Vandermonde matrices

1 1 1
4 ] ZR
2 2 2
Vy=| 4 2 2R
N _N N
| 41 & Zr |
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Vandermonde matrices

[ 1 1 1
4 ] ZR
2 2 2
Vy=| 4 2 2R
N _N N
| 41 & Zr |

e zj € R: polynomial interpolation/approximation, quadrature, moment
problems,...
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Vandermonde matrices

1 1 1
4 ] ZR
2 2 2
Vy=| 4 2 2R
N _N N
| 41 & Zr |

e zj € R: polynomial interpolation/approximation, quadrature, moment
problems,...

e zj = €%, xj € (—m, m]: Fourier analysis, super-resolution
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Super-resolution

@ Unknown signal

R
f(x) = Z ajéyx, aj € C\{0}, x; € RY (d=1)
j=1
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Super-resolution

@ Unknown signal

R
f(x) = Z ajéyx, aj € C\{0}, x; € RY (d=1)
j=1

@ Bandlimited measurements:

R
mk:Z:aje’ka—i—nk, k=0,1,...,N—1,
j=1

m=VN(x1,...,XR)a+nE(CN.
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Super-resolution

@ Unknown signal
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f(x) = Z ajéyx, aj € C\{0}, x; € RY (d=1)
j=1
@ Bandlimited measurements:

R
mk:Z:aje’ka—i—nk, k=0,1,...,N—1,
j=1

m=VN(x1,...,XR)a+nE(CN.

@ Super-resolution: recover {xj, a;} from m
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Super-resolution

@ Unknown signal

R
f(x) = D ajby, aje C\{0}, ;e RY (d =1)
j=1
o Bandlimited measurements:
R
me =Y 0;e® 4+, k=01,...,N—1;
j=1
m = VN(xl,...,xR)a +ne (CN.
@ Super-resolution: recover {xj, a;} from m
o Stability?

D.Batenkov (TAU) Super-resolution with sparse priors 10 Nov. 2021

3/16



Applications

Inverse problems with sparse priors
Super-resolution Imaging

Sub-Nyquist/Finite Rate of Innovation sampling
Direction of Arrival estimation

Exponential data analysis / fitting

Line spectral estimation / “harmonic inversion”
Compressed sensing

Mixture models

®© ©6 6 6 6 6 o o o

Pade approximation, moment problems, sparse interpolation, sparse
FFT, analytic number theory,...

T.Bendory, J.J.Benedetto, A.Bhandari, T.Blu, H.Bdlcskei, E.Candes, A.Cuyt, L.Demanet,
D.Donoho, P-L.Dragotti, A.Fannjiang, C.Fernandez-Granda, F.Filbir, P.Indyk, S.Kunis, W-s.
Lee, W.Li, W.Liao, H.Mhaskar, A.Moitra, V.Morgenshtern, G.Peyre, G.Plonka, C.Poon, D.Potts,
P.Stoica, M.Tasche, M.Vetterli,...
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Stability of sparse SR

R
f(X):EOéj(ij,m:VN(X1>~~'»XR)a+n f(x)J

X,-EZ (“on-grid") H S J[ ] ,,,,,
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Stability of sparse SR

R
f(X):Zajdxj,m:VN(X1,-~.,XR)a+n f(x)J

Xjez (“on-grid") H S J[ ] ,,,,,

Lemma (Min-max rate and V)

infsup sup [[f —f| min ———
—fl, =
fof nf2<e yeR2R omin(Vn(y))
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Classical resolution limit

fLow
o High resolution signal: fiyign(x) = > ajdx;
@ Dirichlet kernel:
N sin((N+%)x)
Dn(x) = Z exp(tkx) = sin 3 x ¢ 2nZ
ke N 2N +1 else

@ Low resolution signal:

flow(x) = 2 mye xZaJ-DN(x—xj)
[k|<N J

Rayleigh-Nyquist length = %

= = — S Ne
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Omin. €xtreme cases

A := min |x; — X,
j;ek|J k|

1 Rayleigh length

SRF := VA A
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Omin. €xtreme cases

A := min |x; — X,
j;ek|J k|

1 Rayleigh length

SRF := VA A

@ Moitra 2015, Aubel&Bolcskei 2019:

SRF < 1: Omin ~ V1 —SRF
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Omin. €xtreme cases

A := min |x; — X,
j;ek|J k|

1 Rayleigh length

SRF := VA A

@ Moitra 2015, Aubel&Bolcskei 2019:
SRF < 1: Omin ~ V1 —SRF
@ Slepian 1978, Demanet&Nguyen 2015, Li&Liao 2021

xj = jA Omin ~ SRF¥™R SRF » 1.
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Omin. €xtreme cases

A := min |x; — X,
j;ek|J k|

1 Rayleigh length

SRF := VA A

@ Moitra 2015, Aubel&Bolcskei 2019:
SRF < 1: Omin ~ V1 — SRF
@ Slepian 1978, Demanet&Nguyen 2015, Li&Liao 2021
xj = jA Omin ~ SRF¥™R SRF » 1.

e Corollary: for SRF » 1, the min.max rate = SRF2R~1¢
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Omin. €xtreme cases

A := min |x; — X,
j;ek|J k|

1 Rayleigh length

SRF := VA A

@ Moitra 2015, Aubel&Bolcskei 2019:
SRF < 1: Omin ~ V1 — SRF
@ Slepian 1978, Demanet&Nguyen 2015, Li&Liao 2021
xj = jA Omin ~ SRF¥™R SRF » 1.

e Corollary: for SRF » 1, the min.max rate = SRF2R~1¢

o Can we do better?
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Partial clustering



References

@ D. Batenkov and G. Goldman, “Single-exponential bounds for the smallest
singular value of Vandermonde matrices in the sub-Rayleigh regime,”
Applied and Computational Harmonic Analysis, 2021.

@ D. Batenkov, G. Goldman, and Y. Yomdin, “Super-resolution of
near-colliding point sources,” Inf Inference, 2021.

© D. Batenkov, B. Diederichs, G. Goldman, and Y. Yomdin, “The spectral
properties of Vandermonde matrices with clustered nodes,” Linear Algebra
and its Applications, 2021.

© D. Batenkov, L. Demanet, G. Goldman, and Y. Yomdin, “Conditioning of
Partial Nonuniform Fourier Matrices with Clustered Nodes,” SIAM J.
Matrix Anal. Appl., 2020.
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Partial clustering model

@ “Cluster”:= nodes closer than % ‘ fm[
o Geometric “rigidity” parameters p, T Hk’ ffffff t\
@ Can rescale the support to [0, 1] l
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Spectral properties of Fourier-type matrices

How to estimate opin(Vy)?
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Spectral properties of Fourier-type matrices

How to estimate opin(Vy)?

Assumptions: NA « 1, N> 1

@ Uniform row subsampling with rate A > 0: corresponds to nodes
e . e™R [SIMA 2020]
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Spectral properties of Fourier-type matrices

How to estimate opin(Vy)?

Assumptions: NA « 1, N> 1

@ Uniform row subsampling with rate A > 0: corresponds to nodes
e . e™R [SIMA 2020]

v~ Can choose A = O(N) to avoid collisions
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Spectral properties of Fourier-type matrices

How to estimate opin(Vy)?

Assumptions: NA « 1, N> 1

@ Uniform row subsampling with rate A > 0: corresponds to nodes
e . e™R [SIMA 2020]

v~ Can choose A = O(N) to avoid collisions

@ Decouple the clusters (columns)

Theorem (LAA 2021)

The column subspaces corresponding to the different clusters are nearly

orthogonal: Zmin(Ci, Cj) = 5 — ,f,—lp — oNA.
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Spectral properties of Fourier-type matrices

How to estimate opin(Vy)?

Assumptions: NA « 1, N> 1

@ Uniform row subsampling with rate A > 0: corresponds to nodes
e . e™R [SIMA 2020]

v~ Can choose A = O(N) to avoid collisions

@ Decouple the clusters (columns)

Theorem (LAA 2021)

The column subspaces corresponding to the different clusters are nearly
orthogonal: Zmin(Ci, Cj) = 5 — ,f,—lp — ooNA.

v Only need to estimate min; omin(G)
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Spectral properties of Fourier-type matrices

How to estimate opin(Vy)?

Assumptions: NA « 1, N> 1

@ Uniform row subsampling with rate A > 0: corresponds to nodes
e . e™R [SIMA 2020]

v~ Can choose A = O(N) to avoid collisions

@ Decouple the clusters (columns)

Theorem (LAA 2021)
The column subspaces corresponding to the different clusters are nearly
orthogonal: Zmin(Ci, Cj) = 5 — ,f,—lp — oNA.

v Only need to estimate min; omin(G)

© Other methods: Diederichs 2019, Li&Liao 2021, Kunis&Nagel 2020a,b

D.Batenkov (TAU) Super-resolution with sparse priors 10 Nov. 2021 10/16



Single cluster estimates

Estimating all the singular values of C;
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Single cluster estimates

Estimating all the singular values of C;

Theorem (LAA 2021)

ow(G) = SRF*K i =1,... #of clusters, k =1,2,...¢;.
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Single cluster estimates

Estimating all the singular values of C;

Theorem (LAA 2021)

ow(G) = SRF*K i =1,... #of clusters, k =1,2,...¢;.

Proof:

@ Notice that Gy := V*NVN = ﬁ [DN (X,' - Xj)]’-d-
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Single cluster estimates

Estimating all the singular values of C;

Theorem (LAA 2021)

ow(C) = SRF*k i =1,... #of clusters, k =1,2, ...

Proof:

@ Notice that Gy := V*NVN = ﬁ [DN (X,' - Xj)]’-d-

@ Taylor expansion of Dy:

0
a*Gya = Z dn,ma™ [(xi — xj)z’”]ua
m=0 N S—-
82m
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Single cluster estimates

Estimating all the singular values of C;

Theorem (LAA 2021)

ow(G) = SRF*K i =1,... #of clusters, k =1,2,...¢;.
Proof:
@ Notice that Gy = V*NVN = ﬁ [DN (X,' — Xj)]’-d-
@ Taylor expansion of Dy:
0
a*GNa = Z dN7ma* [(X,‘ — xj)z’”]ua
m=0 —_—
€2m
@ Em are PSD restricted to the kernel of Vp(x1, ..., xg) (real
Vandermonde) [Micchelli 1986]
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Getting the constants right

Theorem (ACHA 2021) J

The constants in the lower bound scale like c1=% for ¢ < 32re.
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Getting the constants right

Theorem (ACHA 2021)

The constants in the lower bound scale like c1=* for ¢ < 32re.

4

P(t) = Z aj exp(atx;)
Jj=1
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Getting the constants right

Theorem (ACHA 2021)

The constants in the lower bound scale like c1=* for ¢ < 32re.

4

P(t) = Z aj exp(atx;)

j=1
> Turan-type inquality [Nazarov 1994]: for E — [ intervals:

-1
[Plleqry < (eultl/IEN) IPl ey
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Getting the constants right

Theorem (ACHA 2021)

The constants in the lower bound scale like c1=* for ¢ < 32re.

4

P(t) = Z aj exp(atx;)

j=1
> Turan-type inquality [Nazarov 1994]: for E — [ intervals:

(-1
[Plleqry < (eultl/IEN) IPl ey
> Salem-type inequality [Zygmund 1959]:

2
HPHLz([O,%]) > ofals
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Getting the constants right

Theorem (ACHA 2021)

The constants in the lower bound scale like c1=* for ¢ < 32re.

4

P(t) = Z aj exp(atx;)

j=1
> Turan-type inquality [Nazarov 1994]: for E — [ intervals:
(-1
[Plleqry < (eultl/IEN) IPl ey
> Salem-type inequality [Zygmund 1959]:
2 2
HPHLz([O,%]) = o a3
> Nikolskii-type inequality [Erdélyi 2017]:
!

2/q—2/p
H'D”L”[O,l]< <2> HPHLq[o,l], 0<g<p<ow, g

D.Batenkov (TAU)
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Implications for super-resolution



On-grid minimax recovery

R
m™ T
f=> oy, x €L [—7,7]
j=1a‘l G XJE N 27

R
Bw) = Y0 +n(w), |w| <Q, [nfon<e.
j=1

Theorem (SIMA 2020)

In the on-grid model with clusters of size at most £:

. e _ 1
infsup sup |f — fl2 = SRF?*"le, SRF:= —.
Fof fnla<e s
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On-grid minimax recovery

R
™ T
f:;ajéxj, XJEAZm I:—E,E:I

R
Bw) = Y0 +n(w), |w| <Q, [nfon<e.
j=1

Theorem (SIMA 2020)

In the on-grid model with clusters of size at most £:

5 1
infsup sup |f — fl2 = SRF?*"le, SRF:= —.
ff lnlose QA

@ [Donoho 1992] similar model of “clumps”, upper bound < SRF?*l¢
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On-grid minimax recovery

R
™ T
f:;(l/jéxj, XJEAZf\ I:—E,E:I

R
B(w) =) ae™ +nw), |w<Q, |nf2a<ec.
j=1

Theorem (SIMA 2020)

In the on-grid model with clusters of size at most £:

5 1
infsup sup |f — fl2 = SRF?*"le, SRF:= —.
ff lnlose QA

@ [Donoho 1992] similar model of “clumps”, upper bound < SRF?*l¢

@ [Morgenshtern&Candes 2016] c; > 0, /1 recovery gives < SRF?¢
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Off-grid minimax recovery

Sample g(w) = Zle aje™ + n(w) for lw| < Q, xj e R.
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Off-grid minimax recovery
Sample g(w) = ZJR L e’ 4 n(w) for |w| < Q, xj e R,

Definition (Minimax rate)

N9, U,Q) = _inf sup sup % — %],

F=(5¢,§) f=(a,x)eU n: |n|c<e

A (e, U,Q) = inf sup sup  |laj — aj.

f=(&%) f=(ax)eU n: |n|m<e
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Off-grid minimax recovery
Sample g(w) = Zle aje™ + n(w) for lw| < Q, xj e R.

Definition (Minimax rate)

N9(e,U,Q) = inf sup sup  |x; — X,
f=(ax) f=(a,x)eU n: |n|o<e
A (e, U,Q) = inf sup sup o — ag.

f=(&%) f=(ax)eU n: |n|m<e

Theorem (Inf.Inference 2021)
For SRF := gx > O(1), {o;} bdd., cluster x° of size { < R, e 5 (QA)?*1:
(—1 . c
A% (e, U, Q) = {SRFZ Ae  xj € x°,

B xj € X\x€,

SRF*1e Xj € X€,

5 xj € X\xC.

A (e, U,Q) = {

™7 imid = — >y
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Open problems

p=2,d=4, S, SRF=1.1, €=0.001, Success
— i
]
A

x
SRF=1.5, €=0.001, Success
| A

log 1/e

Il
. —
i
SRF=3.0, exzo.ozp, Fail
—r—
— —+ —
e T s RO Zoo
@ Provably optimal and tractable algorithms
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Open problems

p=2,d=4,S; SRF=1.1, €=0.001, Success
= I 7

;N

—su i

50 7

L

5 200

x
€=0.001, Success
| A

log 1/e

Il
I I
— I
i
o 5 Too
x
SRF=3.0, €=0.001, Fail
} }
71y i
= | E—
— =+ —
s
x

log SRF

@ Provably optimal and tractable algorithms

@ Optimal constants in minimax (can we have R — o0 with ¢ small?)
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Open problems

p=2,d=4, Sy SRF=1.1, €=0.001, Success

7

100 Tz 50 7

x
SRF=1.5, €=0.001, Success
| I A

Il

I I

— I

i
o T

x

SRF=3.0, €=0.001, Fail

log 1/e

S R—

(

7

HHH
|

Ts0 7 200
log SRF x

@ Provably optimal and tractable algorithms
@ Optimal constants in minimax (can we have R — o0 with ¢ small?)

@ Stable recovery of information when ¢ % (QA)%¢~1 with ¢/ < ¢: need
to understand singular vectors
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Open problems

p=2,d=4, Sy SRF=1.1, €=0.001, Success

i
N
—

100 Tz 50 7 200

log 1/e

100 1z Ts0 7 200

SRF=3.0, €=0.001, Fail
7

T
T
— T T
p—— ) =
————— —
Ts0 17
log SRF x

@ Provably optimal and tractable algorithms
@ Optimal constants in minimax (can we have R — o0 with ¢ small?)

@ Stable recovery of information when ¢ % (QA)%¢~1 with ¢/ < ¢: need
to understand singular vectors

e High-order models: Uy(x) = [VN(X) VI/\I(X)]NXQR

g

~
Confluent Vandermonde matrix
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Open problems

p=2,d=4, Sy SRF=1.1, €=0.001, Success

i
N
—

100 Tz 50 7 200

log 1/e

100 1z Ts0 7 200

SRF=3.0, €=0.001, Fail
7

T
T
— T T
p—— ) = —
————— —
Ts0 17
log SRF x

Provably optimal and tractable algorithms

Optimal constants in minimax (can we have R — oo with ¢ small?)
Stable recovery of information when & 3 (QA)2¢~1 with ¢/ < ¢: need
to understand singular vectors

High-order models: Un(x) = [Vn(x) Vy(®)]y,0n

g

~
Confluent Vandermonde matrix

oed>1
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High-order distributions

R
T T
Fx) = Y (agd + Bi8L), 38 A =2 2|13 = DIyl + 157
j=1 J

= Algebraic recovery (quadrature domains, piecewise-smooth functions,...)

Theorem (DB and Diab, arxiv 2203.11923)

In the ¢-clustered model and discrete measurements:

infsup  sup |f — fllo = SRF** e, SRF — .

f f |noise|2<e

v~ confluent Vandermonde matrices Uy (x) = [Vin(x) Vi (X)] . 0r
@ Lower bound: further technical restriction on the support
e Upper bound on omin(Un(x)) holds for any x
D.Batenkov (TAU)
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High-order distributions

‘.\
X

!
D=

-
I
-

J

/:n
£

I
D=

(o —wfj)e™™, we [-9,9Q]

<

2

M

~—

Il

;( e

(x) Vi(%)] .o (confluent Vandermonde)

Theorem (B, Diab, arxiv 2203.11923)

Umin(UN> = SRFl_ze
infsup  sup |f — flo = SRF* e, SRF » 1.

ff |noise|><e

T
(ajox + Bj0% ), X € AZ N [—57 5] F13 = Z lojl? + 182

@ Worst-case amplitude construction for any x
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