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Fourier analysis - refresher



Fourier series

f (x) : [0, 2π) → R (or C)
▶ Analysis: cn := 1

2π

∫ 2π
0 e−ınx f (x)dx (n-th Fourier coefficient)

▶ Synthesis: f (x) ∼
∑

n∈Z cneınx

▶ Smoothness vs. decay:
▶ jumps: cn ∼ 1/n
▶ f ∈ C0 → cn ∼ 1/n2 (e.g. corners)
▶ f ∈ Cd → cn ∼ n−d−2

▶ f analytic → cn ∼ rn, for 0 < r < 1
▶ Riemann-Lebesgue lemma: f ∈ L1 =⇒ ck → 0.



Convergence

f (x) ∼
∑
n∈Z

cneınx , cn := 1
2π

∫ 2π

0
e−ınx f (x)dx

▶ Global
▶ f ∈ L1 → can diverge everywhere
▶ f ∈ L2 → converges a.e. in mean square sense
▶ f ∈ Cα → uniform convergence everywhere
▶ f ∈ BV → convergence everywhere

▶ Local
▶ f differentiable at x → converges at x
▶ f has a finite jump → convergence to midpoint
▶ Dini conditions. . .



Dirichlet kernel

f (x) ∼
∑
n∈Z

cneınx , cn := 1
2π

∫ 2π

0
e−ınx f (x)dx

▶ δN(x) = 1
2π

∑N
n=−N eınx = 1

2π
sin(N+1/2)x

sin x/2

fN(x) =
N∑

k=−N
ckeıkx = 1

2π

N∑
k=−N

eıkx
∫ 2π

0
f (t)e−ıktdt

=
∫ 2π

0
δN(y)f (x − y)dy = (δN ∗ f )(x)

▶ Weak convergence:
∫

δN(x)f (x)dx = c−N + · · · + cN −→ f (0).



Dirichlet kernel

Figure 1: The Dirichlet kernel



Gibbs oscillations

Figure 2: Gibbs phenomenon



Approximation error

∥En∥2 ∼ n− 1
2



Analysis

Figure 3: Analysis

▶ Choose x0 for which δN(x0) = 0 → x0 = π
N+1/2

▶ As N → ∞, sidelobes contribute ≈ 0 (cancel)
▶ From the main lobe:

J =
∫ π

−π
SW (t)δN(x0 − t)dt →

∫ x0

−x0
δN(t)dt

J ≈ π

N + 1/2
1

2π

∫ 1

−1

sin πy
sin πy

2(N+1/2)
dy ≈

∫ 1

−1

sin πy
πy dy

≈ 1.17898



Convolution

f (x) ∼
∑

f̂ (k)eıkx , g(x) ∼
∑

ĝ(k)eıkx periodic

h(x) =
∫

f (t)g(x − t)dt = · · · = 2π
∑

f̂ (k)ĝ(k)eıkx

ĥ(k) = 2πf̂ (k)ĝ(k)

▶ (c ⋆ d)n = ∑
k∈Z ckdn−k → f (x)g(x) = ∑

n∈Z(c ⋆ d)neınx

▶
(∑

ckeıkx
)′

= ∑(ık)ckeıkx

▶
∫ (∑

ckeıkx
)

dx = ∑
k ̸=0

ck
ık eıkx



Discrete signals

▶
{
x [n]

}∞
n=∞ , e.g. samples of a continuous-time signal

▶ Discrete-Time Fourier Transform (“dual Fourier series”)

X2π(ω) =
∞∑

n=∞
x [n]e−inω

▶ Exists if x [n] absolutely summable
▶ Inversion formula:

x [n] = 1
2π

∫ π

−π
X2π(ω)einωdω



Signals and systems

x =
∑

x [k]δ[n − k], δ = unit impulse

▶ Linear system (filter):{
y [n] = (Tx)[n] = ∑

y [k]δ[n − k] = ∑
k x [k]T {δ[n − k]}

T{δ[n − k]} ≡ hk [n]

▶ Time-invariant system: hk [h] = h0[h − k] (impulse response)
▶ Switching between time and frequency in the convolution thm:

∞∑
n=∞

(x ⋆ h)ne−ınx = X2π(ω) H2π(ω)︸ ︷︷ ︸
frequency response

▶ Convolution (time/freq) ← → multiplication (freq.time)



Discrete Fourier Transform

Figure 4: DFT

▶ divide [0, 2π] into N equal intervals, f ≡
{
f

(
k 2π

N

)}N−1
k=0 ∈ CN

▶ DFT basis:
{

eikx̄
}

k=0,...,N−1
where x̄ = {xj}N−1

j=0 =
{

j 2π
N

}N−1

j=0
▶ Approximate ck(f ) = 1

2π

∫ 2π
0 e−ınx f (x)dx by

f̂N = 1
2π

N−1∑
j=0

f
(

j 2π

N

)
e−ıkj 2π

N · 2π

N = 1
N

N−1∑
j=0

f
( j

N 2π

)
ω−jk



DFT and FFT

▶ f̂N = 1
N F ∗

N fN where

FN =


ω0 ω0 . . . . . . ω0

ω0 ω1 ω2 . . . ωN−1

... ... ... ... ...
ω0 ωN−1 ω2(N−1) . . . ω(N−1)2

 , ω = eı 2π
N , ωN = 1.

▶ F ∗
NFN = N · IN (in matlab, fft = multiplication by F ∗

N)
▶ Fast algorithm (FFT), complexity: ∼ 1

2N log2 N



Convolutions & DFT

P =


0 0 . . . . . . 1
1 0 . . . . . . 0
0 1 . . . . . . 0
... ... . . .
0 0 . . . 1 0

 (cyclic shift)

▶ For x ∈ CN , define the circulant matrix

X =
[
x Px . . . PN−1x

]
=


x0 xN−1 . . . x1
x1 x0 . . . x2
. . . . . . . . . . . .

xN−1 xN−2 . . . x0


▶ Let c = 1

N F ∗
Nx →

(
1
N F ∗

NPx
)

k
= ω−kck

▶ X = FN︸︷︷︸
ifft

diag(c0, . . . , cN−1)︸ ︷︷ ︸
fft(x)

F ∗
N︸︷︷︸

fft



Filters

X = FN︸︷︷︸
ifft

diag(c0, . . . , cN−1)︸ ︷︷ ︸
fft(x)

F ∗
N︸︷︷︸

fft

▶ d ∈ CN → Xd is a circular/cyclic convolution

(x ⊗ d)n =
N−1∑
k=0

xn−kdk =
N−1∑
j=0

xjdn−j

▶ If both x , y are finite signals, we can use the above to compute
(x ⋆ y) by zero-padding



Fourier transform
▶ Start with Fourier series on [−T/2, T/2]:

f (x) ∼ 1
T

∑
k

ckeık 2π
T x , ck =

∫ T/2

−T/2
f (t)e−ı 2π

T ktdt

▶ Define ξ = 2πk
T , dξ = 2π

T and take T → ∞: (need f ∈ L1){
f̂ (ξ) =

∫ ∞
−∞ f (t)e−iξtdt

f (x) = 1
2π

∫ ∞
−∞ f̂ (ξ)eiξxdξ

▶ Convolution:

f ⋆ g =
∫
R

f (x − y)g(y)dy , (̂f ⋆ g)(ξ) = f̂ (ξ)ĝ(ξ)

▶ ∂̂x f (ξ) = ıξ f̂ (ξ),
(̂∫ x f

)
(ξ) = 1

ıξ f̂ (ξ), ̂f (x − d)(ξ) = e−ıξd f̂ (ξ)



Sinc function

f̂ (ω) = χ[−Ω,Ω] =
{

1 |ω| ⩽ Ω
0 else

→ f (t) = 1
2π

∫ Ω
−Ω eıξtdξ = sin Ωt

πt = Ω
π sinc Ω

π t

sinc ξ = sin πξ

πξ



Sinc function

Figure 5: sinc(t) = sin(πt)
πt .



Poisson Summation Formula
▶ T -periodization of f : fT (x) = ∑

k∈Z f (x + kT )
▶ Fourier series:

ck(fT ) = 1
T

∫ T/2

−T/2
fT (x)e−i 2π

T dx

= 1
T

∫ T/2

−T/2

∞∑
s=−∞

f (x + sT )e−i 2πk
T xdx

= 1
T

∞∑
s=−∞

∫ T/2

−T/2
f (x + sT )e−ik 2π

T xdx

= 1
T

∫ ∞

−∞
f (x)e−ik 2π

T xdx = 1
T f̂

(2πk
T

)
.

▶ Therefore: fT (x) = 1
T

∑
k f̂

(
2πk
T

)
ei 2π

T kx

▶ Analogously, if τ is the sampling period then:
f̂2π/τ (ξ) = ∑∞

n=−∞ f̂
(
ξ + 2π

τ n
)

= τ
∑

k f (τk)e−iτkξ



Nyquist sampling theorem

Suppose f is π
τ -bandlimited: f̂ (ξ) = f̂ 2π

τ
(ξ)χ[− π

τ
, π

τ ]. Then

f (x) = 1
2π

∫
R

f̂ (ξ)eiξxdξ = 1
2π

∫ π/τ

−π/τ
f̂2π/τ (ξ)eiξxdξ

= τ

2π

∫ π/τ

−π/τ

∑
k

f (τk)e−iτkξeiξxdξ

= τ

2π

∑
k

f (τk)
∫ π/τ

−π/τ
eiξ(x−τk)dξ

=
∑

k
f (τk) sinc x − τk

τ



Bandlimited functions

supp f̂ ⊂ [−Ω, Ω], where Ω < π
τ .

f (x) = 1
2π

∫ Ω

−Ω
eiξx

(∫
R

e−iξt f (t)dt
)

dξ

=
∫
R

f (t)sin Ω(x − t)
π(x − t) dt.

Ideal low-pass filter:

PΩf (x) =
∫
R

sin Ω(x − t)
π(x − t) f (t)dt.
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