Lecture 3
Regularization

Topics in Inverse Problems and Super-Resolution
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Recap

* Well-posed problems: Hadamard’s criterion

Integral equations: g(¢) = (Af)(¥) = nK(S, Nf(s)ds

e A: X — Yisacompact operator (X,Y Hilbert spaces)

e A7l s always discontinuous (unbounded), unless

dim () < 0.
* The problem is always ill-posed

* Singular Value Expansion (“operator SVD”)
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Regularisation

1. Picard’s theorem - solvability

of Ax = y.
* Least squares solution: R" = span{w. ... vn} R™ = span{us, ..., i}
X = Adfy (pseudo-inverse) | Geactsol: x> bt = e

IS unstable . " (Tikhonov) 0 b= ot 4
x, (TSVD)
2. Regularisation: restoring /
stability in practice /
Naive sol.: x = A™1b

3. Convergence and optimality

4. Choosing the regularisation
parameter
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Operator SVD
Finite-dimensional setting: A € R"™"(m > n) Q A Rm

A = UXV!, U,V orthogonal, T diagonal N
TRAPO

n
Ax = Z,ui <x, vl-> U, .
i=1

Let A : X — Y be compact. Let {4}, be the nonzero singular values of A,
repeated according to multiplicity: mult(y,) = dim (,ul.2 — A*A) < 00. Then

1. There exist orthonormal sequences {@;,} C X, {y;} CY (right and left
singular functions, resp.) such that

Ap; = wy,, A*y; = ;.
2. For each ¢ € X there holds ¢ = Z <g0, go,-) @; + Q@, where Q is the

orthogonal projection onto ./ (A), and

Ap = Zﬂi <€0a€0i> Y-
i=1
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Picard’s theorem

A : X — Y compact, with SVE {4, ¢,, v;}. The equation Ax = y is solvable iff
1. y € V(A% = EA);

2 lelu

In this case, a solution is given by

X = Z SAE

<y, l//,> ‘ < o0 . (Picard’s criterion)

i1 HMi
<=: Suppose y € S (A%,
Then y = i (vo ) wi (why?)
i=1
and so
Ax =37 —(.y;) Ap; =



Picard’s criterion

©9)

] 2
z_2|<y,l,,,.>| ey

i—1 Hi
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Coefficients must decay very fast => data must be very smooth.

In practice: y5 = y + 0y, and so PC is violated
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Stability in finite dimensions

n
Ax=y,A€R™"  |ly;—y|| <6 Ax =) wi{x vy u;.
i=1
Direct solution: x° = ATy‘S, AT = (ATA)_IAT (Moore-Penrose pseudo-inverse)

Problem: this can be very unstable!

n
veay= 3 Loy
i—1 Hi

n 1 n 1 2 1
Wox= ) () = ||x5—x||2=2ﬁ\<y5—y,ui>\ <=yl
—1 M ] n

i=1 1

As n — oo, i, — (0 and so this is no good!
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Need for prior information

e Problem: AT can amplify noise | e )

e Possible solutions:

1. Ignore small singular values

2. restrict ||x|| < p

3. restrict ||[Ax—y|| <o
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Truncated SVD

ATy = Z (y,t/f,> ?; yo=y+8y, oyl <o
i=1
We assume y € RZ(A) Picard’s plot

Choose truncation index k

< g0
Chop off components with {4} .-, \AM

Solution is Z <y l//l> Q; \M‘_
i=1 Iul /"/‘?
How to choose k optimally? L
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g(a, 1) = {1 asH . (filter)

0 else
Ry oD s
x = Zﬂ(quol =y 0N e = Ry
i=1 1! =1 i

or=xt—x= 3o () = ) 0= 3 20,

Ui >0( Hi<a

— Z —(5y W) @; — Z i(% W) @;

,u>0( l u,<a Hi l

R (0y) R, Ax —Xx



First, need convergence

g(a, 1) = {1 asH . (filter)

0 else
— 4 (2},
X_ZM <Y l/fz>€01 XO’:Z <,M ><y5»llfi>¢i=3Ray5
i=1 "t =1 [

1
Ox = x* = x = Z (O o) = ) 0= 2w

H; >05 <a

=) —<5y,l/fl><ﬂl D i<y, Wi @,

,u>0( l ,u<(x'ui l

R (0y) R, Ax —x

(noise amplification error) (truncation error)
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Regularization schemes

[ox]l < IR0yl + [IR,Ax — x]] oyl <6

Regularization strategy (scheme):

R, : Y = X which satisfies im R ,Ax = xforallx € X

a—0

Rl < c(a)

error

\ _/’.I: 5‘\,,,!'\..!' el |

o - -
- -—a
" -— 1
P e %
— e T |
o 1 . |

Convergence: choose o = a(0) such that |[ox|| > Oas 6 — 0.
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20
M|
+ ||R A
aAX —
x|
|16
vl <
<o

IR
Oy||1F =
1
p | (Oy
) |* < :
y — 8y’

Hiz



Cntd.

[ox]l < lIR,0y1l + [[RAx — x| [oyll <&

1 1
2 _ 2 2 1
|R 0¥~ = Z'_ﬂz | {6y, ;) | S—a2||5y|| (Note:||R, || s;)

Hiz



Cntd.

[6x]| < l|ROYIl + ||RyAX — x| |6yl <6
IRV = 2, =10y wi) I < 5 lleyl” (Note:||R || < —)
pza Tt a
Convergence: any a(0) — 0O such that >0as o — 0.

a(0)



Cntd.

l6x|| < IR,y + |IR,Ax — x| 16y|| < &
1 1
IRy = D, —1(8v.ui) I” < — 1oyl Note:||R || <)
Hi o -
Hiz
Convergence: any a(6) — 0 such that 5 s0as s — 0.
a

For example, a(6) = 6, O0<p < 1.



Cntd.

l6x|| < IR,y + |IR,Ax — x| 16y|| < &
1 1
IRy = D, —1(8v.ui) I” < — 1oyl Note:||R || <)
Hi o -
Hiz
Convergence: any a(6) — 0 such that 5 s0as s — 0.
a

For example, a(6) = 6, O0<p < 1.

Q: Why do we need a(6) — 07?



a

Cntd.

[6x]| < [IRO¥]| + [[R,Ax — x| |6yl <6
D 2@ ” < iyl (Note:||R. || < —)
pza a
Convergence: any a(0) — 0O such that %) >0as o — 0.
o

For example, a(6) = 6, O0<p < 1.

Q: Why do we need a(6) — 07?

Next question: rate of convergence
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Range/source condition: x = A*z with ||z|]| < E. < (e.g. smoothness)

(Can have more general constraint: ||Bx||, < E, B: X — Z)

In this case: ),
Hi<a

2 2
(x0) | =T, ci? [(w) | <@l2ll? = a’E2.

o
Finally: ||0x| < — + aE.
a

Need to choose a(0) to balance the terms.

Is it optimal?
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Worst-case error

Definition: & (E, 5,|| - [|+) = sup {|lx|| :  [|Ax|| <&, |Ix|l« < E}.

Claim: assume x € X satisfies ||[Ax — y°|| < 6, ||x||« < E for some y° € Y.

Then for any x; € X satisfying these conditions, we have

lx = x|l S2F(E, 0, - |I+).

Note: || - || should be “stronger” than || - ||, otherwise & - 0 as 6 — 0.

[lxll < ellxll«
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Worst-case error

Definition: & (E, 5,|| - ||) = sup {|lx|| :  [|Ax|| <&, |lx|l« < E} .

Theorem: Let A : X — Y compact, injective, with dense range.
Put ||x|| := |[(A*)'x||. Then

Proof: let x = A*z with ||z|| < E. Then
IxII* = (A*z,x) = (z,Ax) < |Iz||[|Ax|| = S6E .

Optimality: consider z, = Evy,.
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o Started with an ill-posed equation Ax =y, y5 =y 40y

 Constructed a sequence of “regularized” solutions
x0:0) = Ra(5)y5 and showed that x° — xas § — 0.

e Showed that for certain “prior” information ||Bx|| < E we
can choose a(J) to have the optimal rate ||x° — x]|




Summary thus far
Sa) _ i q (aaﬂi>

i 123

»° W) @; =: Ra(é)y5

Started with an ill-posed equation Ax =y, y5 =Yy

Constructed a sequence of “regularized” solutions
x0:0) = Ra(5)y5 and showed that x° — xas § — 0.

Oy

Showed that for certain “prior” information ||Bx|| < E we

can choose a(5) to have the optimal rate ||x° — x]|

This works for general operators B and filters g(a, i)

satisfying certain technical conditions (not too
complicated...)



