Topics in Inverse Problems
and Super-Resolution

Instructor: Dr. Dmitry Batenkov, dbatenkov@tauex.tau.ac.il
Time&Place: Wednesdays 10-13, Dan David 204
Moodle: https://moodle.tau.ac.il/course/view.php?id=372402501

Reception hours: by appointment / after class
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What is an inverse problem?

* Two problems are inverses of one another if the formulation of each
involves all or part of the solution of the other.

e Often, for historical reasons, one of the two problems has been
studied extensively for some time, while the other has never been
studied and is not so well understood.

* In such cases, the former is called the direct problem, while the latter
is the inverse problem.

(Keller J B 1976 Am. Math. Monthly 83 107)

For a Mathematician: choice is arbitrary
For a Physicist: direct problem follows cause—>effect.
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Past, present and future (very inaccurate)

19th century: differential equations (forward problems)

20th century: mathematical physics, many theoretical developments,
“classical” results

2000-2010 : sparsity, compressed sensing

Today: large scale computations, deep learning, “data science”



Inverse Problems - today
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By subject area

Other (8.4%)
Chemistry (1.7%) \
Chemical Engine... (1.9%)
Environmental S... (2.1%)
Medicine (2.2%)

Earth and Plane... (6.1%)

~~ Engineering (24.9%)

Materials Scien... (6.5%)

Mathematics (17.7%)

-
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Physics and Ast... (12.8%) ~

Computer Scienc... (15.7%)



Math/computational questions

y=K(x)+e Modeling!!

Existence/uniqueness (sampling)

How to solve efficiently?

minimizex|ly — K(x)| + R(x)
——

prior knowledge

Uncertainty quantification / Bayesian IP

x ~ p(f) = compute p(x|y)

Stability /resolution

Ix = x| < &([le]}), & =7



Course topics

General theory

Regularized solutions
Discretization

Resolution and super-resolution

Sparsity constraints

o vk W E

Applications / current research



Linear integral equations

y(t) = [ K(s,t)x(s)ds + e(t)

* Accurate model for many IPs
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y(t) = [ K(s,t)x(s)ds + e(t)

* Singular value expansion of compact operators

* Problem always ill-posed: need prior information in
order to solve
o |I"! # $ (size/energy)
« ") & " (D)) *t%, (, — - sufficiently fast (e.g.
smoothness)

ILL-CONDITIONED

* Worst case error !!" # '§l!?
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Ill-posed problems and regularization
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The ill-conditioning of a problem does
not mean that a meaningful approximate
solution cannot be computed. Rather
the ill-conditioning implies that standard
methods in numerical linear algebra
cannot be used in a straightforward way
to compute such a solution, Instead,
mare sophisticated methods must be
applied in order to ensure the
computation of a meaningful solution.

This is the essential goal of
regularization methods.

Inverse calculated by Fourier division, i.e.,
unregularized solution.

Regularized inverse image: A = 100




Regularized solutions
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From infinite to finite

* How to discretize an operator equation? f(A) = argmin |y — Af]| + AR(f)

* Rudimentary convergence analysis F = argmin|ly— Af| subject to R(f) <

Galerkin / expansion methods
Quadrature methods

- = f(n) (t) = . Cii(t)
ijK(sivtj)fj:g(si), 1=1,...,n ) ; i9i(
j=1

J=1

{Yi,g) = iCj <1/)z',/01K(8,t)¢j(t)dt>, i=1,...
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Rayleigh-Nyquist limit

Classical resolution limit = inverse bandwidth

e Fast algorithms (FFT)
* Perfect stability



Inverse problems & Super-resolution
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g(x) = [K(x-y)f(y)dy +E(x)
2(w) = K(w)f(w)+ E(w)

Prior knowledge
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* Super-resolution (SR): recover d(l) for|1] 2 3
* Eventual resolution limit depends on

I Noise level !$!!

' Bandlimit 3

| Prior complexity/geometry...
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SR today

conventional

NATURE METHODS AR

NNLS deconvolution

Network input (10x/0.4 NA) Network output (10x/0.4 NA) LR deconvolution (10x/0.4 NA) (10x0.4 NA) Ground truth (:

DAPI

TxRed

—-

< -

Input  Hidden layers ~ Output
(b) (c) (d)
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Can we be sure?
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Classical/Linear SR
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e “Classical” theory: depends on spectral properties of 4
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* Analytic continuation

e Super-resolution of compactly supported objects

(a) (b)

() (d)

L
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Figure 11.6. Example of super-resolution in far-field acoustic holography. (a) The object:
a grid 2.5). x 2.5). with bars 0.5). wide. (b) The modulus of the FT of the object in (a)
the white circle indicates the band of the far-field data. (c) The modulus of the noisy
image at the distance 5). from the object plane. (d) The reconstruction obtained by means
of the inverse filtering method. (¢) The reconstruction obtained by means of the iterative
method with the constraint of bounded support. (f) The reconstruction obtained by means
of the iterative method with the constraints of bounded support and positivity.
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: QT is precisely the number of points in [T, T] taken at Nyquist rate

As T — oo, the “super-resolution factor” vanishes (= O(logT /T))
For fixed T > 1, we expect logle;e ~ logi (as € = 0) extra degrees

of freedom
In practice, may obtain significant SR for small ¢ (i.e. T)



inizs}= Plot[Table[SpheroidalPS[k, 06, 15, t], {k, ©, 8}], {t, -1.1, 1.1}]
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“Soft” SR

Approximation
error
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o Gaussian-type kernels: K(w) = exp(—|w|®)
o Pointwise extrapolation estimate: |F(w) — Frec(w)| =< €7
o Bandwidth extension Q'/Q* < 1 |Iogs|1_% (good for small objects)

@ Bounds are minimax
o Key tools

» Weighted approximation of bandlimited functions
» Growth estimates of weighted polynomials

[DB, Demanet, Mhaskar, Inverse Problems 35, 015011 (2019).]
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From smoothness to sparsity

Ar =y, AcR™", m<n
e Solution not unique in general
e Uniqueness restored if the number of nonzero elements of x is known to be small:
lzllo <k <€ n

¢ Compressed sensing: A is random



"H#B%6& (") %$*+&,'- $&H#S/'01"%23-"0

- {[j SRR sharp
?7"$8 (+02&%0/"2#)0"SHhHEEY. ; 16 (t — ;) ] i | \

C'#,&"9"[+,)03+-/(&)9+'0%(+9+#/0fp) = ¥, u;j exp(2miwt;), lw| < Q

blurred

A2B (+02&%/"2#)0"$#&@ ~ ¥ 1, sinc(Q(t — t;))

D'.&+"$8)&"9"

"#$%E&' (%)*+,-$). Yo#&#-*#$/0%*#1$0)$%,0&2-$+)



: l
)
.
7
2 0
B
I’
a
o
e ) F) ’ . " e

Astronomical imaging

Seismic inversion

Exponential Data
Fitting and its Applications

Exponential fitting
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NMR spectroscopy

The sparsity prior

Direction of Arrival Estimation

Fluorescence
microscopy
Array Imaging



EXPERIMENTAL AND ANALYTICAL ESSAY
ON
THE EXPANSION PROPERTIES OF ELASTIC FLUIDS
AND ON THE FORCE OF EXPANSION OF
WATER VAPOR AND ALCOHOL VAPOR AT DIFFERENT
TEMPERATURES

By R. Prony, 1795
Translated by Dr., Ann Sanders/ETI

Gaspard-Clair-Francois-Marie
Prony’s problem: recover {u;, p;} from samples of Riche de Prony

(1755-1839)
T(X) = php1 + t2p3 + - tnpPn

I"H$"%& () *+,'&,'-%. /011" #$ Y68 Vo ($) Yo+, #H -+ $/0%-"0(-, %2$'3%- BS, #+H#AS, BV, 0$39%00, #"+$/0%+-" (G0, 9BY0-, #-52(6%-%6& #*"$7%-
TH%0(3%8#,922:#3$55% (% 496) Vo (#+0 (" #S%8)BH+"#, -.| AL2#3,1456"



’ .
Prony’s Insight
T(k):Z[l]p;(, ,l.l]:/:O,,D]E(C
j=1
Q(x) =(x—p1) - (x —pp) =x" + g x™ T+ -+ c1x +
= ) ct(k+£)=0, Vk €N

Proof: Y3_g co(k +€) = Xj_gce Xy pipf = X7 uipf Q(pj) = 0



Prony’s Method

I Construct nX(n + 1) Hankel matrix

[ (0)
=0,1,.n  _ :
H=[t(k+£)]=g1" n-1= I ‘
t(n—1)

| Find ¢ € ker(H), construct Q.(x) = ¥7_, ¢;x’
I {p;} are the roots of Q
! {,uj} are given by

1 - 1 - 7(0)

U
P 7" Pn [ 51] _| T
pp! i Lt PN

T(n)

T(Zn.— 1)

2n unknowns

2n samples



Parametric super-resolution il

_______ i
%(2) 3 (j-l=1)j *+, (45.26)7 8-21,23 9/: /; ]

e 1D extensions

I K(L) & ™ ;0;(L) MNFO+L%;P for some parametric family QO;R
I S(L)K(L) 5 . for some difference operator S(L) with poly. coefficients
1 05 ", (3T 4T, 5UTy K(L) 5 @04*0P

*N-D:%(& " (;);*+, -.(&0)1
* "Algebraic data”

Golub et al. (1999) Kunis et al. (2015)
Gustaffson et al. (2000) Comon&Usevich (2016)
Batenkov (2009) Stampfer&Plonka (2019)

Lasserre&Putinar (2015)
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Batenkov et al., Information and Inference, 2020
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Vandermonde matrices
G(x,8) := [sinc (2 (x; — "1))]1<iJ<R
« Spectral properties of G, V, - crucial for SR

Alll

Connections to harmonic analysis p
p(t) = Zj:l cj exp(i;t)
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Piecewise-smooth functions

low-resolution

e If O is piecewise d< then !

i1 (kd\ o1t o
dOeP&f ((j,O BJ?Bng)hlt/JVB |(e d 1)

J
| H13'(0+00922/83)0/(Yo-/1YH(+) ' #-+&&'["2#0

* Currently working on extension to 2D R
[DB, Yomdin, Math.Comp.(2012)]
[DB, Math.Comp. (2015)]

* Next steps: applications for MRl imaging
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“Quasi-spikes”

“Sparse+smooth” structure !
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Transmission tomography (X-ray)
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(Pf) (w,x) = :

—Q0

@ Limited-angle data problem (not all w's are covered)

| D', 2#)/(#042(9
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fi 5.41)

f(x + tw)dt, x € w+

Hesiidis for SNK .25, 128 projections

L1 Reguiarization

k' e

True image

o o 3 0 %0 1w
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Inverse scattering

(A + w?m(x)) u, s = f(x), + boundary conditions

Uy, f (Xr)

r.w,f

o find m(x) from d, , f
@ nonlinear in general
@ no satisfactory solution in 3D
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Applications: fiber optics, underwater acoustics, seismics,...

Our goal: overcome resolution limitations of traditional X
imaging methods y —
..
Data-driven approach: Source Refocusing via Physics- diow
Informed Neural-Network 2D B B
In progress: rigorous algebraic techniques ‘fw
True Locations 200 Deep Learning labels
150 Hti,n | Kiow * pt — fw(dlow)“2 + MK s * p— K fw(dlow)||2
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IKM Image 565 Deep Learning image
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