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Fourier analysis - refresher



Fourier series

f(x):[0,27r) = R (or C)

» Analysis: ¢, := 5= f T _“’Xf( )dx (n-th Fourier coefficient)
» Synthesis: f(x ) > nez Cn€"
» Smoothness vs. decay:
> jumps: ¢, ~1/n
> f e C®— ¢, ~1/n? (eg. corners)
> feC!—c,~n92
» f analytic > ¢, ~r", for0<r <1
» Riemann-Lebesgue lemma: f € [} = ¢, — 0.



Convergence

27
f(x) ~ Z cne'™,  cpi= —/ e "™ f(x)dx
0

nez

> Global
> fc ' — can diverge everywhere
» f c [? — converges a.e. in mean square sense
> f € C* — uniform convergence everywhere
> f € BV — convergence everywhere
» Local
» f differentiable at x — converges at x
» f has a finite jump — convergence to midpoint
» Dini conditions. . .



Dirichlet kernel

1 2w
f' ~ ZnX, = / 7'Lan' d
(x) ,,EGZ che Cn = o | e (x)dx
x in(N+1/2
> Sn(x) = 55 Cp oy e™ = %sm(sint(/Z k

N 1 N o
fn(x) = Z cret* = 5 Z e”‘x/ f(t)e **tdt
k=N T =N 0

= /027r In(y)f(x — y)dy = (dn * )(x)

» Weak convergence: [ dn(x)f(x)dx = c_n+---+ cy — f(0).



Dirichlet kernel
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Figure 1. The Dirichlet kernel



Gibbs oscillations
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Figure 2: Gibbs phenomenon



Approximation error
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Analysis

Figure 3: Analysis

» Choose xp for which dy(xp) =0 — xp = ﬁl/z
» As N — oo, sidelobes contribute ~ 0 (cancel)
» From the main lobe:

J= /svv Yon(xo — t)dt — [ on(t)dt

—X0

1 /1 sm7ry sinmy
J = dy ~ dy
N+1/227r/1sm /

2(N+1/2
~ 1.17898




Convolution

f(x) ~ Y F(k)e™ | g(x) ~ X &(k)e™ ™ periodic

h(x) = / F(D)g(x — t)dt = - = 21 3" F(K)B(k)e™

(cxd)n =2 kez ckdn—k = F(x)g(x) = Lpez(c * d)ne™



Discrete signals

> {x[n]}>~ . eg. samples of a continuous-time signal
» Discrete-Time Fourier Transform (“dual Fourier series”)

[e.9]

Xon(w) = Z x[n]e~"™

n=oo

» Exists if x[n] absolutely summable

» Inversion formula:

1 (7 .
x[n] = ﬂ/_ Xor(w)e™ dw



Signals and systems

X = Zx[k]é[n — k], d = unit impulse
» Linear system (filter):

{ y[nl = (Tx)[n] = X y[k]o[n — k] = 324 x[K] T {6[n — K]}
T{[n— K|} = hk[n]

» Time-invariant system: hy[h] = hg[h — k] (impulse response)
» Switching between time and frequency in the convolution thm:

o0

> (xxh)ne™™ = Xor(w)  Han(w)

n=o0
frequency response

» Convolution (time/freq) <— — multiplication (freq.time)



Discrete Fourier Transform

Figure 4. DFT

» divide [0, 27] into N equal intervals, f = {f (k%)}
; ikx X - Al
» DFT basis: {ek }k:O 1 where X = {Xj}JI'V:()l = {Jw}._

> Approximate cx(f) = 5 fOZW e "™ f(x)dx by

Z _1A§f(-2”)e—zkj2ﬁ 27T_Zf<j2> —jk
VoUW NTN&T\NT)Y



DFT and FFT

> fy = %F;\",f,v where

WO WO .. . w0

WO Wl w? oo W
Fn =

WO oN-1 o 2N-1) (N-1)?

,w=¢enN, w

» FyFy = N- Iy (in matlab, fft = multiplication by Fy)
> Fast algorithm (FFT), complexity: ~ 3N log, N

N—1.



Convolutions & DFT

00 . 1
10 0

p=1]01 0 (cyclic shift)
00 ... 1 0

» For x € CN, define the circulant matrix

X0 XN—-1
X1 X0
X = [X Px ... PN_lx} =
XN—1 XN-2

> Letc= %Ff\‘,x — (,{,F,’{,Px) =w ke,
k

> X = FN diag(co, ey CN,]_) FK/
~~ ~~
ifft fft(x) fft




Filters

X= FN diag(co, ey CN_1) FK/
~~ ~~
ifft fft(x) fft

» d € CN — Xd is a circular/cyclic convolution

N—1 N—1
(X & d)n = Z Xn—kdk = Z denfj
k=0 Jj=0

» If both x, y are finite signals, we can use the above to compute
(x * y) by zero-padding



Fourier transform

» Start with Fourier series on [—T/2, T /2]:

1 % /2 —12E kt
fx)N?che T, Ck_/T/2f(t)e Tt
p _

> Define £ = 22X, d¢ = 2T and take T — oo: (need f € L1)

_ ok
{ () = %, Fl)e o
F(x) = 2 5, Fe)eit~de

» Convolution:

frg= / x = y)g(y)dy, (Frg)€) = F(€)&(c)

—

> 356 =1€F(©), (71O = £, £ = (O = (0



Sinc function

1 |w<Q
0 else

— f(t) — Ef zgtd€ stt _

sinc{ =

Q

smc

sin &

€

Q¢



Sinc function
’.
ll 1
/ -’ ?.
Q.0 III '|
\/\"1 / Illlll\ /
% ¥

']

~

2
Figure 5: sinc(t) = sin(rt)
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Poisson Summation Formula
» T-periodization of f: fr(x) = ,cz f(x + kT)

» Fourier series:

]' T/2 P21
c(fr) = 7/ fr(x)e™" 7 dx

T/2 e
T/ Z f(X—I—sT)e T “dx

T2 S

T/2 o
- ? Z / f(x +sT)e *T>dx
—T/2

s=—00
1= K2 5 (2mk
=7 [ foe e = 27 ().

> Therefore: fr(x) =+, f (27rk) P27 kx

» Analogously, if T is the sampling period then:

?27T/T(f) =y f (§ + 2T ) =75 F(rk)e Tk



Nyquist sampling theorem

an

Suppose f is T-bandlimited: (&) = Fax (&)X X[z x] Then

1 o , 1 [/ ,
f(x) = 5 / f(s)e'fde = oo [ Ba(©)eas

2w

Zf(Tk —iTkE :gxdg
277 —7/T P
Zf (Tk) / etk g¢
/T
Tk

= Z f(rk) sinc >
k




Bandlimited functions

supp f C [—Q,Q], where Q < T.

f(x) = 1/2 eitx (/R e—"fff(t)dt> d¢

2 J-
B sinQ(x —t)
_/Rf(t)w(x—t) dt.

Ideal low-pass filter:

sinQ(x — t)

T — 1) f(t)dt.

Paf(x) = /R
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