Lecture 7
Introduction to sparsity

Topics in Inverse Problems
Fall 2021



Non-smooth problems

e Until now: when solving Af = g, f was assumed to be
“smooth” (recall source condition ||[A*f]| < E)

o [,-type regularisation is not sufficient in general:

* Error decays slowly (bad “computationally”)

* Gibbs-type oscillations near the edges (bad “visually”)
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Smoothness/decay (Fourier)
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Solution #1: (*-)lets

o Look for f ~ ZJ, cip; where {c;} decay fast?

* May not be possible in general
e Solution: “multi-resolution” representation

* A few coefficients in “coarse” scale

e A few coefficients near the “discontinuities”
» Wavelets, curvelets, ridgelets,...

e “Nice” discretizations and fast computation (usually)



Wavelets: crash-course
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As s — 0, the magnitude of Wf(u, s) measures regularity of f at u



Reconstruction formula

Low-frequency approximation: Lf(u, s) = < (1), %qb < Sl >> =f % q?s(u)
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MeXxican hat
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Example decomposition
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Linear vs nonlinear
approximation with wavelets

e Linear: use the first /N coefficients

* Nonlinear: use the first /V largest coefficients (best N-term
approximation)

e Q: characterize functions whose best N-term approximation
error (o)) decays like N™“

* A: Besov spaces

o Fact: for piecewise C“ functions f, on(f) < N~ when using
wavelets



Time-frequency analysis
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Wavelet transform
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Higher dimensions

Directional wavelets

Curvelets

Shearlets




Detecting
singularities




Smoothness/decay: Fourier

e fis a-Lipschitz at zif 3K > 0 and p, of degree m = | |
st Vs€R,  |f(s)=p(s)| <K|s—t|"

-flsa Lip. on R and bounded if
J \f(a))\(1+\a)\ )da)<+oo

e |ocal information is “lost” Iin f (oris it?)



“Wavelet z-oom”

 Can characterize local Lipschitz exponents via decay of
Wf(t,s) as s — 0 (each local maxima must satisfy

| Wf(u, s) | < As?t172)

 Conversely, can detect singularities by “tracking” the local
maxima of | Wf | and making sure they are large enough
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omography example

FIGURE 13.7

(a) Original phantom image. (b) Frequency plane showing in white the frequency rays in ().
(c) Reconstruction with a linear orthogonal projection computed with a backprojection.

(d) Lagrangian pursuit estimation in a Haar translation-invariant wavelet dictionary.

(e) Inversion with a total variation regularization.




Mixed penalties

o« @, (u,v) = [|K(u+v)—gll> + A Wv||* + pllull?
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Noisy Image
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