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Recap: parametric super-resolution

• Model: 𝑚 𝑘 = ∑!"#$ 𝑐! exp 2𝜋𝑖𝑘𝑡! + 𝑒(𝑘), 𝑘 = 0,… ,𝑁
Ø𝑡! ∈ [0,1) to avoid aliasing

• Square case: 𝑁 = 2𝑑 − 1
ØProblem generically solvable
ØProny’s method (1795): direct “algebraic” solution method

• 1D extensions
Ø𝑚 𝑘 ∼ ∑! 𝑓! 𝑘 exp(𝑖𝑘𝑡!) for some parametric family {𝑓!}
Ø𝔇 𝑘 𝑚 𝑘 = 0 for some difference operator 𝔇 𝑘 with poly. coefficients
Ø𝑓 = ∑" 𝑐"𝑣", 𝐴𝑣" = 𝜆𝑣", 𝑚 𝑘 = 𝐹(𝐴#𝑓)

• N-D extensions
Ø𝑚 𝒌 ∼ ∑! 𝑐! exp(𝑖 𝒌, 𝒕𝒋 )
ØAlgebraically defined domains

Existence/uniqueness?

Stability?



Today: stability analysis

D. Batenkov, G. Goldman, and Y. Yomdin, “Super-resolution of near-colliding point sources,”
Information and Inference: A Journal of the IMA, p. iaaa005, May 2020, doi: 10.1093/imaiai/iaaa005.

Main reference:

https://doi.org/10.1093/imaiai/iaaa005


Setup
• Data: !𝑓 𝜔 = ∑!"#,…,& 𝑐! exp 2𝜋𝑖𝜔𝑡! + 𝑒(𝜔), 𝜔 ≤ 𝛀, 𝑒(𝜔) ≤ 𝝐
• Model space: 𝒫& = { 𝒄, 𝒕 : 𝒄 ∈ ℂ ∖ 0 &, 𝒕 ∈ ℝ&, 0 < 𝑡# < ⋯ < 𝑡& < 1}
• Prior information: a compact subset ∅ ≠ 𝑈(𝑚,𝑀, Δ,… ) ⊂ 𝒫&

Ø0 < 𝑚 ≤ 𝑐! ≤ 𝑀 < ∞
ØAdditional “geometric” constraints - clustering

• 𝒜 = 𝒜(𝑈,Ω) = {𝛼: 𝐿' −Ω,Ω ∩ 𝐶( → 𝑈} – admissible algorithms

• Projections onto components: 𝑃!
(𝒕): 𝒫& → ℝ,𝑃!

(𝒄): 𝒫& → ℂ
• Uniform min-max error:

ℰ!
𝒕 𝑈,Ω, 𝜖 ≔ inf

-∈𝒜
sup
0∈1

sup
2 !34

𝑃!
(5)𝑓 − 𝑃!

𝒕 𝛼 !𝑓 + 𝑒

ℰ!
(𝒄) 𝑈,Ω, 𝜖 ≔ inf

-∈𝒜
sup
0∈1

sup
2 !34

𝑃!
𝒄 𝑓 − 𝑃!

𝒄 𝛼 !𝑓 + 𝑒



“Error sets” and min-max error

• 𝐸4,6 𝑓 ≔ {𝑔 ∈ 𝒫&: !𝑓 − _𝑔 ' ≤ 𝜖}

• 𝐸4,6,!
5 𝑓 ≔ 𝑃!

(𝒕)𝐸4,6 𝑓 = {𝑃!
(𝒕)𝑔: 𝑔 ∈ 𝐸4,6 𝑓 }

ℰ!
𝒕 𝑈, Ω, 𝜖 ≔ inf

#∈𝒜
sup
&∈'

sup
( !)*

𝑡! − 𝑃!
𝒕 𝛼 F𝑓 + 𝑒

Proposition:
1
2

sup
&∈'∩," &

diam 𝐸*,.,!
(0) 𝑓 ≤ ℰ!

(0) 𝑈, Ω, 𝜖 ≤ sup
&∈'

diam 𝐸2*,.,!
(0) 𝑓

Proof outline:
Ø RHS: consider an “oracle” 𝛼!: 𝑓 ↦ {any element ∈ 𝐸",$(𝑓) if not empty, otherwise some 𝑓! ∈ 𝑈}
Ø LHS: consider 𝑓%, 𝑓& ∈ 𝐸",$(𝑓) “far away from each other”, then any 𝛼 must make large error on either 𝑓% or 𝑓&



Clustering assumptions

• Overall extent 𝑇 = 1
• Single cluster t% of multiplicity 𝑝 ≥ 2 and extent ℎ
• “Rigidity” parameters 0 < 𝜂, 𝜏 ≤ 1 – assumed to be fixed
• 𝑈 = 𝑈 𝑚,𝑀, 𝑝, 𝑑, ℎ, 𝜏, 𝜂
• Super-resolution regime: %'

&
≤ Ω ≤ %(

'
where 𝑐(, 𝑐) depend on 𝑑, 𝑝,𝑚,𝑀 only

. . . . . . . . .



Upper bounds on diam 𝐸!,#,$
(&) 𝑓

• For 𝝀 ∈ 0, !
"#$%

(“blowup” parameter) define 𝐹𝝀: 𝒫# → ℂ"# by

𝐹𝝀: 𝒄, 𝒕 ↦ 6
'(%

#

𝑐' exp 2𝜋𝑖𝝀𝑡'𝑘 = A𝑓(𝜆𝑘)

)(*,%,…,"#$%

• This is the square Prony problem … but with “new” nodes s- ≔ 𝝀𝑡' mod 1

• 𝐴.,!
(𝝀) 𝑓 ≔ 𝐹1

$%{𝒎 ∈ ℂ"#:𝒎 = 𝐹1 𝑓 + 𝒆, 𝒆 2 ≤ 𝜖} (𝐹1
$% is the local inverse)

• Step 1: there exists a large “admissible” set Λ = Λ(Ω, 𝑈) ⊂ 0, !
"#$% s.t. ∀𝜆 ∈ Λ we can effectively bound diam 𝐴.,!

(1)(𝑓)
Ø For small enough 𝜖 < 𝜖(Ω, 𝑈) and all 𝑓 ∈ 𝑈 we have

diam 𝐴!,#
$ 𝑓 ≤ 𝐶 𝑈, Ω ⋅ 𝜖

Ø In fact, provide bounds for  diam 𝑃%
(𝒕) 𝐴!,#

$ 𝑓 and diam 𝑃%
(𝒄) 𝐴!,#

$ 𝑓
Ø Different scalings depending on whether 𝑡% ∈ t* or not

• Step 2: ∃𝜆∗ ∈ Λ s.t. ∀𝑓 ∈ 𝑈: 𝐸.,! 𝑓 ⊂ 𝐴.,!
1∗ 𝑓

Ø Very technical because of the globally multi-valued nature of the “full inverse” 𝐹$,,-./0-
12

𝐸",$ 𝑓 ≔ {𝑔 ∈ 𝒫): F𝑓 − ]𝑔 *![,$,$] ≤ 𝜖}

Quantitative Inverse Function Theorem



Existential Inverse Function Theorem

• Let 𝑓: 𝐵# → 𝐵_ holomorphic, 𝐵#, 𝐵_ ⊂ ℂ` open

• 𝐽0 =
a𝒇
a𝒛 ∈ ℂ

`×` - Jacobian matrix

• Then det 𝐽0 𝑧( ≠ 0 iff ∃𝑈 ⊂ 𝐵#, 𝑉 ⊂ 𝐵_ open s.t. 𝑓: 𝑈 → 𝑉 is a bijecCon and 𝑓e# is 
holomorphic.

• In that case, a𝒇
7𝟏

a𝒗 𝒗 = 𝐽0e#(𝑓e# 𝒗 ) for all 𝒗 ∈ 𝑉.

• Q: how large can 𝑉 be?

• IntuiCvely, this depends on 𝐽0e# :
Ø a ball of diameter 𝜖 in 𝐵& is mapped to a domain of diameter ≤ 𝐽.,% 𝜖 in 𝐵%
Ø Can we take 𝜖 ≈ /012 3#

4$
%# ??



Quantitative Inverse Function Theorem (QIFT)
• Assumptions:

• 𝑓: 𝑈 ⊂ ℂ4 → ℂ4 holomorphic, injective (𝑈 open), ∀𝑧 ∈ 𝑈: det 𝐽5 𝑧 ≠ 0
• 𝑈 contains a rectangle of side lengths 𝒓 = (𝑟%, … , 𝑟4)

𝑄𝒓 𝒂 ≔ 𝒚: 𝑦7 − 𝑎7 ≤ 𝑟7 , ∀𝑖 = 1,… , 𝑛 ⊂ 𝑈
• ∀𝒛 ∈ 𝑄8 𝒂

𝜅7(𝑓; 𝒛) ≔E
'(%

4

𝐽5$% 𝒛 7,'
≤ 𝐴7 , 𝑖 = 1,… , 𝑛.

• Then
• 𝑓 𝑈 =: 𝑉 contains the cube I𝑄 = 𝑄𝒆(𝑓(𝒂)) ,𝒆 = (𝑒, … , 𝑒) where

𝑒 ≔ min
𝑟%
𝐴%
, … ,

𝑟4
𝐴4

• 𝑓$% is holomorphic in an open nbhd. of I𝑄, and

∀𝒗𝟏, 𝒗𝟐 ∈ I𝑄: 𝑓$% 𝒗𝟏 7 − 𝑓$% 𝒗𝟐 7 ≤ 𝐴7 𝒗𝟏 − 𝒗𝟐 2

• Proof main idea: take 𝒑 on the boundary of 𝑆 ≔ 𝑓 𝑄" 𝑎 , on a cube of max. radius, then

𝑟# = 𝑓#$% 𝑓 𝒂 − 𝑓#$%(𝒑) = 4
&(𝒂)

𝒑
𝐽&$% #

≤ 𝐴# 𝒑 − 𝑓(𝒂) +

Component-wise
condition numbers



“Admissible” set Λ

• Fact: 𝜅# 𝐹, ∼ ∏!-# 𝑠# − 𝑠!
$.

(will show next)

• Therefore: choose 𝜆 ∈ %
.
⋅ /
.0$%

, /
.0$%

= 𝑂(Ω) s.t. 𝑠! ≔ 𝝀𝑡! mod 1 are well-separated
• This will imply well-condi>oning of 𝐹1 and a >ght upper bound on diam 𝐴.,!

(1)(𝑓)
• Λ = Λ(Ω, 𝒕) is the subset of 𝜆’s for which the following two condiEons hold

• 𝑠ℓ − 𝑠' =>? %
≥ 𝜆𝜏ℎ = 𝑂(Ωℎ) for 𝑡ℓ, 𝑡' ∈ t@ - true for all 𝜆

• 𝑠ℓ − 𝑠' =>? %
≥ %

#3
for all other cases – true only for certain 𝜆 ( %

#3
is an ar>fact of proof)

• Lemma: 𝑚 Λ ≥ const(𝑑, 𝜂) ⋅ Ω (𝑚(⋅) is the Lebesgue measure)
• In fact Λ is a union of finite # of intervals

𝐹𝝀: 𝒄, 𝒕 ↦ ∑!2%0 𝑐! exp 2𝜋𝑖𝑠!𝑘 324,%,…,.0$%
, 𝑠! ≔ 𝜆𝑡! mod 1

𝐴",$
(𝝀) 𝑓 ≔ 𝐹8,%{𝒎 ∈ ℂ&):𝒎 = 𝐹8 𝑓 + 𝒆, 𝒆 9 ≤ 𝜖}

𝜅:(𝐹8; 𝒛) ≔r
;<%

&)

𝐽=&
,% 𝒛

:,;
, 𝑖 = 1, … , 2𝑑.



The existence of 
admissible 𝜆
• Task: choose 𝜆 ∈ 𝐼9 ≔

:
;
⋅ <
;=>:

, <
;=>:

s.t. 𝑠ℓ − 𝑠@ ABC : is large ∀ℓ, 𝑗

• If 𝑝 = 𝑑 then any 𝜆 as above will suffice
• Otherwise, may get collisions between 𝑡@ ∉ tD and another node
• Key idea: collisions occur only for a small subset of 𝜆’s
• Consider 𝑡, 𝑦 ∈ t, put 𝜹:= |𝑡 − 𝑦|ABC : ≥ 𝜂

• 𝛽 𝛼 ≔ 𝑚{𝜆 ∈ 𝐼9: 𝜆𝜹 ABC : ≤ 𝛼} for 𝛼 < :
;

• 𝜆 ∈ 𝐼 with 𝐼 = :
𝜹
à 𝜆𝜹 traverses the circle once

• à
F G: G𝜹∈ >I,I

|K|
= 2𝛼à 𝛽 𝛼 ≤ 2 𝐼 𝛼

• Put 𝛼 ≔ :
;='

• 𝑚 𝜆 ∈ 𝐼9: ∃ 𝑡, 𝑦 𝑠. 𝑡. 𝜆 𝑡 − 𝑦 ABC : ≤ 𝛼 ≤ =
; 𝛽 𝛼 ≤ :

;
|𝐼|

𝜹
𝛼

−𝛼

𝜆𝛿

. . . . . . . . .

𝑠; ≔ 𝜆𝑡; mod 1



EsBmaBng 𝜅$(𝐹%)

• Consider 𝐹: 𝑐\ , 𝜌\ \]^
_ ↦ ∑\]^_ 𝑐\𝜌\` `]a

b_c^

• Check: 𝐽d (𝒄, 𝝆) = e d[…d\]^_ `

e g_ h_…g] h]
= 𝑈 𝝆 ×𝐶(𝒄) where

Ø 𝑈(𝝆) =

1 0 … 1 0
𝜌% 1 ⋱ 𝜌# 1
𝜌%" 2𝜌% ⋱ 𝜌#" 2𝜌#
⋮ ⋮ ⋱ ⋮ ⋮

𝜌%"#$% 2𝑑 − 1 𝜌%"#$" … 𝜌#"#$% (2𝑑 − 1)𝜌#"#$"

- confluent Vandermonde matrix

Ø𝐶(𝒄) = diag{1, 𝑐#, 1, 𝑐_, … , 1, 𝑐&}

• Since 𝐽dc^ = 𝐶c^𝑈c^, 𝜅i 𝐹 ≍ 𝜈i(𝑈c^) where 𝜈i 𝐴 = ∑\]^b_ |𝐴i,\|
• To estimate 𝜈i(𝑈c^) we use its connection to Hermite interpolation



Estimating 𝜈$(𝑈&')

• Let 𝑝 𝑧 = 𝑧 − 𝜉( … 𝑧 − 𝜉) = ∑*+() 𝑝*𝑧* be any polynomial, then 𝑈, 𝜌 𝒑 = 𝑝 𝜌( 𝑝- 𝜌( …𝑝 𝜌) 𝑝-(𝜌)) , = 𝑝 𝝆 ,

• 𝒑 = 𝑈! "#𝑝 𝝆 ! .

• Substitute for 𝑝(𝑧) the fundamental polynomials of (Hermite) interpolation
• ℎ$ 𝜌% = 𝛿$% , ℎ$& 𝜌% = 0 for 1 ≤ 𝑖, 𝑗 ≤ 𝑑à 𝒉𝒊 = 2𝑖 − 1-st row of 𝑈"#

• 𝑔$ ′ 𝜌% = 𝛿$% , 𝑔$ 𝜌% = 0 for 1 ≤ 𝑖, 𝑗 ≤ 𝑑à 𝒈𝒊 = 2𝑖-th row of 𝑈"#

• Lemma [1]: for any 𝑝(𝑧) as above, ∑*+.) 𝑝* ≤ ∏/+(
) (1 + 𝜉/ )

• From basic numerical analysis: set ℓ/ 𝑧 =
∏()*(234()
∏*)((4*34()

, then

• ℎ$ 𝑧 = ℓ$+ 𝑧 (1 − 2ℓ$& 𝜌$ 𝑧 − 𝜌$ )

• 𝑔$ 𝑧 = 𝑧 − 𝜌$ ℓ$+(𝑧)

• Example: single cluster, 𝜌/ − 𝜌* ≈ Δ ≪ 1
• 𝜈+$"# 𝑈"# ≈ Δ#"+,

• 𝜈+$ 𝑈"# ≈ Δ+"+,

𝑈(𝝆) =

1 0 … 1 0
𝜌% 1 ⋱ 𝜌) 1
𝜌%& 2𝜌% ⋱ 𝜌)& 2𝜌)
⋮ ⋮ ⋱ ⋮ ⋮

𝜌%&),% 2𝑑 − 1 𝜌%&),& … 𝜌)&),% (2𝑑 − 1)𝜌)&),&

All zeros + leading coefficients are known

[1] W. Gautschi, “On inverses of Vandermonde and confluent Vandermonde matrices,” Numerische Mathematik, vol. 4, no. 1, pp. 117–123, 1962.



Back to our business…

• Theorem: W#
XY
≤ Ω ≤ W'

Z
, then with SRF ≔ Ωℎ ,% and 𝜖 < 𝑐[SRF%,&\

ℰ;
𝒕 𝑈, Ω, 𝜖 ≍

𝜖
Ω
× �

SRF&\,&, 𝑡; ∈ tW

1 𝑡; ∉ tW

ℰ;
(𝒄) 𝑈, Ω, 𝜖 ≍ 𝜖× �

SRF&\,%, 𝑡; ∈ tW

1 𝑡; ∉ tW

• Corollary: SRF ≍ %
"

#
'6%#

• Upper bound: choose 𝜆∗ ∈ Λ, esFmate 𝜅:(𝐹8∗) and apply QIFT.

• Lower bound: given 𝑓 ∈ 𝑈, construct 𝑓% ∈ 𝑈 with 𝑚` 𝑓% = 𝑚`(𝑓) for 𝑘 = 0,… , 2𝑑 − 2 but 𝑚&),% 𝑓% =
𝑚&),% 𝑓 + 𝜖
• Needs an addiDonal argument from [1]
• Works only if nodes of 𝑓 are real

. . . . . . . . .

[1] A. Akinshin, G. Goldman, and Y. Yomdin, “Geometry of error amplification in solving the Prony system with near-colliding nodes,” Math. Comp., 90(327) , 267–302, 2021, 10.1090/mcom/3571.

https://doi.org/10.1090/mcom/3571


Summary – SR stability

1. ℓ^ min: 𝛿𝑓 ^ ∼ SRFbj𝜖 if 𝑐\ > 0

2. “Off-grid” (today): 𝛿𝑡\ ∼ ^
k
SRFbjcb𝜖 if 𝜖 < 𝑐 ⋅ SRFbjc^

3. “On-grid”: 𝛿𝑓 b ∼ SRFbjc^𝜖 [1,2,3]
ØIn [3] a somewhat different model was considered
ØSimilar techniques for 𝜎���,�,𝒑(𝐹 ) in [1], completely different in [2]

• Next time: tractable algorithms for 2/3

[1] DB, L.Demanet, G. Goldman, and Y. Yomdin, “Conditioning of Partial Nonuniform Fourier Matrices with Clustered Nodes,” SIAM J. Matrix Anal. Appl., 44(1), 199–220, 2020,  10/ggjwzb.
[2] W. Li and W. Liao, “Stable super-resolution limit and smallest singular value of restricted Fourier matrices,” Appl. Comput. Harm. Anal., 51, 118–156,. 2021,  10.1016/j.acha.2020.10.004.
[3] D. L. Donoho, “Superresolution via sparsity constraints,” SIAM Journal on Mathematical Analysis, vol. 23, no. 5, pp. 1309–1331, 1992.

https://doi.org/10/ggjwzb
https://doi.org/10.1016/j.acha.2020.10.004


Open research quesBons

• What if c�SRFe_��# ≤ 𝜖 ≤ 𝑐�SRFe_ ���# ?
• Finding optimal 𝜆? (in progress…)
• Arbitrary complex 𝜌!?
• What happens with the constants as 𝑑 → ∞ but 𝑝 remains bounded?
• !𝑓 𝜔 ∼ v𝑘 𝜔 ∑! 𝑐!exp(2𝜋𝑖𝜔𝑡!) - dependence on supp v𝑘?
• !𝑓 𝜔 ∼ ∑! 𝑐! 𝜔 exp 2𝜋𝑖𝜔𝑡! where 𝑐!� ≪ 𝑐!?
• !𝑓 𝜔 ∼ ∑! 𝑐! 𝜔 exp(2𝜋𝑖𝜑!(𝜔)) where 𝜑!” ≪ 𝜑!�?
• …
• …


