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Recap - sparsity and ℓ1
• “norm”: 


• “Sparse prior”:  is small


• Sparse regularization: 


• Convex relaxation:


• 


• 


• Today will also see:  

ℓ0 ∥x∥0 := {#i : xi ≠ 0}

∥x∥0

arg min
x

∥x∥0 s.t. ∥Ax − yδ∥2 ≤ ϵ

arg min
x

∥x∥1 s.t. ∥Ax − yδ∥2 ≤ ϵ

arg min
x

∥Ax − yδ∥2 + λ∥x∥1

arg min
x

∥Ax − yδ∥1 s.t. x ≥ 0



Super-resolution and 
sparsity

•  


•  (unknown)


• For today, assume that  (compare:  )


• Low-frequency measurements:


• Discrete: , 



• Continuous: , 

x = ∑
j

ajδtj ∈ ℂN

supp(x) = T

∀j : tj ∈ {0,
1
N

, …,
N − 1

N } tj ∈ [0,1)

ℂn ∋ y = Fnx + w
Fn = {first n ≪ N rows of N × N DFT matrix} ∈ ℂN×n

y(ω) = ∑
j

aj exp(2πıωtj) + e(ω) |ω | ≤ Ω ≪ N



Upper bound on the error
• Notation: column slice of 


• 


• For , 


• Suppose  and 


• Claim: any other  will satisfy 

Fn,T = T− Fn

σmin ,T(Fn) = σmin(Fn,T)

a ∈ ℕ σmin ,a := min
|T|=a

σmin ,T

∥x∥0 ≤ s ∥y − Fnx∥2 ≤ ϵ

∥x1∥0 ≤ s, ∥Ax1 − y∥2 ≤ ϵ

∥x − x1∥2 ≤
2ϵ

σmin ,2s(Fn)



Proof



Matching lower bound

Exercise: given , there exist  (not both zero) with 
 such that


1. ;


2.

ϵ > 0 x̃1, x̃2
∥x̃1∥0,∥x̃2∥0 ≤ s

∥Fn(x̃1 − x̃2)∥2 ≤ ϵ

∥x̃1 − x̃2∥2 =
ϵ

2σmin ,2s(Fn)



What is σmin ,2s(Fn)?

• Can compute explicitly: 




• 


• ==> Can apply “Bell Labs theory”


• Theorem: if  then 

1
N

F*n Fn ≍
1
W

⋅ [sin(W(i − j))
(i − j) ]

i,j=0,…,N−1
, W :=

n
N

, n, N → ∞

sinc(Wt) := {
sin(Wt)

Wt t ≠ 0
1 t = 0

=
1
2 ∫

W

−W
exp(ıωt)dω = lim

N→∞

1
2N

N

∑
k=−N

exp (ı
k
N

Ωt)

T = {0,
1
N

, …,
s − 1

N } σmin ,T(Fn) ≍s ( n
N )

s−1



SR via sparsity

• 


• Too bad if  is reasonably high


• Will show how to overcome this by imposing further 
constraints on 

Error ≍ (N
n )

2s−1

ϵ

s

T



SR with separation

• Condition: restrict 


• Theorem: 

∥ti − tj∥𝕋 ⪆ 1/n

∥x* − x∥1 ⪅ (N
n )

2

δ

x* = arg min
x

∥x∥1 s.t. 
1
N

F*n yδ

:=u

− Pnx
2

≤ δ, Pn :=
1
N

F*n Fn ∈ ℂN×N

E. J. Candès and C. Fernandez-Granda, “Towards a Mathematical Theory of Super-resolution,” Comm. Pure Appl. Math, vol. 67, no. 6, pp. 906–956, Jun. 2014.





The construction

q(t) = ∑
tj∈T

αjK (t − tj) + βjK′￼(t − tj)
q (tk) = ∑

tj∈T

αjK (tk − tj) + βjK′￼(tk − tj) = vk ∀tk ∈ T

q′￼(tk) = ∑
tj∈T

αjK′￼(tk − tj) + βjK′￼′￼(tk − tj) = 0 ∀tk ∈ T

K(t) =
sin ((fc/2 + 1) πt)
(fc/2 + 1) sin(πt)

4

, 0 < t < 1







Theorem: ∥x* − x∥1 ⪅ (N
n )

2

δ

x* = arg min
x

∥x∥1 s.t. 
1
N

F*n yδ

:=u

− Pnx
2

≤ δ, Pn :=
1
N

F*n Fn ∈ ℂN×N





≤





Further remarks
•Trade separation for stability and tractability


•separation constraint is essential for convex methods to work


•“Super-localization”: exact solution for 


•Started a huge (but not \HUGE like CS) field


•Continuous setting


•Other measurements kernels

δ = 0

1191



SR with positivity

• Positive sources: relevant to e.g. microscopy, astronomy


• We don’t need separation anymore


• Instead, assume “clustered sparsity” or “Rayleigh-
regularity”

x* := arg min
x

∥u − Pnx∥1 s.t. x ≥ 0.

V. I. Morgenshtern and E. J. Candès, “Super-Resolution of Positive Sources: The Discrete Setup,” SIAM Journal on Imaging Sciences, vol. 9, no. 1, pp. 412–444, Jan. 2016, doi: 10.1137/15M1016552.

Theorem: if  and  then ∥u − Pnx∥1 ≤ δ x ∈ ℛ+(3.74r, r) ∥x* − x∥1 ⪅ (N
n )

2r

δ

Definition:  is the set of signals  s.t. 
  with  disjoint, 

and  for every interval  of 

length 

ℛ+(d, r) x
T = supp(x) = T1 ∪ ⋯ ∪ Tr {Ti}

∀i : I ∩ Ti ≤ 1 I
d
n λc =

2
n

https://doi.org/10.1137/15M1016552
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