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What is an inverse problem?

• Two problems are inverses of one another if the formulation of each 
involves all or part of the solution of the other.
• Often, for historical reasons, one of the two problems has been 

studied extensively for some time, while the other has never been 
studied and is not so well understood.
• In such cases, the former is called the direct problem, while the latter 

is the inverse problem.
(Keller J B 1976 Am. Math. Monthly 83 107)

For a Mathematician: choice is arbitrary
For a Physicist: direct problem follows causeàeffect.





Geophysical inversion
Reconstruction of
the magnetization
inside the volcano.

Seismic tomography Gravity map of the Moon
(GRAIL mission)



Diffraction-limited imaging

Image deblurring

holography

Super-resolution imaging



Medical imaging

MRI Ultrasound

ECG



Remote sensing



Past, present and future (very inaccurate)

• 19th century: differential equations (forward problems)
• 20th century: mathematical physics, many theoretical developments, 

“classical” results
• 2000-2010 : sparsity, compressed sensing
• Today: large scale computations, deep learning, “data science”



Inverse Problems - today



By subject area



Math/computational questions

Modeling!!



Course topics

1. General theory
2. Regularized solutions
3. Discretization
4. Resolution and super-resolution
5. Sparsity constraints
6. Applications / current research



Linear integral equations

• Accurate model for many IPs

𝑦 𝑡 = ∫ 𝐾 𝑠, 𝑡 𝑥 𝑠 𝑑𝑠 + 𝑒 𝑡

𝑔(𝑡) = ∫!
" 𝑑
(𝑑# + (𝑡 − 𝑠)#) ⁄% # 𝑓(𝑠)d𝑠

(𝑇𝜌)(𝑦⃗) = 𝑉(𝑦⃗) = −𝐺+
⊕

𝜌(𝑥⃗)
|𝑥⃗ − 𝑦⃗| d

"𝑥



𝑦 𝑡 = ∫ 𝐾 𝑠, 𝑡 𝑥 𝑠 𝑑𝑠 + 𝑒 𝑡

• Singular value expansion of compact operators
• Problem always ill-posed: need prior information in 

order to solve
• |𝑥| ≤ 𝐸 (size/energy)
• 𝑥 𝑡 ∼ ∑/ 𝑐/𝜑/ 𝑡 𝑤𝑖𝑡ℎ 𝑐/ → 0 sufficiently fast (e.g.

smoothness)

• Worst case error !!" # $" !!? 



Ill-posed problems and regularization

𝑦 = 𝐾𝑥 + 𝑒
𝑥# = 𝐾$%𝑦



Regularized solutions
! !"#$%&$'(#)"$
! *+,-./.0&)"1(2#)+3#%+./
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! 9-.+4"&.:&)"1;&<#)#="%")
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From infinite to finite

• How to discretize an operator equation?
• Rudimentary convergence analysis

Quadrature methods
Galerkin / expansion methods



!"#$%&%$'()"*+(,-*.$(%/0+$'1





Inverse problems & Super-resolution

• Super-resolution (SR): recover /𝑓 𝜔 for 𝜔 > Ω
• Eventual resolution limit depends on

! Noise level ||𝐸||
! Bandlimit Ω
! Prior complexity/geometry…

!"#$%&'()# &$*( +'(#&*#,*-.'/-0 *12,'+2#$.3$4,*56#.(7%,8'2.%(9
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SR today
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Can we be sure?
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Classical/Linear SR

• “Classical” theory: depends on spectral properties of 𝐴
! !"#$%&'()*'&%+),+-'.)('/+0
! 10-"&&'/"2#)3(23+(/"+0)24)0"#$%&'()4%#-/"2#0

• Analytic continuation
• Super-resolution of compactly supported objects

𝐴𝜑 = ∑
345

6
𝜇3⟨𝜑, 𝜑3⟩𝜓3



!"#$%&'#()$*#++&',$-.)$/0
! !"#"$%"&' ! " #! $%&' &( !"#$%#&$'(%#)*+$%'&,&-%)"*-+&./""%#+0

! 12.3#435&Ω62*'78$)$+37&43#.$%'&%(&!

! 𝐴&,(: 𝐿) −𝑇, 𝑇 → 𝐿) ℝ :	𝐴&,(𝑓 = ∫$(
( *+,(&(.$/))

1(.$/)
𝑓(𝑠)𝑑𝑠

! 𝑐 = Ω𝑇, (𝐵2𝑓)(𝑡) = ∫$%
% *+,(2(.$/))

1(.$/)
𝑓(𝑠)𝑑𝑠, |𝑡| < 1.

! !"#$%&'()$*+",-."/)-"0%*01*" - +$-$.2"%$,*34*/0)%+,

! Ω𝑇 is precisely the number of points in [−𝑇, 𝑇] taken at Nyquist rate
! As 𝑇 → ∞, the “super-resolution factor” vanishes (≈ 𝑂(log𝑇/𝑇))
! For fixed 𝑇 ≫ 1, we expect  log %$3

3
≈ log %

3
(as 𝜖 → 0) extra degrees 

of freedom
! In practice, may obtain significant SR for small 𝑐 (i.e. 𝑇)
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Prolate Spheroidal
Wave Functions

!
&
&' (1 − 𝑥

#) &((*;')&' + (𝜒 − 𝑐#𝑥#)𝜓(𝑐; 𝑥) = 0

! ∫-"
" ./0(*(1-2))

3(1-2) 𝜓4(𝑐; 𝑠)𝑑𝑠 = 𝜆4𝜓4(𝑐; 𝑡)

! 5'#)6+)+7/+#,+,)/2)𝑡 ∈ ℝ 6.)/8+)'62*+)42(9%&'

! !"9%&/'#+2%0&.)2(/82$2#'&)2#)ℝ '#,)2#) [−1,1]
! ;𝜓4 "0)')(+0-'&+,)-23.)24)𝜓4

! 5293&+/+)"#)𝐿#[−1,1] '#,)"#)𝑃𝑊* :03'-+)24)𝑐;
6'#,&"9"/+,)4%#-/"2#0<

! 𝜓4 8'0)+7'-/&.)𝑛 =+(20)"#)[−1,1]
! 5'#)6+)-293%/+,)+44"-"+#/&.

! >0+4%&)42()+7/('32&'/"2#

!"#$%&'()#*(++,-".,)$/



“Soft” SR

𝐺 𝑦 = ∫ 𝐾 𝑦 − 𝑥 𝐹 𝑥 𝑑𝑥 + 𝐸 𝑥 , 𝐸 ≤ 𝜀 supp 𝐹 ⊂ [−𝜎, 𝜎]
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From smoothness to sparsity



?"$8;(+02&%/"2#)0"$#'&@)𝑓5 = ∑6 𝜇6𝛿(𝑡 − 𝑡6)

!"#$%&'(")%$*+&,'-.$&#$/"01"%23-"0

A2B;(+02&%/"2#)0"$#'&@𝐹Low ≈ ∑6 𝜇6 sinc Ω(𝑡 − 𝑡6)

C'#,&"9"/+,)03+-/('&)9+'0%(+9+#/0@)M𝑓 𝜔 = ∑6 𝜇6 exp 2𝜋𝑖𝜔𝑡6 , 𝜔 ≤ Ω

D'.&+"$8)&"9"/@)∼ "
7
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𝜏(𝑥) = 𝜇%𝜌%4 + 𝜇)𝜌)4 +⋯𝜇5𝜌54

Prony’s problem: recover {𝜇6 , 𝜌6} from samples of
Gaspard-Clair-Francois-Marie 

Riche de Prony 
(1755-1839) 

!"#$"%&'()*+,'&,'-%./01'!""#$%&'%($)%*+#,-%+-#*#,.+$/0%1-"0(-,%"-,2$"3%-,#-3$,#+#4$,$+%3%-5,0$3%"%,#"+$/0%%+-"0(-6%,,%"3%-,#-52(6%-%&'#*"$7%-3%-,#-
7#'%0(3%-,8#,922,:-#-3$55%(%*+%"+%)'%(#+0(%"2'!"#$%&'(#)&'*+"#,-./ 012#3,1456"



Prony’s Insight

𝜏 𝑘 =[
67%

5

𝜇6𝜌68 , 𝜇6 ≠ 0, 𝜌6 ∈ ℂ

𝑄 𝑥 = 𝑥 − 𝜌% ⋯ 𝑥 − 𝜌5 = 𝑥5 + 𝑐5$%𝑥5$% +⋯+ 𝑐%𝑥 + 𝑐#

⇒[
ℓ7#

5

𝑐ℓ𝜏 𝑘 + ℓ = 0, ∀𝑘 ∈ ℕ

Proof: ∑ℓ7#5 𝑐ℓ𝜏 𝑘 + ℓ = ∑ℓ7#5 𝑐ℓ∑67%5 𝜇6𝜌68:ℓ = ∑67%5 𝜇6𝜌68 𝑄 𝜌6 = 0



Prony’s Method
𝜏 𝑘 =[

67%

5

𝜇6𝜌68 , 𝜇6 ≠ 0, 𝜌6 ∈ ℂ

! Construct 𝑛×(𝑛 + 1) Hankel matrix

𝐻 = 𝜏 𝑘 + ℓ 87#,%,…,5$%
ℓ7#,%,…,5 =

𝜏(0) ⋯ 𝜏(𝑛)
⋮ ⋱ ⋮

𝜏(𝑛 − 1) ⋯ 𝜏(2𝑛 − 1)

! Find 𝒄 ∈ ker 𝐻 , construct 𝑄𝒄(𝑥) = ∑67#5 𝑐6𝑥6

! {𝜌6} are the roots of 𝑄𝒄

! 𝜇6 are given by
1 ⋯ 1
𝜌%
⋮

⋯
⋱

𝜌5
⋮

𝜌%5$% ⋯ 𝜌55$%

𝜇%
⋮
𝜇5

=
𝜏 0
𝜏(1)
⋮

𝜏(𝑛 − 1)

2𝑛 samples

2𝑛 unknowns

𝑉𝑎𝑛𝑑𝑒𝑟𝑚𝑜𝑛𝑑𝑒 𝑚𝑎𝑡𝑟𝑖𝑥



Parametric super-resolution

• 1D extensions
! 𝑚 𝑘 ∼ ∑t 𝑓t 𝑘 exp(𝑖𝑘𝑡t) for some parametric family {𝑓t}
! 𝔇 𝑘 𝑚 𝑘 = 0 for some difference operator 𝔇 𝑘 with poly. coefficients
! 𝑓 = ∑u 𝑐u𝑣u, 𝐴𝑣u = 𝜆𝑣u, 𝑚 𝑘 = 𝐹(𝐴/𝑓)

• N-D : % & ' ( W )W *+, -. &/0𝒋 1

• ”Algebraic data”

Existence/uniqueness?

Stability?

% 2 3 ( WYZ
[ )W *+, 45.26W 7 8-21, 2 3 9/: / ;

Golub et al. (1999)
Gustaffson et al. (2000)
Batenkov (2009)
Lasserre&Putinar (2015)

Kunis et al. (2015)
Comon&Usevich (2016)
Stampfer&Plonka (2019)
…



Stability analysis

Batenkov et al., Information and Inference, 2020
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Main result

• Theorem: v!

wx
≤ Ω ≤ v"

y
, then with SRF ≔ Ωℎ z5 and 𝜖 < 𝑐{SRF5z|}

|𝑡̃t − 𝑡t| ≍
𝜖
Ω × _

SRF|}z|, 𝑡t ∈ tv

1 𝑡t ∉ tv

|𝑐̃t − 𝑐t| ≍ 𝜖× _
SRF|}z5, 𝑡t ∈ tv

1 𝑡t ∉ tv

• Corollary: SRF ≍ 5
~

!
"# $ !

• Main tools:
! A2-'&)3(23+(/"+0)24)/8+)"#*+(0+)9'33"#$):03+-/(%9)24)/8+)E'-26"'#<
! F%'#/"/'/"*+)G93&"-"/)4%#-/"2#)/8+2(+9

. . . . . . . . .



Vandermonde matrices

Connections to harmonic analysis (Turan’s Lemma)

!"#$%&'()*+,)*+$-"%$#)*.,)*/'01-"%)*/,)*2*3'-14%)*3,*!"#$%&'()*+,%'*%$+-)./%#*+,01.1%+*2%#33,.4+-.'*15%!"!"
!"#$%&'()*+,)*+4$1$54678)*!,)*/'01-"%)*/,)*2*3'-14%)*3,**6.*7+)%#,879)+%+*2%.-1%#33,.4+-.'*15%!"!#
!"#$%&'()*+,)*/'01-"%)*/,)*#33,.72%+*2%:';3(-+-.'*+,%<+);'*.4%#*+,01.15%!"!#



The search for optimal computational methods

! HI&$+6('"-J):K(2#.;6'0+,<)
! L2#&"#+'()&+'0/)0M%'(+0
! ?292/23.):02&*"#$)32&.#29"'&0)0.0/+90<
! N2/'&)*'("'/"2#)(+&'7'/"2#

arg 𝑚𝑖𝑛
89(𝜶,𝐱)

∥ 𝜇 ∥=> 𝑠. 𝑡. ∥ b𝜇 − b𝑔 ∥≤ 𝜀

! H!%603'-+J)9+/82,0)4(29)0"$#'&)3(2-+00"#$

30&2-$+%#&.%)&-1$45

9"%1:8)*;,*<,)*2*=$5%"%1$>?/5"%1")*9,*@ABCDE*
9FG#)*H,)*2*.$$)*I,*@ABCJE,*
K'5L$%87#$5%)*M,*N,*@ABABE,
.4)*I,)*.4"')*I,)*2* ="%%O4"%L)*H,*@ABABE,
.4F)*P,)*2*Q7"%L)*R,*@ABABE,*



4(52%6'-./7%+6-8(6$)+,9



Piecewise-smooth functions
• If 𝑓 is piecewise 𝐶� then 

/𝑓(𝑁) ∼ f
t

𝑐t,� +
𝑐t,5
𝑁

+ ⋯ +
𝑐/,�
𝑁� 𝑒��%� + 𝑂 𝑁z�z5

! H!3'(0+O0922/8J)0/(%-/%(+)! -'#-+&&'/"2#0

• Currently working on extension to 2D
• Next steps: applications for MRI imaging [DB, Yomdin, Math.Comp.(2012)]

[DB, Math.Comp. (2015)]



“Quasi-spikes”

< ' =
dYZ

e

<d " # " d />?@@<d A # B/B

C D-E1 ' =
dYZ

e

F<d-E18fgh! 7 8-E1/ F<d GHi

“Sparse+smooth” structure ! cancellations
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1(+(23)&4#'$5.3#%*
! 5'#)%0+)')!"#$%&'!"()*$+/2)'33(27"9'/+)/8+)"#*+(0+)9'33"#$

! S7-+&&+#/)3('-/"-'&)(+0%&/0)$"*+#)/8+)-2((+-/)'(-8"/+-/%(+)'#,)0%44"-"+#/)/('"#"#$

! !%3+(;(+02&%/"2#T'--%('-.)62%#,0)"#)$+#+('&)%#Q#2B#

! !"#$%&$'%()*+,-./0-1+23/0-45*+6$



!"#$%&$'%&'(#)*$+%,*-

Applications: fiber optics, underwater acoustics, seismics,…

Our goal: overcome resolution limitations of traditional 
imaging methods

Data-driven approach: Source Refocusing via Physics-
Informed Neural-Network

In progress: rigorous algebraic techniques
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Administration
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