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• Well-posed problems: Hadamard’s criterion

• Integral equations: g(t) = (Af )(t) = ∫ K(s, t)f(s)ds

•  is a compact operator (X,Y Hilbert spaces)A : X → Y

•   is always discontinuous (unbounded), unless 
.

A−1

dim ℛ(𝒜) < ∞

• The problem is always ill-posed

• Singular Value Expansion (“operator SVD”)
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                                                .
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∞

∑
i=1

1
μi

⟨y, ψi⟩ φi

δx = xα − x = ∑
μi≥α

1
μi

(⟨y + δy, ψi⟩ − ⟨y, ψi⟩) φi − ∑
μi<α

1
μi

⟨y, ψi⟩φi

= ∑
μi≥α

1
μi

⟨δy, ψi⟩φi − ∑
μi<α

1
μi

⟨y, ψi⟩φi

q(α, μ) = {1 α ≤ μ
0 else

. (filter)

Rα(δy) RαAx − x
(truncation error)(noise amplification error)
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∥Rαδy∥2 = ∑
μi≥α

1
μ2

i
|⟨δy, ψi⟩ |2 ≤

1
α2

∥δy∥2
(Note: )∥Rα∥ ≤

1
α

Convergence: any  such that  as α(δ) → 0
δ

α(δ)
→ 0 δ → 0.

For example, α(δ) = δp, 0 < p < 1.

Q: Why do we need ?α(δ) → 0
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Range/source condition:  with x = A*z ∥z∥ ≤ E .

In this case:  ∑μi<α ⟨x, φi⟩
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i ⟨z, ψi⟩

2
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(Can have more general constraint: )∥Bx∥Z ≤ E, B : X → Z
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Worst-case error
Definition: ℱ(E, δ,∥ ⋅ ∥*) = sup {∥x∥ : ∥Ax∥ ≤ δ, ∥x∥* ≤ E} .

Theorem: Let  compact, injective, with dense range. 
Put . Then 

A : X → Y
∥x∥* := ∥(A*)−1x∥

ℱ(E, δ,∥ ⋅ ∥*) ≤ δE .

Proof: let  with . Then x = A*z ∥z∥ ≤ E
∥x∥2 = ⟨A*z, x⟩ = ⟨z, Ax⟩ ≤ ∥z∥∥Ax∥ = δE .

Optimality: consider .zn = Eψn
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Summary thus far

• Started with an ill-posed equation , Ax = y yδ = y + δy

• Constructed a sequence of “regularized” solutions 
 and showed that  as .xδ,α(δ) = Rα(δ)yδ xδ → x δ → 0

• Showed that for certain “prior” information  we 
can choose  to have the optimal rate 

∥Bx∥ ≤ E
α(δ) ∥xδ − x∥

• This works for general operators  and filters  
satisfying certain technical conditions (not too 
complicated…)

B q(α, μ)

xδ,α(δ) =
∞

∑
i=1

q (α, μi)
μi

⟨yδ, ψi⟩φi =: Rα(δ)yδ


