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Understanding the radiative transfer processes in the Earth’s atmosphere is crucial for accurate climate
modeling and climate change predictions. These processes are governed by complex physical phenomena,
which can be generally modeled by the radiative transfer equation (RTE). Solutions to the RTE are obtained
by various methods including numerical (standard RTE solvers), stochastic (Monte-Carlo), and data-driven
(machine-learning) approaches. This paper introduces a novel numerical approach utilizing a Physics-Informed
Neural Network (PINN) to solve the RTE in atmospheric scenarios, applying physics constraints in a machine-

learning framework. We show that our PINN model offers a flexible and efficient solution, enabling the
simulation of radiance values using plane-parallel atmosphere, and under diverse conditions, including clouds

and aerosols.

1. Introduction

The Earth’s radiative budget plays a significant role in driving
weather and climate processes. Therefore, its accurate modeling is crit-
ical for understanding current and future climate. Both solar and ther-
mal radiation undergo modifications as they traverse the atmosphere,
primarily through scattering and absorption by molecules, aerosol par-
ticles, and cloud droplets. The interaction of radiation with clouds and
aerosols is highly complex, leading to uncertainties in current radiative
forcing models [1]. Many of the algorithms developed for obtaining
the optical parameters, which define the aerosol and cloud’s radiative
forcing properties, rely on forward radiative transfer (RT) simulations
generated by different solvers. Among these, retrievals of the optical
parameters are made by comparing the measured radiance using meth-
ods such as Look-Up Tables (LUTs) [2], optimization methods [3], or
neural networks [4]. Classical approaches to numerical solutions of
the radiative transfer equation (RTE) include the Discrete Ordinates
Method (DISORT) [5], the Monte Carlo Method [6], and Successive
Orders of Scattering and Markov Chain methods [7,8]. These methods
are widely used in the atmospheric RT community and are considered
the standard for radiative transfer simulations. However, these methods
have several disadvantages, including the need for a grid to solve the
equation, which can limit the ability to simulate radiance over complex
geometries, and the vast modifications needed to generate the Jacobian
matrices (derivatives of the solution with respect to the parameters) for
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optical parameter retrieval. Additionally, the run-time for repeatedly
running the RTE solvers forward can be long when attempting to
incorporate them in an end-to-end retrieval scheme.

An emerging field in the Scientific Machine Learning (SCIML) com-
munity is the development of Physics-Informed Neural Network (PINN)
models, which provide a unified approach to solving forward and
inverse problems for various differential equation models, including
ordinary (ODEs), partial (PDEs), and integro-differential equations such
as the RTE. The utilization of PINNs for radiative transfer has only
emerged recently [9,10], and the existing work focused solely on
theoretical derivation.

In this work, we adopt and implement the PINN approach within
the context of the atmosphere. We demonstrate that this method can
precisely replicate radiance values across a range of atmospheric sce-
narios, including the presence of molecular gases, aerosols, and clouds.
Additionally, we provide a comparative analysis of our PINN-based
model against community-standard radiative transfer solvers and of-
fer accuracy assessments. Accompanying this paper is a Python code
leveraging the Pytorch framework (RTPINN), designed for simulating
radiative transfer under varied atmospheric conditions.

The paper is organized as follows. Section 2 formulates the RTE
according to an atmospheric profile. Subsequently, the PINN frame-
work for the forward RTE solution is introduced in Section 3. Section 4
provides a numerical analysis of the PINN model and its convergence
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properties. A description of the implementation and numerical exper-
iments and comparisons with other solvers is provided in Section 5.
Finally, Section 6 offers key conclusions and future work.

2. Atmospheric radiative transfer

In this section we follow the formulation described in [11]. We
will consider a plane-parallel atmosphere, representing a 1D version of
the radiative transfer equation (RTE) that assumes spatial dependence
only on altitude. The term I(z, u, ¢) describes the (scalar) radiance in a
specific wavelength at a given optical depth = € [0, 7*], zenith direction
u = cos(9) € [-1,1] and azimuth angle ¢ € [0,2x). The radiative
transfer equation is given by:

al
oo = I(z,p, ¢) — Sz, p. $), €y
where the source function S is a sum of two terms:
(1)

ST, pu, ) =0, 1, ) + e
7T Jo

27 1
/ Pz, p, g ¢ (i ¢ )dp' d'.
-1
(2)

The first term is the internal source, denoted as Q, corresponding to
direct solar radiation, black body emission, or both. The second term
is the scattered radiation in the direction specified by u, ¢. This term is
determined based on the scattering phase function P, which describes
the angular scattering pattern of an infinitesimal volume. The single
scattering albedo (SSA) is denoted by w(z) and gives the spatially
dependent ratio between total scattering and extinction.

We define the internal source term Q according to the source as
follows:

othemab(z) = {1 - w(z)} BI4.T(7)], 3

where Q(thermal) () represents the thermal emission source term for the
temperature 7'(r) according to the Planck function B. Additionally, the
beam source term is defined as:

(1)l

O ™z, . §) = =L P(x. . i =g o)™/, )
T

where Q2™ (7, ;. $) accounts for the direct solar radiation.

The RTE (1) is accompanied by the following boundary conditions
defined according to the cosine solar zenith angle (SZA) and solar
azimuth angle, u, and ¢, respectively, and the surface temperature T,:

I(z, p, )

I, t=0Au<0, (5a)

EGOB(T,) + - iy Toe™™ " p(u, =4, = )

2 1
+ % / d¢’ / o= p— I = pp'dy r=7"Au>0. (5b)
0 0

The constant value of I,,, is intended to simulate a thermally
emitting upper boundary or a highly scattering boundary, like a cloud.
In most cases, including this work, I,,, is set to zero. B(T,) is the Planck
Function given by surface temperature, ¢ describes the directional
emissivity, and p is the bidirectional reflectivity distribution function
(BRDF).

As is common in numerical solvers [5], the solution is assumed to
be decomposed into Fourier components

M-1

Iz, u, ) = Z I"™(z, p) cos(m( — ¢by)).- ©

m=0

The phase function is assumed to depend solely on the angle ©
between the incident and scattered beam directions and can be ex-
pressed as a finite Legendre decomposition, where P, are the Legendre
polynomials and g; are the phase function coefficients:

M-1

P(x.0)= Y (2 +1)g(x)P(cos(®)). @)
1=0
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The phase function P is also decomposed into its spherical Fourier
modes, by utilizing the addition theorem for spherical harmonics

m=0 I=m

M-1 M-1
P =) = Y 2=, [2 Q@+ D@D AT AT ') | cosm(d—¢).

®
where A}" are defined as follows
(U —=m)!
Am — Pm
1) Trm (), 9

and P" are the associated Legendre polynomials. By substituting the
Fourier decompositions (6), (8) back into the RTE (1), (2) we get M
independent integro-differential equations:

oI"(z, u)
K a7
Correspondingly, the source function is given by the following terms:

=I"(e,u)— S™(z, 1) (m=0,1,..., M —1), (10)

1
S™(r, p) = / D"z, p, Iz, p)d ' + Q™ (z, ),
-1

M-1
Dy = B2 Q1+ DG @A AT,
I=m

O"(t,u) = X(;"(f, H)e"/l‘o + 5m0thermal(T)’

I M-1
X =200 5,0 T 0+ Vg @A GOAT ).
I=m

Here ¢;; denotes the Kronecker’s delta function.

A similar decomposition is performed over the boundary condi-
tions (5) yielding M independent boundary conditions: for each m =
0,1,...,M — 1 we have

I"z=0,u)=0, u<o, an

I"(z=7%p) = Ig"(y), u>0. 12)

Here, the surface reflected radiance /1 &+ () is given by the following
equation:

1 s
1G0) = 8,0 BTy + —oToe™ 00" (. ~ig)

1

+ (1 +5mo)/ P (=" (& = Y dyd (13)
0

where p"(u,—p') = i# 027r o, =, — @) cos(m(¢p — ¢')Nd(¢ — ¢")

are the Fourier components of the reflection kernel.

3. The RTPINN framework

The PINN approach is an innovative framework that combines deep
learning techniques with physical laws to solve complex scientific and
engineering problems. PINNs aim to leverage the expressive power
of neural networks while enforcing the governing physics equations
as constraints during the learning process [12]. This is achieved by
integrating the knowledge of the underlying equations and the bound-
ary conditions into the loss function, allowing the solution of partial,
ordinary, and integro-differential equations by minimizing the loss over
many points sampled throughout the domain.

The approach was initially introduced by [12], where the first
implementation of a Physics-Informed Neural Network (PINN) was
demonstrated, showcasing its capability in solving different differential
equations such as the Navier-Stokes and non-linear Schrodinger equa-
tions. This idea was further extended to operator solutions in [13]. To
date, there have been only a few publications applying the PINN to ad-
dress the Radiative Transfer Equation (RTE). In [9], they showed how
a PINN architecture could solve the scalar RTE. They derived an error
bound for the generalized error of a trained network which depends
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Fig. 1. Evaluation of the loss function over the atmosphere. Collocation points (green dots, S*) are sampled over the domain to validate the RTE term, and boundary points
(blue dots, S%,5"?) are sampled to measure the correspondence with the boundary conditions.

solely on the number of training point. In [14], the authors further
researched the utilization of PINN for radiative transfer and examined
the solution stability. In [10] they considered the 1D equation with
azimuthally averaged radiance and demonstrated how the integration
kernel can be evaluated using a second network without quadrature.
As far as we know, PINNs were never utilized in physical boundary
conditions and were never compared to state-of-the-art atmospheric
RTE solvers. For all cases mentioned, the boundary condition was
generated under the assumption that the radiance values at the surface
are known, which is not valid for most realistic applications. Our
research did not assume prior knowledge of the radiance solution other
than the BRDF function as in (5), thus creating the first PINN model
comparable with the standard radiative transfer solvers.

The neural network inputs are the pair x = (r, ), while the output
uy(x) is the vector (Ig(r, #), ..., I~ (z, u)) which is an approximation
to (1%, u), ..., 1M1 (z, u)) as in (6), This approach of considering the
network output as the Fourier coefficients of a differential equation so-
lution was first demonstrated in [15]. The optimization of the network
parameter vector 6 is performed to minimize the discrepancy between
the two vectors, by ensuring that each 7 g T w)ym=0,...,M-1 adheres
to the RT Eq. (10) and its boundary conditions (11), (12) and (13)
at various randomly selected points. If a sufficient number of points
is sampled, the network will accurately represent the solution to the
differential equation across the entire domain. This approach therefore
provides a “grid-free” solution.

The PINN architecture we consider here is in the form of a feed-
forward fully connected neural network, which forms a function uy(x)
that calculates its output through n layers of units (neurons) com-
posed of affine-linear maps of weights (W) and biases b, fed through
non-linear activation functions. Formally, we have:

zZ) =X,
Zpyg =o(Wyzp + b)), k=1,...,n,
u9(x) = Zpt1s

with

W, € R%+1¥d p e R+, k=1,..,n,

and

0= (Wbt

Here, o is a scalar (non-linear) activation function applied to vectors
component-wise. As recommended in [16], we use the hyperbolic tan-

gent (tanh) function as the activation function. While other choices can
also be considered, the commonly used ReLU function is not effective

for PINNs due to its zero second derivative, which can cause the
gradient of the differential term in the equation residual to vanish,
significantly affecting training.

Neural networks are trained to optimize the weights {W,} and bi-
ases {b,} via minimizing a loss function with a gradient-based method.
Our PINN approach relies on training over points spread in the spatial
domain (i.e., collocation points) over which residual terms (describing
adherence to the physical constraint) in the loss function are mini-
mized. For interior collocation points, we define a residual term R;’”*m
that measures how well the solution satisfies the equation. For points on
the boundary, we define residual terms Ry”" and R measuring how
well the model adheres to the top and the bottom boundary conditions,
respectively. Fig. 1 demonstrates how the sampled radiance function is
optimized over different points in the atmospheric domain.

The interior residual term is formulated based on the differential
equation specific to each mode, approximating the integral of the
source term through Gaussian quadrature using Ng quadrature nodes

r 1 Ns
U ey

N,
RIMM(z ) = ﬂ—l”’+zswlD(r N (z, 1) + Q™ (7, 1) (14)
0w = s = I 2. NTTALIACAT JH).

=

Here the derivative term is evaluated using the automatic differen-
tiation of neural networks.

The residual term for the top boundary points is defined according
to the top boundary condition for x4 < 0 as follows:

RGP (w) = 170, 1) = I, = 1(0, o). (15)

For the surface reflection condition described in (12), (13), we get
the following residual term where the reflection integral is approxi-
mated using Gaussian quadrature of Ny nodes {(f;, zi),-)}f:’l‘:

RE™ () =1;" = 8,,06(1) B(T)

1 .
= = pploe™™ 10 p" (u, — )
P (16)

Ngr
1 ~ ~ v e
-d +5mo); Z}wjp'"(u,—ﬂj)l‘;"(r =
=

Having defined the residual terms, we now move to the loss func-
tion. Let the interior and the boundary points be denoted as follows:

SM = {(rp), i=1,.., Nyt
S = O, J =1 Nyt
SE = {4, I=1,....N,}.
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We take the loss L, to be the average of the residual terms over the
sampled nodes in the domain
M-1
— 1 int,m top,m g,m
c(,_HZ[g + glorm 4 gem] | a7
m=0
where the error terms £7m, glopm g8m approximate the integrated
residuals over the domain:

Z

1 t 2 otopm _ p mpm lup _
T DR £ = ZR ). e =

int =] wP j=

gintm _

NL (52,

i Mg

18

Although it is not typically treated as a boundary condition in
most radiative transfer literature, another constraint is imposed on the
radiance solution: at the boundaries of y = —1 and u = 1, the solution
must remain constant over ¢ € [0,27). When M = 1, this constraint
is naturally satisfied. However, for higher modes, it can be used to
regularize the optimization process. Since the variation is constant, all
modes with m > 1 are eliminated, leading to the following constraint
for the PINN solution:

M Nip
£res = 2 3 I ) + 1z, - 1), (19
m=1 i=1

2N,,,,(M

we add this term to the loss function to ensure that the solution remains
constant.

The network is trained by optimizing the parameters  to minimize
L. According to (6), the predicted output is computed for a new input
7, 4, ¢ as the Fourier sum of the outputs of the M networks:

M-1

To(r. @) i= Y 17'(z, ) cos m(@ — dy). (20)

m=0

4. Numerical analysis

In this section, we provide a theoretical analysis of the convergence
of the PINN model for the radiative transfer equation. We start by
considering the error estimation of the PINN model and then provide
a theorem for the convergence of each Fourier mode over the domain
S := [0,7%] X [-1,1] and then generalized it to the solution function
I(z, u, ). The analysis is based on the work of [9] generalized to the
atmospheric domain.

Theorem 1. Let I € L*([0,7*] x [—1,1] x [0,2z]) be the unique weak
solution of the radiative transfer Eq. (1), and let I™ be its Fourier mode of
order m. Let D™, p™ satisfy the following conditions for every r € [0, T*]:

o D™z, p') € CPNs([-1, 11 x [-1, 1]);
o p"™(u,p') € CPNR([-1,1] x [-1,1]).

Assuming the scattering phase function is energy-conserving, and p™ and
D™ not fully scattering, i.e.
1

/ D" (oo i < Mg < 1, @1
-1

1
a +5mo)/ |p" (=)' dpy’ = Mg < 1. (22)
0

Assume the residual terms (14), (15) and (16) are evaluated at
Niy> Ng, Ny, Sobol points respectively. Further, the scattering and reflection
kernels are computed using Gauss Legendre quadrature points {u], W) }ZSI,
and { ji;, ; }fi’f for the scattering and reflection kernels. Then the following
expression bounds the generalization error of each mode of the PINN

solution 17(z, ) := I"(z, ) = I'(z. p):
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- 2 log N, logN,, log® N,
en= / ( I"’(T,u)) drdy <C | EP™ 4 £8M 4 £ 4 £+ 2+ =
¢ S Ng Ntap Nr’m
FNLE e\
+ | = +(— .
(%) ()
(23)

The constant C is defined in the proof (see Eq. (A.23)) and depends on
the variation of the residual terms (cf. Definition 2), as well as the norms
of the network prediction function and the initial data.

The proof of Theorem 1 is provided in Appendix A. Here let us
remark on the conditions (21), (22) of Theorem 1, which may not
seem fully intuitive. As we argue below, they should be satisfied in any
reasonable scenario.

First, since the scattering phase function can be considered as a
probability density function (PDF), it is non-negative and integrates to
1,ie.

2z 1
A /l P(o, i, — ¢Ndp'd(¢p - ¢') = 1. (24

Since |cos(m(¢p — ¢")| < 1 and P(z, u, ', p—¢') > 0 we get the following
inequality:

1 2
% / zi / Pz, u, 1’ ¢ — @) cos(m(e — ¢")d(¢p — ¢')| du’ <1, (25)
-1 |47 Jo
which implies that
H2-6, [
/_ ] — [; Qi+ l)g/(T)Af"(u)Aj"(M’)] du' < 1. (26)

One can see that the last inequality is equivalent to (21) up to
() which means that as long as w(r) < 1 the condition is satisfied.
While the case of w(r) = 1 is theoretically possible, it cannot be
realized in practice, since all materials exhibit some level of absorption.
A similar argument can be made for the reflection kernel, where the
condition (22) is equivalent to a minimal level of absorption on the
surface.

By applying Theorem 1 to each Fourier mode and assuming that the
solution is decomposed as in (6), we obtain the following corollary for
the accuracy of the network output (20):

Corollary 1. Assuming all the conditions of Theorem 1 hold, and that
the solution can be decomposed into a finite Fourier decomposition, the
generalization error of the PINN satisfies the following bound:

2z
=// fszdﬂd¢=/(Ig('f’lla(f))_l(f,ﬂ,(l’))z
sJOo S

<o |loele | loe Ny | o8 Nuw (L)WS + <L>4NR 27
h Ng Nrop Nint NS NR ( )

M-1

+ Z {gtop,m + £8m +£int,m }] .

m=0

Proof. By (6), (20) and the Parseval’s theorem, we have

M-1
// Pdrdpdd == Z /Im drdpu=n Z em.

sJo -
Applying Theorem 1 to each mode we get the desired result. []

The bounds provided in Theorem 1 and Corollary 1 limit the gen-
eralization error based on the training loss terms, Ng, Ny, and the
number of training points. When considering these bounds, it is im-
portant to note that the training error cannot be estimated prior to the
solution process but is available at every epoch of the optimization.
From the user’s perspective, as the loss values approach zero, the
error order will be determined by Ng, Ny and the number of training
points according to the convergence order specified in Theorem 1 and
Corollary 1.
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Fig. 2. Flow chart describing simulation process using RTPINN, the optical properties can either be generated by the standalone software or by the Libradtran code.
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4.1. Intensity correction

For cases with a strong forward scattering component in the phase
function, many Legendre coefficients and Fourier modes are required
to accurately solve the radiance solution. In order to address this, we
implemented the §— M transformation [17]. The 5~M method is used to
decompose the phase function P into a combination of a delta function
in the forward direction and a truncated phase function P’, which is
then expanded into a series of Legendre polynomials and over which
the RTPINN is trained. In more detail, we have

P(7,c08 O) = 2f8(cos O) + P'(z,cos O),

where f is the separated fraction chosen to be f = g, (z) where N is the
truncation index, usually set to the number of streams Ng. According
to f we define the § — M scaled optical parameters relevant to the RTE
over P’

gl(o) = % 28)
;o)1= f)

o/ = ST 29)

' =1 —w@)f)r (30)

Nakajima and Tanaka [18] demonstrated that although the § — M
transformation is an effective truncation method, it introduces oscilla-
tions in the radiance solution, particularly pronounced in the aureole
area. In their study, they illustrated that modifying the 6 — M solution
to incorporate direct computations of single and double scattering
can significantly mitigate these errors in the radiance solution, those
intensity corrections are reffered as the IMS corrections. The DISORT
method applies IMS corrections when the delta-M transformation is
used. In contrast, we found that RTPINN should not always include
these corrections, as the PINN solution naturally produces smooth
functionals, and adding counteracting oscillations from the correction
could distort the results, this phenomena is demonstrated in Fig. 6.

Table 1

Parameters used for the creation of Fig. 3, featuring OPAC and Shettle aerosol models
[20,21] and cloud models. The cloud simulation shown was generated with an r.; =
10 [pm] and stretching between 2—5[km]. All networks used »n = 8 hidden layers with
d, = 30 neurons each.

Scenario T* Phase function Ny M Ho
Shettle aerosol model 0.29 Henyey-Greenstien 16 1 1

OPAC continental polluted  0.39 Mie simulated 16 1 1

OPAC continental polluted  0.39 Mie simulated 16 16 cos(z/4)
Cloud 15.13  Mie simulated 16 1 1

5. Implementation and validation

A radiative transfer forward solver must be coupled with additional
software for defining the atmospheric composition (aerosol, gases,
clouds) and the scene geometry (solar angles, surface properties etc.)
For this work, we developed the RTPINN in Python, while implement-
ing the necessary Mie simulations for the aerosol optical parameters
and supporting various options for BRDF and phase functions. In ad-
dition to the standalone option, the software was integrated with the
community standard library - Libradtran [19], and operated on the
same inputs passed into the DISORT solver. As such, the RTPINN can be
used as a solver within the Libradtran package, thus allowing to include
the generic scene description of Libradtran. Fig. 2 presents the flow of
the software structure.

We investigated the convergence behavior of our RTPINN model
across various configurations, focusing on the number of collocation
points and boundary points. Fig. 3 depicts the RTPINN error when
applied to solve the radiative transfer equation in a plane-parallel
atmosphere for non-polarized radiance intensity /(z, u, ¢) under various
scenarios described in Table 1 where the number of collocation and
boundary points varies. The error is quantified as the deviation between
the PINN model’s predictions and those obtained from the DISORT
code [5] at the top of the atmosphere (TOA). In all simulations, the § —
M transformation is applied, truncating the phase function’s Legendre
decomposition.
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Fig. 4. Simulation of the mean diffused radiance for continental aerosol models from
OPAC over above a Lambertian BRDF with albedo set to 0.2. The continental aerosols
are set at the base altitude of 2 [km] and the desert aerosol model at the base altitude
of 6[km]. The upper subplot shows the TOA mean radiance, and the bottom shows
the bottom of atmosphere (BOA) mean radiance. The boundary condition of zero
isotropic radiance at the top of the atmosphere is demonstrated. Solid lines represent
the simulation using the RTPINN model, dashed lines represent the utilization of the
DISORT method and the + signs represent results from the Mystic Monte Carlo code.

To assess the ability to model aerosol measurements, we conducted
simulations of aerosol diffuse radiance for various aerosols using the
Optical Properties of Aerosols and Clouds (OPAC) database supported
by Libradtran [20]. Fig. 4 illustrates sevral simulations performed
over different aerosol species data from the OPAC parameterization in
LibRadtran. The sun was positioned directly at the zenith, resulting
in azimuthal symmetry (/™ = 0;Vm > 0), as such the simulation was
preformed with M = 1. For all simulations presented in this paper,
the wavelength was fixed at A = 555,nm, and the atmospheric model
was set to the US-Standard atmosphere from [19]. The neural network
employed in the simulations featured a tanh activation function and
was fine-tuned using the L-BFGS [22] optimizer. It included 8 fully
connected (FC) layers, each with 30 neurons, and utilized 10,000
collocation points along with 1000 boundary points. We configured
Ng = Ny = 16 for the integral quadrature, aligning with a 16-stream
simulation in the DISORT solver. Additionally, we compared results
with the Mystic - Monte Carlo code [6] within LibRadtran, setting the
photon count to 10°. As depicted in the figure, comparable outcomes
across all solvers confirm that the PINN model performs on par with
industry-standard solvers.

As illustrated in Fig. 3, cloud simulations necessitate a greater
number of training points to ensure accurate convergence compared to
aerosol simulations. This requirement arises from the increased com-
plexity of the phase function and scattering properties of clouds. Fig. 5
displays cloud simulations generated with N;,, = 100,000 collocation
points and N,,, = N, = 10,000. The simulation was produced using
an atmospheric profile that includes a cloud extending from 2-5 [km]
over US-Standard atmosphere, and the cloud optical depth (COD) varies
between each simulation.

Symmetry is not given in most atmospheric scenarios, and the
radiance distribution is expected to vary with the viewing azimuth
angle. Fig. 6 displays asymmetric scenes, showcasing the variation in
upwelling radiance at the top of the atmosphere (TOA) across different
azimuth and zenith angles. Here, the depicted neural network was
trained by employing M = 16 modes, N,,, = 10,000 collocation points,
and N, = N, = 1000 boundary points for the aerosol and N,, =
100,000 and N, = N,,, = 10,000 for the cloud, with a configuration
of n = 12 hidden layers with 4, = 50 neurons each. The aerosol
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Fig. 5. Simulation of the mean diffused radiance for cloud models of varying optical
depth. Simulation was performed with M =1 and Ng = Ny = 16. Cloud wes generated
with an effective droplet radius of 10 [pm].

Table 2
The parameters values of the different BRDF models considered in the
simulations presented in Fig. 7.

Model

Lambertian po =05

RPV py = 0.076 k=0.648 g =-0.290
Ross-Li kiso = 0.3 kyol = 0.023 kgeo = 0.023

model considered was the OPAC continental polluted aerosol from 4
and a cloud set with an optical depth of 7. The SZA is set to 45° for
which the radiance distribution should be non-symmetric according
to the viewing azimuth angle. We have examined the effectiveness of
intensity correction, which resulted in a negative effect for the cloud
case, as the PINN training already provides a smoothed solution, where
without corrections the error relative to DISORT is 2.74% and with the
corrections it is 3.14%.

The RTPINN software supports three BRDF models: the Lambertian
model, the Ross-Li model, and the Rahman-Pinty-Verstraete (RPV)
model [23]. The Lambertian model assumes constant reflectance across
all angles, defined by the surface albedo p,. The RPV model is a
widely used semi-empirical model for the BRDF of terrestrial surfaces.
It is defined by three parameters: p,, controlling the magnitude of
reflectance k, characterizing the anisotropy and g representing the
asymmetry of the reflectance. The Ross-Li is also used for land surfaces
and represents the reflectance as a sum of three kernels correspond-
ing to isotropic scattering, volumetric scattering, and geometric-optics
surface scattering, the kernels are summed according to the weights
Kiso» Kgeo» ko Which allows the variability and interparetability of the
surface models. Fig. 7 shows the radiance distribution at the top of the
atmosphere (TOA) for a clear atmosphere using different BRDF models,
the parameters used in each BRDF model are described in Table 2. The
PINN solution network was trained with M = 16, N;,, = 10,000, and
N, = N,,, = 1000, using a configuration of n = 12 hidden layers with
d, = 12 neurons per layer.

For most remote sensing needs, radiance measurement is considered
at either at TOA or BOA. However, for some applications, radiance is
measured at different altitudes. The functional solution of the PINN
is beneficial in these cases, as it provides a functional description of
radiance according to both the viewing angles and altitude.

Fig. 8 illustrates how diffuse radiance varies with altitude for con-
tinental polluted aerosol in the OPAC parameterization located at an
altitude of 2 km. The network was trained by with M = 1, N;,, =
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Fig. 6. Comparison of PINN solutions and errors at the top of the atmosphere (TOA) for both aerosol and cloud cases. (a) and (b) show the solution and error for the polluted
aerosol scenario, while (c) and (d) present the same for the cloud scenario. The average relative error across viewing angles is 0.74% for the aerosol case. For the cloud scene,

the error relative to DISORT is 2.74%.

10,000, and N, = N,,, = 1000, with a configuration of n = 8 hidden
layers with d;, = 30 neurons each. By examining both the radiance and
the error maps, it is evident that the PINN model effectively approxi-
mates the radiance transmitted through the aerosol to the bottom of the
atmosphere and the radiance reflected at various altitudes, maintaining

a bias of less than 1% from the DISORT model output.

6. Summary and discussion

In this work, we demonstrated the capabilities of Physics-Informed
Neural Networks (PINNs) for solving atmospheric radiative transfer
problems. We compared our RTPINN framework with community-
standard atmospheric radiative transfer solvers, generating results
within an error of less than 1% for aerosol cases and around 3%
for clouds, assuming a sufficient number of collocation and boundary
points. We showed that error bounds depend solely on the choice

of collocation points, boundary points, number of streams, and the
estimated loss.

Our PINN model differs in many ways from most neural network-
based architectures as the training process is performed at each infer-
ence. While slower than other methods, this approach allows for the
creation of accurate results as needed by extending the optimization
process without the need for any pre-built database.

This paper presents the first example of using PINNs in atmospheric
radiative transfer simulations, which can be easily upgraded for dif-
ferent complex scenarios. In practice, 3D and spherical atmospheres
can be modeled using PINNs since the solution process remains similar,
with only adjusted residual terms.

There are several advantages to the PINN approach, primarily due
to the algorithm’s flexibility. Since the solution requires no complete
input parameter structure, it allows users to apply settings with limited
information by excluding unknowns from the loss sampling. This option
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Fig. 7. Radiance Scans at TOA for different BRDF models. The x axis describes the vza centered around the “down” direction. For all simulations the sun was set with a zenith
angle of 45° and an azimuth angle of 0°. The PINN solution is described by solid lines and the DISORT solution by dashed lines.

can be further generalized by setting different unknowns as learned
parameters during the training process, allowing for the inclusion of
optical parameters retrieval and inverse problems. The optimization-
based solution process allows for the simultaneous optimization of the
atmospheric parameters and the radiance solution.
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Appendix A. Proof of Theorem 1

Consider the quadrature error of the scattering kernel D™ (z, u, u')
and the reflection kernel p™(u,—u’) over the Gauss-Legendre quadra-
ture nodes and weights. The error of the quadrature is defined as
follows:

1
Eg[I), D")(z, n) = (/ D"z, u, Iz, )y
-1
Ng (A1)

/ ! !/
= 2 Wi D" I () >
j=1

for the scattering kernel, and

1
ERlI}), p" 1t 1) = (1 + 8,0) (/ P = (= d !
0

N (A.2)
= > " (=PI = )
j=1
for the reflection kernel.
Now we consider the RTPINN error. From (10) we obtain
1
P m
Im=1"-1; = MaaL +/ D™z, p, NIz, yd ' + Q" (v, p) — I
T -1
According to our definition of R;’”’"’ (14) we have:
m Ng
int, 0
I = =R 4 p— 4 3w D" ) @ i) + Q" ). (A3)
j=1
Combining the above equations, we get
TN) L e " "
"= H— +/ D"z, p, I (z, ) )d ' + Q" (z, 1)
~1
a, B
+ R = p—t Z‘ W) D"z, I} 7 ) = Q" (7. o)
=
o [ S
=u—+ / DG O 4 R = 3w D" I )

j=1

By adding and subtracting /_11 D"(z, u, W) (z, p"dy', and using
(A.1) we further have

=~ 1

o~ m o~ .

Im = ll% +/ D™z, p, I (x, " )dy' + R’e"t’m + EglI)', D™].
-1



S. Zucker et al.

Journal of Quantitative Spectroscopy and Radiative Transfer 331 (2025) 109253

200

17.5 175

15.0 150
%
12.5 125 &
B <
= S
< 10.0 100 X
2 B
£ £
7.5 752
£
~

5.0 50

2.5 25

o 0

0.00
1

-0.75 -0.50 —0.25

0.25 0.50 0.75

(a) Intensity variation of the PINN solution in altitude

Altitude [km)

Relative Error|%)

S

16
2.0 14

12
e 10

8
1.0

6
0.5 4
0.0 0

-08 —-06 —-04 02
7

(b) downwelling radiance error map

Altitude [km)

oC
Relative Error|J]

W=

0

0.2 0.4 0.6 0.8
1

(c) upwelling radiance error map

Fig. 8. (8(a)) The variation of the radiance intensity with altitude for the PINN model. (8(c),8(b)) The error maps of the PINN model compared to the DISORT model for transmitted
and reflected radiance. The error map is focused in the most informative regions of the radiance distribution, downwelling radiance at the altitudes below the aerosol layer and

the upwelling radiance above the aerosol layer.

Multiplying both sides by " we get

—~ 2 —~9Im ! —~ —~ —~ —~
(Pew) =u 2+ / D" (e, i 1) TP (e ) PP (e, )+ R T Eg 17, D] T
-1
(A4)
Define the following boundaries:
r ={@"wlpelo 1, (A.5)
r’={0,u|uel-1,0)} (A.6)

Next, we integrate (A.4) over S using integration by parts. We
obtain:

2 ~2 ~2
/I”’ drdy:l{/ ulm d/4+/ —ulm dy}+J
s 2 \UJr. I

3

+ /{R;"’f’\"+ES[I'”,D'"Jf'\"}d1dM, A7)
S

where

1
J= / / D™z, p, u NI (o, NIz, pyd ' ded .
S J-1

Using the Cauchy-Schwarz inequality, we get
T 1 1

7] < / / / Do, W (F (e, )Py dpd e
o J-1Ja

* 1 1
- / / (e, ) / D" e, 4 d e
0 -1 -1

—~2
SMS/I'" drdu.
S

Since |u| < 1, the integration over the boundary sets in (A.7) can be
bounded:

—~2 ~2 ~2
(I—MS)/I'" d'rdﬂgl{/ m dﬂ+/ m dﬂ}
s 2 /. L

+ ‘/(R;'”"" +ES[I'”,D’”])f’\"drd;4‘. (A.8)
N
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Consider the following inequality, commonly denoted as the € - Young’s
inequality:

Lemma 1. Let a, b > 0, then for any € > 0
2
a eb?
ab< L 4 2L
2¢e 2
Proof. See Appendix B. [

Now let there be 0 < eg < 1 — M, then by Lemma 1 we have

mzm)z e fr\nz
‘/ R [iids| < /|R'"”" I 1"'|ds</ 43 ds (A.9)
2£S 2
_ _ Egl1). D" g’
‘/ES[I”’,D’”]I"'ds 5/|E5[1'",D'"] I Imldss/ =0 4 ds.
s s s 2eg

(A.10)

Combining (A.8) with the above inequalities, we get

2 2 ~2
(1—MS—eS)/I'” dfdﬂsl{/ m dll+/ m dﬂ}+
N 2 o Iy
= (/((R;"””')z + ES[I"',D’"]Z)deu> :
S S
(A11)

Our next task is to express the terms in the above equation through
the integrated network residuals and the quadrature errors (A.1) and
(A.2). First, notice that by (15) we have

~2
/I”' dﬂ:/ (R dp.
I ro

Continuing with the
and (16) we write

I',. term, we put 7 = 7¥, and using (12), (13)

1
m=1"—1 =+ 5,,,0)/ P, = (= d ' — R
0
Ng
= (L4 6,0) Y ;0" (p, =)} (T,
j=1

A

Adding and subtracting the term (1 + 6,,)) fol P,
wdy' we get:

=D (%, =)
— 1 —~
Im=(1+ 5mo)/0 P, =) = dy’ = RE™ + ERLLy, ™1

Multiplying both sides with T7(z*, ) and integrating over I we
obtain

1

—~2 —~ —~
/ I dﬂS/ a +5mo)/ |p'”(;4,—M')Im(f*,—ﬂ/)l"‘(f*,—ﬂ) Wdu'du
Iy« I« 0

+/ |77 L1y p"1 = T7RE" | .

(A12)

Similar manipulation as the one done for the J term gives the
following bound for the reflection kernel:

1
/ (1+5mo)/ |Pm(l4s—H’)['”(T*’-M’)['”(T*y—ﬂ) Wdu'dy < MR/ am?*dp.
Iy 0 Iy

(A.13)
Applying Lemma 1 for some 0 < e < 1 — My, we get:
_ (RE™?  epl”
‘ / Rg’ml"‘dﬂ| < / { Lk }dﬂ, (A14)
- - €R 2

10

Journal of Quantitative Spectroscopy and Radiative Transfer 331 (2025) 109253
and

'/ ER[I'”,D'"JI/'\”dM‘S/ { }d,u.
Iy o

Combining (A.12), (A.13), (A.14) and (A.15), we get:

2 ERlIy, o (RG™?
(1= Mg —eg) Imdu < ——du+
I, Tox ok

; 2ep
Returning to the central inequality (A.11), we get:

—~2
EglIy, p" L erl”

A5
2ep 2 ( )

du.
2ep K

21— Mg —eg) / A" drdu < / (RE™™d
s T,

1 m _mq2 g.MmN2
+ EglI}), + (R d
2ek<1—MR—eR>/r,x{ LI o1+ (R d

+ —El / {(RI™™ + (EgLIy', D"))* }drd .
s Js
(A.16)

The loss error terms may be viewed as quasi Monte-Carlo quadra-
ture estimates of the error integrated across the domain. The bound
on the integration error is determined by the discrepancy of the nodes
where the integration occurs and the variation of the function inte-
grated [24]. Initially, we will examine the discrepancy of the quadra-
ture nodes. We adhere to the notation presented in [25] for defining
Star Discrepancy, which assesses the distribution of the quadrature
nodes within the domain.

Definition 1 (Star Discrepancy). Let {x,, ...,x,} C [0,1]? be a sequence
of points. The star discrepancy D*(x,...,x,) of this sequence is defined
as:

x; | x; €R
D(xp, o) {x; | y', 1

x,) = sup —AR)|,

Rc[0.11¢;R=]], [0.5;]
where R is a d-dimensional rectangle anchored at the origin, with
R= Hle [0,5,], and A denotes the Lebesgue measure of R.

In our method, we utilize Sobol points as quadrature nodes, a
popular selection originally described i in [26]. The Star Discrepancy of
these points is notably bounded by O(IOg "), where d represents the di-
mension of the integration domain. In Monte Carlo theory, the variation
of the function being integrated is evaluated using the Hardy-Krause
variation, which is defined as follows in [24]:

Definition 2. Let f € C4([0,1]¢). Then the variation V(f) of f in the
sense of Hardy and Krause is defined in the following way:

d
Vi () ==Y, VO (frig, i)

k=11<ij<-<ip<d

ok f
VO (fii,. / / I dxl-] edx;,
x; forieip,... i,
fl, Gy = £(©), where & =
el 0 else.

Using both the Star Discrepancy and the Hardy-Krause variation we
can bound the error of the integral estimate using the Koksma-Hlawka
inequality.

Theorem 2 (Koksma-Hlawka Inequality). Let f 0,19 - R.If
Vi (f) < oo, then for any set of points {x,, ...,x,} C [0, 1]%, the following
inequality holds:

1 n
2 2 ) — d
nia s /[o,nd Jedx

As the training points are the Sobol quadrature points, we realize
that the training errors £ g&m gintm given in (18) are the quasi

S Vak(HD*(xy, ..., x,).
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Monte-Carlo quadrature errors for (Rg"")z,(RZ’”"")z, and (R;"”'")z, re-
spectively. Hence by the Koksma-Hlawka inequality we obtain the
following estimates:

g,M\2 g,m 8>MN2 IOg Ng
(RS™?du < €™ + Vi ((RE™)?) —~ (A.17)

T 4

log N,
/r (RGP dp < €77+ Vg (RGP ) ——2, (A.18)
0 top
; . ; logN,,2
/Y(R;"t’m)zdﬂdf < gintm + VHK ((R;nt,m)Z) % (A.lg)
int

Next, we consider the following theorem for the quadrature error of
single-variable integration, cf. [27, page 146]

Theorem 3. Let f € C*N([a,b]), and define the 1D Gaussian quadrature
error over N points as

b N
= [ feax= Y wse).
a i=1

where w; are the weights and x; are the nodes used in the Gaussian
quadrature. Then, the error E is given by
b— 2N+1 N! 4
=G W cem,
Q2N + D[2N13
for some & in the interval (a, b).
For readability, we introduce the following notation:
_(NY*
T 2N}

Sy = InSy =4In(N!) - 3In2N).

Using Stirling’s approximation, In(N!) # N In(N) — N + O(In N), we
can express In.Sy, as:

InSy =4{NIn(N)— N + O(In N)} — 3{2N In2N) — 2N + O(In(2N))},
which simplifies to:
InSy = —2NIn(N) + 2N + O(In N).

Given that InSy varies as —2N In(N) + 2N up to O(InN), we can
approximate .Sy with the bound:
5 e \2N
Sy <MN (—) ,
N
where M is a constant.

Upon applying Theorem 3 and the bound on S, to the terms
Eg[I',D™] and Egx[I )", we derive the following bounds:

Ng
/ES[Ig’,Dm]Zdrdy <Cs <3> , (A.20)
S NS
0 4Np
/ ERLI). p"Pdu < C <i> (A.21)
—1 NR

where Cs = C(I7*|, II}'ll, I1D™|I) and Cg = C(I}!l| p++, ll9™ |l p++) depend
on the norms of the network prediction function and the initial data.

By assigning all bounds back into (A.16), we obtain the following
estimate for the error of the network prediction:

2
en = / " drdy <C [8""’~’" v gomy gy O8N 108Ny log N,y
¢ s Ng Ntap Nmr (A 22)

() G )

The constant C is defined as:

1

C= Cypmr
s 2ep(1 - My —€p)

1 1 = top,my2
- Cr.V, R s
21 - Mg —€g) max { Es e Virw (RG™)7)

; 85 \2 L int,my2 L
M, —cn Vik ((RE™) ),Es Virk (R)"™) ),ES } .

(A.23)

Appendix B. &- Young’s inequality

Here we prove Lemma 1 for completeness.
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Proof of Lemma 1. Let a,b > 0, since a square is always non-negative
we get:

0<(a-b)?
0<a®>—2ab+b*

2ab < a® + b

b2

2

Now let there be € > 0, by applying the last inequality for a’ =
b = \/eb we get

a el
2¢e 2

2

a
p<L 4
@3

a

\/;

and

ab < O

Data availability

Data will be made available on request.
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