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Taylor domination, Turan lemma, and Poincaré-Perron
sequences

Dmitry Batenkov and Yosef Yomdin

ABSTRACT. We consider “Taylor domination” property for an analytic func-
tion f(z) = > 52, ayz", in the complex disk D, which is an inequality of the
form
lax|R* < C  max  |a;|R', k> N+ 1.
i=0,...,N

This property is closely related to the classical notion of “valency” of f in
Dpg. For f - rational function we show that Taylor domination is essentially
equivalent to a well-known and widely used Turan’s inequality on the sums of
powers.

Next we consider linear recurrence relations of the Poincaré type

d
= i i(k _i, k=d,d+1,... ith i i(k) =0.
ag j;[c]+wj( )}ak 7 ,d+1, , W1 kL&w;( )
We show that the generating functions of their solutions possess Taylor domi-

nation with explicitly specified parameters. As the main example we consider
moment generating functions, i.e. the Stieltjes transforms

g (x)dx
Sq (2) = / T2
—zz
We show Taylor domination property for such Sy when g is a piecewise D-finite

function, satisfying on each continuity segment a linear ODE with polynomial
coefficients.

1. Introduction

“Taylor domination” for an analytic function f(z) = > 7, apz® is an explicit
bound of all its Taylor coefficients aj through the first few of them. This property
was classically studied, in particular, in relation with the Bieberbach conjecture,
finally proved in [12]: for univalent f always |ag| < k|ai|. See [4,[5I0,I5] and
references therein. To give an accurate definition, let us assume the radius of
convergence of the Taylor series for f is R, 0< R < +.

DEFINITION 1.1. Let a positive finite R < R, a natural N, and a positive
sequence S (k) of a subexponential growth be fixed. The function f is said to
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possess an (N, R, S(k)) - Taylor domination property if for each k > N + 1 we have
lax|R* < S(k) max_|a;| R
1=0,...,N

For S (k) = C a constant we shall call this property (N, R, C')-Taylor domination.

The parameters (N, R, S(k)) of Taylor domination are not defined uniquely. In
fact, each nonzero analytic function f possesses this property, with N being the
index of its first nonzero Taylor coefficient ay:

PROPOSITION 1.2. If 0 < R < 400 is the radius of convergence of f(z) =
>reo apz®, with f # 0, then for each finite and positive 0 < R < R, f satisfies the
(N, R, S (k))-Taylor domination property with N being the index of its first nonzero
Taylor coefficient, and S (k) = R¥|ay|(lax|RN)Y, for k > N.

Conversely, let f possess (N, R, S (k))-domination. Then the series > po  axz®
converges in a disk of radius R* satisfying R* > R. For each R’ < R the function
f possesses (N, R, C)-domination, with the constant C depending on R'/R and on
the sequence S(k).

PROOF. It follows just by noticing that 2~' = limsupy_,_ |ax|*. This implies
that for each R < R the sequence S (k) = R¥|ax|(Jax|RY)~! has a subexponential
growth. O

Consequently, the Taylor domination becomes really interesting only for those
families of analytic functions f where we can specify the parameters N, R, S(k)
in an explicit and uniform way.

In this paper we study Taylor domination for aj; generated by linear non-
stationary homogeneous recurrence relations of a fixed length:

d
(1.1) ar =Y ¢j(k)-ap_j, k=dd+1,...,
j=1

If for j = 1,...,d the coefficients c;(k) have a form ¢;(k) = ¢; + ¢;(k), with
fixed ¢; and with limg_, o %;(k) = 0, then recurrence relation (ILI)) is said to be a
linear recurrence relation of Poincaré type (see [19121]). Such recurrences appear in
numerous problems of Analysis, Differential Equations, Combinatorics. We attempt
to produce accurate bounds in Taylor domination for a; generated by Poincaré type
recurrence relations, and pose some open questions in this direction.

The paper is organized as follows: after presenting in Section Pl some classical
connections between Taylor domination for f and its zeroes distribution, we start in
Section Bl with recurrence relations (II]) with constant coefficients. Those produce
Taylor coefficients of rational functions f(z). Surprisingly, Taylor domination in this
case turns out to be a nontrivial fact, essentially equivalent to an important and
widely used inequality on the sums of powers - Turdn’s lemma ([17/[18]2526]). In
Section Blwe prove this equivalence, obtaining, as a byproduct, a very short proof of
Turdn’s lemma from the classical Biernacki theorem ([5]) on multivalent functions,
and from Bezout bound on zeroes of rational functions.

In Section Ml we obtain an explicit Taylor domination for solutions of general
recurrence relations (ILI)) with uniformly bounded coefficients. No additional in-
formation, besides the size of ¢;(k), is required. So we get this result, and hence
(via Section Pl below) also explicit bounds on the number of zeroes, for a fairly wide
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TAYLOR DOMINATION, TURAN LEMMA, AND POINCARE-PERRON SEQUENCES 3

class of analytic functions. On the other hand, in contrast with Turdn’s lemma,
the disk where we get Taylor domination is usually significantly smaller than the
expected disk of convergence.

In Section [l we obtain some more accurate results for recurrence relations of
Poincaré type. This includes (only partially explicit) Taylor domination in the
full disk of convergence, and an explicit and uniform (depending only the size of
perturbations ¢;(k)) one in a smaller disk.

Finally, in Section [6l we consider moments of “D-finite” functions, produce a
linear recurrence relation for them, describe the cases when it is of Poincaré type,
and provide some conclusions concerning Taylor domination.

The authors would like to thank O. Friedland for a careful reading of the first
version of this paper, and for numerous important remarks and suggestions.

2. Taylor domination and counting zeroes

Taylor domination allows us to compare the behavior of f(z) with the behavior
of the polynomial Py(z) = Eszo apz®. In particular, the number of zeroes of f
can be easily bounded in this way. In one direction the bound is provided by the
classical results of [5l[10]. To formulate them, we need the following definition (see
[15] and references therein):

DEFINITION 2.1. A function f regular in a domain Q C C is called p-valent
there, if for any ¢ € C the number of solutions in Q of the equation f(z) = ¢ does
not exceed p.

THEOREM 2.2 (Biernacki, 1936, [5]). If f is p-valent in the disk Dg of radius
R centered at 0 € C then for each k > p+1

lax|R* < (A(p)k/p)* max |a;| RY,
i=1,..,p
where A(p) is a constant depending only on p.

In our notations, Theorem 2.2] claims that a function f which is p-valent in Dg,
possesses a (p, R, (Ak/p)?P) - Taylor domination property.

For univalent functions, i.e. for p = 1, R = 1, Theorem gives |ag| <
A(1)%k?|aq| for each k, while the sharp bound of the Bieberbach conjecture is
‘ak| S k|a1|.

A closely related result (obtained somewhat earlier) is the following:

THEOREM 2.3 (Cartwright, 1930, [10]). If f is p-valent in the disk Dy of radius
1 centered at 0 € C then for |z| <1

£ < Blp) max Jasl(1 - |2) 72,
where B(p) is a constant depending only on p.

Various forms of inverse results to Theorem [2.2] Theorem are known. In
particular, an explicit bound for the number of zeroes of f possessing Taylor dom-
ination can be obtained by combining Proposition above and Lemma 2.2 from
[24]:

,S(k)) - Taylor domination

THEOREM 2.4. Let the function f possess an (N, R
property. Then for each R' < R, f has at most M (N, %, S(k)) zeros in Dg/, where
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4 DMITRY BATENKOV AND YOSEF YOMDIN

M(N, 1}{ ,S(k)) is a function depending only on N, %/ and on the sequence S(k),

satisfying lim B, M = o0 and M(N, }; ,S)=N for % sufficiently small.

We can replace the bound on the number of zeroes of f by the bound on its
valency, if we exclude ag in the definition of Taylor domination (or, alternatively,
if we consider the derivative f’ instead of f).

3. Taylor domination for rational functions and Turan’s lemma

We shortly recall some basic facts concerning Taylor coefficients of rational

functions. Consider a rational function R(z) = ggz; with Q(z) = 1 — Z;l=1 ;2

and deg P(z) < d—1. To simplify the presentation we shall assume that all the roots
$1,...,8q of Q are pairwise different (and they are clearly nonzero since Q(0) = 1).
All the results below remain valid in the general case of multiple roots. Now R(z)
can be represented as a sum of elementary fractions:

@,
. J

,wzthﬁj: , 0 = —.

S —Z i Sj Sj

d
(3.1) R(z) = Z

Developing into geometric progressions, we obtain

oo d
(3.2) R(z) = Zakzk, with ap = Zﬂjaf.
k=0

Jj=1

. . .. def . _ L.
The radius of convergence of this series is R = min;—;, 4 ’01- ! , which is the

distance from the origin to the nearest pole of R(z).

It is well known that the Taylor coefficients aj, of R(z) satisfy a linear recurrence
relation with constant coefficients
d
(3.3) ak:chak,j, k=d,d+1,...,
j=1
where ¢; are the coefficients of the denominator Q(z) of R(z). Conversely, for any
initial terms ag,...,aq—1 the solution sequence of (B3] forms a sequence of the

Taylor coefficients aj of a rational function R(z) as above. The equation o —

2?21 cjad_j is called the characteristic equation, and its roots o1, ...,04 defined
above are called the characteristic roots of ([B.3).

Taylor domination property for rational functions is provided by the following
theorem, which is, essentially, equivalent to the “first Turdn lemma” ([17},2526],
see also [18]):

THEOREM 3.1. Let {aj};il satisfy recurrence relation B3) and let o1,...,04

. .y d . _
be its characteristic roots. Put R 2] min;—1,. 4 ’a» 1| . Then for each k > d

(3.4) lax| R* < Q(k,d) e |a;|R?,
where Q(k,d) = (%£)d.

PROOF. The original Turdn’s result is as follows: let bj,z], j=1,....d,
be given complex numbers, with min;|z;| = 1. Denoting B¢ (bl7 .,bq) and

Z % (z1,..., 2q), define g, as the power sum g, (B, Z) = Z 1Bz

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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THEOREM 3.2 (Turdn, 1953, [25]). For each natural m we have
(3.5) b1 + ...+ ba] < Q(m,d) max lgv]-

where Q(m, d) = [2e(2 + 1)]7.

Put £ = m + d. We immediately obtain that for any F' = (f1,..., f4) and
W = (wy,...,wq) with max|w;| = 1 we have
(36) 9 (FW)] < QUm.d) _max_ [g,(F, W),
by applying Theorem with z; = wj_l and b; = fjw;-“. Notice that w; # 0.

Now we return to the sequence ay, satisfying recurrence relation ([33]). Put S =
(01R,...,04R) and D = (B4, ..., Ba). Then, according to (B.2)), we get |gr (D, S)| =
lax|R*. Clearly, max |o;R| = 1 and so the inequality (3.6) can be applied, giving
the required inequality (B3.4). O

Theorem 3] provides an interpretation of Turén’s lemma as a statement about
Taylor domination for rational functions. This fact allows one to give a very short
proof of Turdan’s lemma, albeit with a less sharp bound. Indeed, by Bezout theorem,
rational functions of degree d are globally d-valent. In particular, R(z) as above is
d-valent in its maximal disk of convergence. Applying Biernacki’s Theorem 2.2 we
get an inequality

A(d)k

) k< 2d IR
(3.7) jan] B* < [— =1 max ;| R

The transformations as above (shifted by 1) show that this is equivalent to Turdn’s
lemma, with Q(k, d) = [%]Qd. This is less sharp than Turdn’s expression. Notice,
that the best possible constant is given in [9]:
d—1
k+j\oj
Qk.d) = (7).
j=0
Theorem Bl provides a uniform Taylor domination for rational functions in their
maximal disk of convergence Dpg, in the strongest possible sense. Indeed, after
rescaling to the unit disk D; the parameters of (8.4 depend only on the degree of
the function, but not on its specific coeflicients.

Turan’s lemma can be considered as a result on exponential polynomials, and in
this form it was a starting point for many deep investigations in Harmonic Analysis,
Uncertainty Principle, Analytic continuation, Number Theory (see [17.18]25/26]
and references therein). Recently some applications in Algebraic Sampling were
obtained, in particular, estimates of robustness of non-uniform sampling of “spike-
train” signals ([3l[I4]). One can hope that apparently new connections of Turan’s
lemma with Taylor domination, presented in this paper, can be further developed.

A natural open problem, motivated by Theorem [B.] is a possibility to extend
uniform Taylor domination in the maximal disk of convergence Dg, as provided
by Theorem [31] for rational functions, to wider classes of generating functions of
Poincaré type recurrence relations. Some initial examples in this direction were
provided in [30], via techniques of Bautin ideals. An inequality closely related to
Turén’s lemma was obtained in [28], via techniques of finite differences. Presum-
ably, the latter approach can be extended to Stieltjes transforms of certain natural
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6 DMITRY BATENKOV AND YOSEF YOMDIN

classes of functions, providing uniform Taylor domination in the maximal disk of
convergence.

4. Recurrence relations with uniformly bounded coefficients

We will denote by R a non-stationary linear recurrence relation of the form
(TI). Let S be the class of such R with uniformly bounded coefficients c; (k). We
would like to write the bounds on ¢;(k) in a form

lej (k)] < Kp?, j=1,....d, k=d, d+1,...,
for certain positive constants K, p. So for each R € S we define K(R) and p(R)
to be the pair of constants providing the required bounds on ¢;(k), for which the
product ¥(R) = (2K (R) +2) - p(R) is minimal possible. We put R(R) f v(R)~L
THEOREM 4.1. Let {ay}o, be a solution of the recurrence relation R € S. Put
K =K(R), p=p(R), R=R(R). Then the series f(z) = > o, axz® converges in
the open disk D and possesses there (d — 1, R, (2K + 2)4=1) Taylor domination.

PROOF. Put R def p_l. First we show that for each k > d we have

(4.1) lag| R* < (2K +2)% max 1|ai|Ri.
1=0,...,d—

5.

The proof is by induction on k. Denote

MY max |as| R,
i=0,...,d—1
n ¥ oK 49,

and assume that |ay| Rt < nZM, ! < k—1. We have

d d d
lak|RF = R¥) > ¢j(k)ar—;| < KR¥Y ap_jlp) = K'Y |ag—;|R*.
=1

j=1 j=1

By the inductive assumption |ay_;| R*~7 < n*~7 M, therefore we conclude that

d d—1
lag| R < KM " nF 7 = KMy~ 0= <2KMn* ' < y* M.
j=1 s=0

This completes the induction step and proves inequality (£1). Since by definition
R= %, dividing @) by n* gives

@l B < maxJai| Ry’ <yt

max |a;| R
d—1

yeeey

yeeny

This is precisely the definition of (d— 1, R, ndil)—Taylor domination, which, in
turn, implies convergence in the open disk Dg. O

By a proper rescaling, Theorem [£.1] can be easily extended to non-stationary
linear recurrences with a subexponential (or exponential) growth of the coefficients
¢j(k). Consequently, generating functions of such recurrences allow for explicit
bounds on their valency. On the other hand, a drawback of this approach is that
in the case of linear recurrences with constant coefficients (and for Poincaré-type
recurrences - see below) the disk D where the uniform Taylor domination is guar-
anteed, is much smaller than the true disk of convergence.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Example 1. Consider a recurrence R with constant coefficients of form (B.3):
ap = E?:1 cjai—;, k=d,d+1,.... Let 01,...,04 be its characteristic roots, i.e.
the roots of its characteristic equation 0% — Z?Zl cjo?9 = 0. Put p = max; |o;|.
Then for each j =1,...,d we have

d . )
lej| = lej (o1,...,0q)| < (J.)p’ <247,

where ¢; (-) is the elementary symmetric polynomial of degree j in d variables. We
conclude that K(R) < 2%, p(R) < p, R(R) > 2 9p~1. It is easy to see that these
bounds are sharp. So the radius of convergence is p~!, while Theorem E1] provides
Taylor domination only in the concentric disk of a (2¢+! +2) times smaller radius.
In the next section we discuss in some detail the problem of extending uniform
Taylor domination to the full disk of convergence for Poicaré-type recurrences.

5. Taylor domination for Poincaré-type recurrences

Now we consider recurrence relations R of Poincaré-type, i.e. of the form
d

(5.1) ar = le;+¢;(k)]-ap—j, k=dd+1,..., Jim 4 (k) = 0.
j=1

We denote this class by Sp. The characteristic polynomial o¢ — 2?21 cjod=l =0
and the characteristic roots 01, ...,04 of R € Sp are those of its constant part. We
put p(R) = max; |o;.

The asymptotic behaviour of the solutions of such recurrences has been exten-
sively studied, starting from Poincaré’s own paper [21I]. A comprehensive overview
of the subject can be found in e.g. [I3, Chapter 8]. The general idea permeating
these studies is to compare the solutions of (5.]) to the solutions of the correspond-
ing unperturbed recurrence relation (8:3). In this last case, as we have seen above,
for some o

limsup v/|ax| = |oj| .
k—o0

O.Perron proved in [19] that this relation holds for a general recurrence of Poincaré
type, but with an additional condition that cq + 14 (k) # 0 for all £ € N. In [20]
M.Pituk removed this restriction, and proved the following result.

THEOREM 5.1 (Pituk’s extension of Perron’s Second Theorem, [20]). Let
{ar}ry be any solution to a recurrence relation R of Poincaré class Sp. Then
either a, = 0 for k> 1 or

limsup V/|ax| = |o,],
k—o0
where o; is one of the characteristic roots of R.
This result, together with Proposition [[.2] implies the following:

THEOREM 5.2. Let {ay},-, be any nonzero solution to a recurrence relation
R of Poincaré class Sp with initial data a, and let R be the radius of convergence
of the generating function f (z). Then necessarily R > 0, and in fact R = |c7|71
where o is some (depending on @) characteristic root of R. Consequently, f satisfies
(d—1,R, S (k))-Taylor domination with S (k) as defined in Proposition 2]
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8 DMITRY BATENKOV AND YOSEF YOMDIN

PrOOF. The only thing left to show is that a,, # 0 for some m =0,1,...,d—1.
Assume on the contrary that

ag=a;=---=aq-1=0.

Plugging this initial data into the recurrence (&.]), we immediately conclude that
ar = 0 for all £ € N, a contradiction. O

Taylor domination in the maximal disk of convergence provided by Theo-
rem 5.2, is not effective. Indeed, Proposition guarantees that the sequence
S (k) = R*|ay| - (max?—] R'|a;|)~" is of subexponential growth but gives no further
information on it. We can pose a natural question in this direction. For a sequence
A = {6;} of positive numbers tending to zero, consider a subclass Spa of Sp,
consisting of R € Sp with |¢;(k)| < ;- p(R)?, j=1,...,d, k=d,d+1,...
Problem 1. Do solutions of recurrence relations R € Sp,a possess (N, R, S(k))-
Taylor domination in the maximal disk of convergence Dg, with S(k) depending
only on d and A? Is this true for specific A, in particular, for A = {1, %, %, s by
as it occurs in most of examples (solutions of linear ODE’s, etc.)?

Taking into account well known difficulties in the analysis of Poincaré-type
recurrences, this question may be tricky. Presumably, it can be easier for A with
22021 O < 00.

In the remainder of this section we prove a version of Theorem [Tl for Poincaré-
type recurrences R. It provides Taylor domination in a smaller disk, but with
explicit parameters, expressed in a transparent way through the constant part of
R, and through the size of the perturbations.

THEOREM 5.3. Let {ay},., satisfy a fived recurrence R € Sp. Put p =

p(R), R =2"t3)p=1 Let N be the minimal of the numbers n such that for all
k > n we have |;(k)| <2%p7, j=1,...,d. Weput N = N +d, and C = 2(@+3)N,
Then {ak}zozo possesses (N, R, C)-Taylor domination property.

PROOF. By the calculations in Example 1 above, we have for the constant part
of R the bounds |c;| < 29p/. Since for k > N we have |¢;(k)| < 2¢p7, we obtain
for such k that |c;(k)| < 29+1pJ. Now repeating the proof of Theorem 1] (with the

starting point of the recurrence shifted by N ) we complete the proof. O
Theorem B3] provides a partial answer to Problem 1:

COROLLARY 5.4. Let A = {dx} be a sequence of positive numbers tending to
zero. Define N(A) as a minimal number n such that for k > n we have 6, <
2¢. Then for each R € Sp.a solution sequences of R possess (N, R,C)-Taylor
domination, where N = N(A) +d, R =243 p(R)~1 ¢ = 2(d+3N,

PROOF. By definition of the class Spa the number N(A) coincides with N in
Theorem [5.3] Application of this theorem completes the proof. O

One can consider at least two possible approaches to the extension of these
results to the full disk of convergence Dg. First, asymptotic expressions in [6,20]
may be accurate enough to provide an inequality of the desired form. If this is a
case, it remains to get explicit bounds in these asymptotic expressions.

Second, one can use a “dynamical approach” to recurrence relation (L)) (see
[7LI11[16L[22]27] and references therein). We consider (1)) as a non-autonomous

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



TAYLOR DOMINATION, TURAN LEMMA, AND POINCARE-PERRON SEQUENCES 9

linear dynamical system 7. A “non-autonomous diagonalization” of T is a sequence
L of linear changes of variables, bringing this system to its “constant model” Tj,
provided by the limit recurrence relation (B3).

If we could obtain a non-autonomous diagonalization £ of T' with an explicit
bound on the size of the linear changes of variables in it, we could get the desired
inequality as a pull-back, via £, of the Turdn inequality for Ty. There are indications
that the second approach may work in the classes Sp A, for A with a finite sum.

6. Piecewise D-finite functions

In this section we investigate a certain class of power series, defined by the
Stieltjes integral transforms

" g(x)de
(61) £ =8, = [ S
where g (z) belongs to the class of the so-called piecewise D-finite functions [1],
which are solutions of linear ODEs with polynomial coefficients, possessing a finite
number of discontinuities of the first kind.
Using the expansion (1 —zz)” " = > oreo (zz)" for |z| < ﬁ, we obtain the
following useful representation of Sy (2):

PROPOSITION 6.1. Let g : [a,b] = R be bounded and integrable on [a,b]. Then
the Stieltjes transform (6 of g is regular at the origin, and it is given by the
moment-generaing function

o] b
z) = Z mpz®,  where my, d:ef/ zkg (z) de.
k=0 @

DEFINITION 6.2. A real-valued bounded integrable function ¢ : [a,b] — R is
said to belong to the class PD (D, p) if it has 0 < p < oo discontinuities (not
including the endpoints a,b) of the first kind, and between the discontinuities it
satisfies a linear homogeneous ODE with polynomial coefficients ® g = 0, where

D= ipj (x) (%)j , pi() = Zizjoazﬂz

Obtaining uniform Taylor domination for S;, where g belongs to particular
subclasses of PD (in particular, g being piecewise algebraic), is an important prob-
lem with direct applications in Qualitative Theory of ODEs (see [8] and references
therein). In this paper we provide initial results in this direction.

Let g € PD(D,p), with ® as above. Denote the discontinuities of g by a =

zo < 21 < -+ < xp < Tpp1 = b. In what follows, we shall use some additional
notation. Denote foreach j =0,...,n, «; et dj—j. Let o et max; o, and denote
foreach £ = —n, ..., «

n
(6.2) (k) =57 (1) agg g (k+ £+ 7).

7=0

where (a), =a(a—1)x---x(a—b+1)= IF, ‘Z)) is the Pochhammer symbol for the
falling factorial.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



10 DMITRY BATENKOV AND YOSEF YOMDIN

Our approach is based on the following result:

THEOREM 6.3 ([1]). Let g € PD (D, p). Then the moments my, = fab g (x)dx
satisfy the recurrence relation

«

(6.3) Z qe (k;)mkH:ak, k=0,1,...,
{=—n
where
p+1ln—1
k—
k=2 D w (k) e,
(=0 j=0

with each cy j being a certain homogeneous bilinear form in the two sets of variables

{pm(xﬁ)vp;n(xﬁ)u B 7(1?_1)(17) :ln:07

{9(z5) —g(zy), g/ (@) —g' (), ...g" V(@) — 9" V(a))}

The recurrence ([6.3)) is inhomogeneous, and the coefficient of the highest mo-
ment is different from one. Accordingly, we first transform (6.3]) into a homogeneous
matrix recurrence. Next, we give conditions for this last recurrence to be of Poincaré
type. Finally, we apply an appropriate version of the results in Section [ to get
Taylor domination.

It is well-known that the sequence {ej},, satisfies a recurrence relation S of
the form (B3] with constant coefficients, whose characteristic roots are precisely
{z0,...,2p+1}, each with multiplicity n. Let the characteristic polynomial ©g (z)

of degree %' (p + 2) be of the form

p+1 T
(6.4) Os (o) = H (c—z;))" =07 — ZbioT_i,
3=0 i=1

then

.
5k:ij5k—j, k=7,74+1,....
j=1

Rewrite this last recurrence as

T—1

(6.5) Chpr = D br_jehey, k=0,1,....
7=0

Now denote the vector function w (k) : N — CHT*+7 ag

Mkg—n

(k) d:Cf mk;—a—l
k

L Ek+7—1 |

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Then by ([63) and (G0 we see that @ (k) satisfies the linear system

(6.6)
w(k+1)=
[0 1 0o ... 0 i
0 0 1 ... 0 glatn=1xr
Caa® am() CGai®) 1 0
qo (k) qo (k) T qo (k) qo (k) T w (k)
0 1 0 ... 0
0 1 ... 0
6T><<a+n) L
i br br_1 ... b |

Now we can show Taylor domination for the Stieltjes transform Sy (2), utilizing
the system version of Theorem (.11

DEFINITION 6.4. The vector function ¢ (k) : N — C* is said to satisfy a linear
system of Poincaré type, if
(6.7) gk+1)=(A+B(k)y(k),
where A is a constant n x n matrix and B (k) : N — C**¥ is a matrix function
satisfying limy o || B (k) || = 0.

THEOREM 6.5 ([20]). Let the vector i (k) satisfy the perturbed linear system of

Poin-
caré type ©7). Then either ij (k) =0 € C* for k> 1 or

Tim /7R
— 00
exists and is equal to the modulus of one of the eigenvalues of the matriz A.

LEMMA 6.6. The recurrence system ([6.0) is of Poincaré type if and only if
(6.8) o 2 Qj ji=0,1,...,n.

PRrROOF. Clearly, a necessary and sufficient condition for (6.6]) being of Poincaré

type is that
degqr (k) < deggs (k), ¢=-n...,a—1
We will show that this condition is equivalent to (6.8]).

Recall the definition (6.2)). The highest power of k in any g (k) is determined
by the maximal index j = 0,...,n for which a;; # 0 and ¢ — j = ¢. Consider
¢ = o, = d,, — n, then obviously since aq, ,, # 0 we have deg ¢, (k) = n.

(1) Now let’s assume that for some s < n we have as > ay, i.e. ds—s > d,—n,
and consider the polynomial ¢, (k):
n
Qo (k) = Z (1) ajra,; (k+j5+ as); -
j=0
By assumption, as +n > d,, and therefore in this case degq,, (k) < n.
Thus if oy > au, for some s < n, we have degq,, > degq,,. In particular,
a > as > o, and therefore deg g, < deggq,, . This proves one direction.
(2) In the other direction, assume that o = max; ; = a,. Clearly degg, =
deg gn,, = n, but on the other hand it is always true that degg, < n.

This concludes the proof. ([l
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REMARK 6.7. The condition (6.8)) in fact means that the point z = oo is at
most a regular singularity of the operator © .

So in the remainder of the section we assume that (6.8) is satisfied and n > 0.
The constant part of the system (G.6]) is the matrix

0 1 0o ... 0
0 0 ... 0 Qdn T
A= _Bfn _BfnJrl _ﬁfnernfl
B 0 1 0 01’
0 0 1 0
g7 xdn .
I by brq ... by )
where
def .. qd—n+s (k) Qs n
s = 1 = —,
B + k:ggo da, (/{;) ad,, .n

PROPOSITION 6.8. The set Za of the eigenvalues of the matriz A is precisely

the union of the roots of py, (x) (i.e. the singular points of the operator ®) and the

Jump points {x,}fiol

Proor. This is immediate, since A = [%;: g}, where C is the companion
matrix of p, (z) and D is the companion matrix of the characteristic polynomial
Os (z) as defined in (64). O

In [2] we study the following question: how many first moments {my} can
vanish for a nonzero g € PD (D,p)? In particular, we prove the following result.

THEOREM 6.9 ([2]). Let the operator © be of Fuchsian type (i.e. having only
regular singular points, possibly including co). In particular, © satisfies the condi-
tion ([6.8)). Let g € PD (D, p).

(1) If there is at least one discontinuity point & € [a,b] of g at which the
operator © is nonsingular, i.e. p, (§) # 0, then vanishing of the first

T +d, —n moments {mk}gig”_n_l of g implies g = 0.

(2) Otherwise, let A (D) denote the largest positive integer characteristic ex-
ponent of ® at the point co. In fact, the indicial equation of © at oo is

da (k) = 0. Then the vanishing of the first A (D) + 1+ d,, — n moments

of g implies g = 0.

Everything is now in place in order to obtain the following result.

THEOREM 6.10. Let g € PD (D,p) be a not identically zero function, with D
of Fuchsian type. Then the Stieltjes transform Sy () is analytic at the origin, and
the series

oo
Sy (2) = Z my 2"
k=0
converges in a disk of radius R which satisfies

R>R Ymin{¢!: ce 24},
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where Z 5 is given by Proposition [6.8. Furthermore, for every
Nz max{r - 1,A (D)} +d, — n,

Sy satisfies (N, R, S (k)) Taylor domination, where S (k) is given by Proposition
L2

PrOOF. By Lemma [6.6] and Theorem it is clear that

lim sup v/ |myg| < i
k—o0 R

By Theorem[G.9] my, # 0 for at least some k = 0,..., N. Then we apply Proposition
1.2 [l

In order to bound the number of zeros of Sy, we would need to estimate the
qfn+s(k)
. dan (k) ’ .
general properties of the operator ®. Then we would apply the results of Section
We expect that in this way we can single out subclasses of PD for which uniform

Taylor domination takes place. We plan to carry out this program in a future work.

growth of the rational functions and this can hopefully be done using some

REMARK 6.11. It is possible to obtain Taylor domination for the Stieltjes trans-
forms Sy (z) by another method, based on Remez-type inequalities [23129]. We plan
to present these results separately.

We complete this paper with one example and one question.

Example 2. Consider a very special case of D-finite functions: polynomial g(z).
In this case a uniform Taylor domination (depending only on the degree) in the
maximal disk of convergence for Sy(z) was obtained in [30] via the study of the
“Bautin ideals”, generated by the moments my(g) (considered as polynomials in
the parameters of the problem).

Problem 2. Moments of the form my(p,Q@,a,b) = f; P¥(2)q(z)dz play an es-
pecially important role in Qualitative Theory of ODEs (compare [8]). Here P(z)
and q(x) are univariate complex polynomials. Via change of integration variable
w = P(x) these moments can be reduced to the usual moments of a piecewise-
algebraic g, but along a certain complex curve. Does the generating function of
m(p, Q, a,b) satisfy uniform Taylor domination (depending only on the degrees of
P and q) in its disk of convergence?
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