𝑗 = 0,… , 𝑅

• Key idea: if 𝑡! ∉ 𝑇#, 𝑇) then 1 𝜌! 𝜌!)…𝜌!' ×𝑃' ≪ 1

[1] V. A. Mandelshtam and H. S. Taylor, “Harmonic inversion of time signals and its applications,” The Journal of Chemical Physics, vol. 107, no. 17, pp. 6756–6769, Nov. 1997, doi: 10.1063/1.475324.
[2] V. A. Mandelshtam, “FDM: the filter diagonalization method for data processing in NMR experiments,” Progress in Nuclear Magnetic Resonance Spectroscopy, vol. 2, no. 38, pp. 159–196, 2001.

Frequency-Selective Matrix Pencil algorithm (FDM)
1. Input:	d𝒅 ≤ 𝑑, )𝐻¯,X,	𝑇k, 𝑇Q,	𝑁
2. (𝐺¯,X↑ = 𝑃 [k

U )𝐻¯,X↑ 𝑃X,	 (𝐺¯,X↓ = 𝑃 [k
U )𝐻¯,X↓ 𝑃X

3. (𝐺¯,X↑ = 𝑈kΣk𝑉k«, (𝐺¯,X↓ = 𝑈QΣQ𝑉Q« (rank − d𝒅- approximations)
4. Compute d𝒅 eigenvalues of ΣQ[k𝑈Q«𝑈kΣk𝑉k«𝑉Q

No rigorous analysis of accuracy / optimality yet

𝐻¯,X = 𝑉 𝝆 ×𝐶×𝑉XU 𝝆

https://doi.org/10.1063/1.475324


MUltipe SIgnal Classicication
𝐻E,P = 𝑉E 𝝆 ×𝐶×𝑉P? 𝝆 = 𝑈R,$ 𝑈R,$S × Σ$ 0

0 0 ×
𝑉R,$∗

𝑉R,$S
∗

Noise subspace property: (𝑈R,$S )∗×𝑉E 𝝆 = 0

Vandermonde vector: 𝒗 𝜌 ≔ 1 𝜌 𝜌%…𝜌E

Claim: (𝑈R,$S )∗×𝒗 𝑒%&'Q = 𝟎 if and only if 𝑡 ∈ {𝑡#, … , 𝑡$}

Spectral MUSIC algorithm
1. Compute truncated SVD of -𝐻E,P, take -𝑈R,$S

2. Plot the “Imaging functional” \𝒫 𝑡 := (-𝑈R,$S )∗×𝒗 𝑒%&'Q -#

3. Find 𝑑 largest peaks of \𝒫 𝑡 (high computational complexity)

Root-MUSIC algorithm
1. Compute truncated SVD of -𝐻E,P, take -𝑈R,$S

2. \𝐺 ≔ (-𝑈R,$S )∗×-𝑈R,$S

3. Construct the Laurent polynomial 𝑔 𝑧 = 𝑣? 𝑧-# × \𝐺×𝒗 𝑧
= (-𝑈R,$S )∗×𝒗 𝑒%&'Q 𝟐

4. Find 𝑑 roots of zN𝑔(𝑧) closest to the unit circle from inside



MUSIC - Remarks

• Thm [1]: J𝒫 𝑡 (# −𝒫 𝑡 (#
. ≲ SRF)/()𝜖

• But: no analysis of the peaks’ sharpness, so complete accuracy analysis still lacking

• The spectral algorithm provides a general approach to finding a range 
space of linear operators [2]
• Extensively used in imaging problems (maybe next lecture…)

[1] W. Li and W. Liao, “Stable super-resolu9on limit and smallest singular value of restricted Fourier matrices,” Appl. Comput. Harm. Anal., vol. 51, 118–156,. 2021. 
[2] M. Cheney, “The linear sampling method and the MUSIC algorithm,” Inverse problems, vol. 17, no. 4, p. 591, 2001.



There is a lot to do!


