
Vandermonde matrices

VN “

»

—

—

—

—

—

–

1 1 . . . 1
z1 z2 . . . zR
z21 z22 . . . z2R
...

...
...

...
zN1 zN2 . . . zNR

fi

ffi

ffi

ffi

ffi

ffi

fl

zj P R: polynomial interpolation/approximation, quadrature, moment
problems,...

zj “ eıxj , xj P p´π, πs: Fourier analysis, super-resolution
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Super-resolution

Unknown signal

f pxq “

R
ÿ

j“1

αjδxj , αj P Czt0u, xj P Rd pd “ 1q

Bandlimited measurements:

mk “

R
ÿ

j“1

αje
ıkxj ` nk , k “ 0, 1, . . . ,N ´ 1;

m “ VNpx1, . . . , xRqα ` n P CN .

Super-resolution: recover txj , αju from m

Stability?
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Applications

Inverse problems with sparse priors

Super-resolution Imaging

Sub-Nyquist/Finite Rate of Innovation sampling

Direction of Arrival estimation

Exponential data analysis / fitting

Line spectral estimation / “harmonic inversion”

Compressed sensing

Mixture models

Pade approximation, moment problems, sparse interpolation, sparse
FFT, analytic number theory,...

T.Bendory, J.J.Benedetto, A.Bhandari, T.Blu, H.Bölcskei, E.Candes, A.Cuyt, L.Demanet,

D.Donoho, P-L.Dragotti, A.Fannjiang, C.Fernandez-Granda, F.Filbir, P.Indyk, S.Kunis, W-s.

Lee, W.Li, W.Liao, H.Mhaskar, A.Moitra, V.Morgenshtern, G.Peyre, G.Plonka, C.Poon, D.Potts,

P.Stoica, M.Tasche, M.Vetterli,...
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Stability of sparse SR

f pxq “

R
ÿ

j“1

αjδxj ,m “ VNpx1, . . . , xRqα ` n

xj P ∆Z (“on-grid”)

Lemma (Min-max rate and VN)

inf
rf
sup
f

sup
}n}2ďε

}rf ´ f }2 — min
yPR2R

ε

σminpVNpyqq

D.Batenkov (TAU) Super-resolution with sparse priors 10 Nov. 2021 5 / 16



Stability of sparse SR

f pxq “

R
ÿ

j“1

αjδxj ,m “ VNpx1, . . . , xRqα ` n

xj P ∆Z (“on-grid”)

Lemma (Min-max rate and VN)

inf
rf
sup
f

sup
}n}2ďε

}rf ´ f }2 — min
yPR2R

ε

σminpVNpyqq

D.Batenkov (TAU) Super-resolution with sparse priors 10 Nov. 2021 5 / 16



Classical resolution limit

High resolution signal: fHighpxq “
ř

j αjδxj
Dirichlet kernel:

DNpxq “

N
ÿ

k“´N

exppıkxq “

$

&

%

sinppN` 1
2 qxq

sin x
2

x R 2πZ
2N ` 1 else

Low resolution signal:

fLowpxq “
ÿ

|k|ďN

mke
´ıkx —

ÿ

j

αjDNpx ´ xjq

Rayleigh-Nyquist length — 1
N
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σmin: extreme cases

∆ :“ min
j‰k

|xj ´ xk |

SRF :“
1

N∆
“

Rayleigh length

∆

Moitra 2015, Aubel&Bolcskei 2019:

SRF ă 1 : σmin „
?
1 ´ SRF

Slepian 1978, Demanet&Nguyen 2015, Li&Liao 2021

xj “ j∆ : σmin „ SRF1´R , SRF " 1.

Corollary: for SRF " 1, the min.max rate — SRF2R´1ε

Can we do better?
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Partial clustering
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1 D. Batenkov and G. Goldman, “Single-exponential bounds for the smallest

singular value of Vandermonde matrices in the sub-Rayleigh regime,”
Applied and Computational Harmonic Analysis, 2021.

2 D. Batenkov, G. Goldman, and Y. Yomdin, “Super-resolution of
near-colliding point sources,” Inf Inference, 2021.
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Partial clustering model

. . . . . . . . .

“Cluster”:= nodes closer than 1
N

Geometric “rigidity” parameters ρ, τ

Can rescale the support to r0, 1s
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Spectral properties of Fourier-type matrices

How to estimate σminpVNq?

Assumptions: N∆ ! 1, N " 1

1 Uniform row subsampling with rate λ ą 0: corresponds to nodes
eıλx1 , . . . , eıλxR [SIMA 2020]

ù Can choose λ “ OpNq to avoid collisions

2 Decouple the clusters (columns)

Theorem (LAA 2021)

The column subspaces corresponding to the different clusters are nearly
orthogonal: =minpCi ,Cjq ě π

2 ´
c1
Nρ ´ c2N∆.

ù Only need to estimate mini σminpCi q

3 Other methods: Diederichs 2019, Li&Liao 2021, Kunis&Nagel 2020a,b
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Single cluster estimates

Estimating all the singular values of Ci

Theorem (LAA 2021)

σkpCi q — SRF1´k , i “ 1, . . . ,#of clusters, k “ 1, 2, . . . , ℓi .

Proof:

Notice that GN :“ V˚
NVN “ 1

2N rDN pxi ´ xjqsi ,j

Taylor expansion of DN :

a˚GNa “

8
ÿ

m“0

dN,ma
˚

“

pxi ´ xjq
2m

‰

i ,j
looooooomooooooon

E2m

a

E2m are PSD restricted to the kernel of Vmpx1, . . . , xRq (real
Vandermonde) [Micchelli 1986]
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Getting the constants right

Theorem (ACHA 2021)

The constants in the lower bound scale like c1´k for c ď 32πe.

Pptq “

ℓ
ÿ

j“1

αj exppıtxjq

ù Turan-type inquality [Nazarov 1994]: for E Ă I intervals:

}P}L8pI q ď
`

c1|I |{|E |
˘ℓ´1

}P}L8pEq

ù Salem-type inequality [Zygmund 1959]:

}P}
2
L2pr0, 4π∆ sq

ě c2}α}22

ù Nikolskii-type inequality [Erdélyi 2017]:

}P}LP r0,1s ď

ˆ

πℓ

2

˙2{q´2{p

}P}Lqr0,1s, 0 ă q ă p ď 8, q ď 2.
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Implications for super-resolution



On-grid minimax recovery

f “

R
ÿ

j“1

αjδxj , xj P ∆Z X

”

´
π

2
,
π

2

ı

ĝpωq “

R
ÿ

j“1

αje
ıωxj ` npωq, |ω| ď Ω, }n}2,Ω ď ε.

Theorem (SIMA 2020)

In the on-grid model with clusters of size at most ℓ:

inf
rf
sup
f

sup
}n}2ďε

}rf ´ f }2 — SRF2ℓ´1ε, SRF :“
1

Ω∆
.

[Donoho 1992] similar model of “clumps”, upper bound ď SRF2ℓ`1ε

[Morgenshtern&Candes 2016] αj ą 0, ℓ1 recovery gives ď SRF2ℓε
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[Morgenshtern&Candes 2016] αj ą 0, ℓ1 recovery gives ď SRF2ℓε
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Off-grid minimax recovery

Sample pgpωq “
řR

j“1 αje
ıωxj ` npωq for |ω| ď Ω, xj P R.

Definition (Minimax rate)

Λx,jpε,U,Ωq “ inf
rf “p rα,rxq

sup
f “pα,xqPU

sup
n: }n}8ďε

}xj ´ rxj},

Λα,jpε,U,Ωq “ inf
rf “p rα,rxq

sup
f “pα,xqPU

sup
n: }n}8ďε

}αj ´ Ăαj}.

Theorem (Inf.Inference 2021)

For SRF :“ 1
Ω∆ ě Op1q, tαju bdd., cluster xc of size ℓ ď R, ε Æ pΩ∆q2ℓ´1:

Λx,jpε,U,Ωq —

#

SRF2ℓ´1∆ε xj P xc ,
ε
Ω xj P xzxc ,

Λα,jpε,U,Ωq —

#

SRF2ℓ´1ε xj P xc ,

ε xj P xzxc .
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Open problems
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log SRF
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lo
g 

1/

p=2,d=4, S1

Success
Fail
SRF2p 1

1.00 1.25 1.50 1.75 2.00
x

0
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10
15

SRF=1.1, ϵ=0.001, Success
lowpass version
true jumps
recovered jumps

1.00 1.25 1.50 1.75 2.00
x

0
5

10
15

SRF=1.5, ϵ=0.001, Success
lowpass version
true jumps
recovered jumps

1.00 1.25 1.50 1.75 2.00
x

0
5

10
15
20

SRF=ϵ.0, ϵ=0.001, Fail
lowpass version
true jumps
recovered jumps

Provably optimal and tractable algorithms

Optimal constants in minimax (can we have R Ñ 8 with ℓ small?)

Stable recovery of information when ε Ç pΩ∆q2ℓ
1´1 with ℓ1 ă ℓ: need

to understand singular vectors

High-order models: UNpxq “
“

VNpxq V 1
Npxq

‰

Nˆ2R
looooooooooomooooooooooon

Confluent Vandermonde matrix

d ą 1
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High-order distributions

f pxq “

R
ÿ

j“1

pαjδxj ` βjδ
1
xj

q, xj P ∆Z X

”

´
π

2
,
π

2

ı

, }f }22 “
ÿ

j

|αj |
2

` |βj |
2

ñ Algebraic recovery (quadrature domains, piecewise-smooth functions,...)

Theorem (DB and Diab, arxiv 2203.11923)

In the ℓ-clustered model and discrete measurements:

inf
rf
sup
f

sup
}noise}2ďε

}rf ´ f }2 — SRF4ℓ´1ε, SRF Ñ 8.

ù confluent Vandermonde matrices UNpxq “ rVNpxq V 1
NpxqsNˆ2R

Lower bound: further technical restriction on the support

Upper bound on σminpUNpxqq holds for any x

Numerically, ESPRIT achieves the bound
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High-order distributions

f pxq “

R
ÿ

j“1

pαjδxj ` βjδ
1
xj q, xj P ∆Z X

”

´
π

2
,
π

2

ı

, }f }22 “
ÿ

j

|αj |
2

` |βj |
2

f̂ pωq “

R
ÿ

j“1

pαj ´ ıωβjqe
ıωxj , ω P r´Ω,Ωs

UNpxq “
“

VNpxq V 1
Npxq

‰

Nˆ2R
(confluent Vandermonde)

Theorem (B, Diab, arxiv 2203.11923)

σminpUNq — SRF1´2ℓ

inf
rf
sup
f

sup
}noise}2ďε

}rf ´ f }2 — SRF4ℓ´1ε, SRF " 1.

Worst-case amplitude construction for any x

Numerically, ESPRIT achieves the bound
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