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ABsTrRACT. In this paper we establish accuracy bounds of Prony’s method (PM) for recovery of sparse
measures from incomplete and noisy frequency measurements, or the so-called problem of super-resolution,
when the minimal separation between the points in the support of the measure may be much smaller than
the Rayleigh limit. In particular, we show that PM is optimal with respect to the previously established
min-max bound for the problem, in the setting when the measurement bandwidth is constant, with the
minimal separation going to zero. Our main technical contribution is an accurate analysis of the inter-
relations between the different errors in each step of PM, resulting in previously unnoticed cancellations.
We also prove that PM is numerically stable in finite-precision arithmetic. We believe our analysis will
pave the way to providing accurate analysis of known algorithms for the super-resolution problem in full
generality.

1. INTRODUCTION

Consider the problem of finding the parameters {;,z;}"_; of the exponential sum

@) f(s) =3 aga3

j=1

from the noisy samples { f(s)+e€x}2_,. This exponential fitting problem appears in a wide range of different
settings, such as direction of arrival estimation, parametric spectrum estimation, finite rate of innovation
sampling, phase retrieval, as well as Padé approximation, Gaussian quadrature, and moment problems, to

name a few (see e.g. and the references therein).
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An instance of of particular interest occurs when |z;| = 1 for each j = 1,...,n. This setting is
motivated by the problem of super-resolution (SR) of sparse measures of the form p(t) = 377 a;o(t — ;)
from the samples of its Fourier transform

(2) F(s) = fuls) = /ez’”tsdu(t) _ Zajezmtj’

known approximately in some bandwidth s € [—Q,€] |14]. An important question in applied harmonic
analysis is to develop robust reconstruction procedures to solve the SR problem with best possible accuracy,
a question which we consider to still be open even in one spatial dimension. In this paper we consider only
the model ; however, some of our results may be extended to the more general model (i.e. for arbitrary
xzj € C\ {0}). The min-max stability of solving has recently been established in [8] when two or more
nodes z; nearly collide, such that the minimal separation ¢ is much smaller than 1/€2, see Theorem [1| below.
However, we are not aware of a tractable algorithm provably attaining these bounds.

The Prony’s method (PM) [28] is an explicit algebraic procedure (see Algorithm [2.1]below) which provides
an exact answer to the exponential fitting problem (for arbitrary z; € C) under the assumption of exact data
(i.e., in the noiseless regime ¢ = 0), requiring access to only 2n consecutive samples f(0), f(1),..., f(2n—1).
The main insight by de Prony was that the linear parameters {«; };‘:1 can be eliminated from the equations,
reducing the problem of recovering {z; }?:1 to finding roots of a certain algebraic polynomial (the Prony
polynomial). The coefficients a; are recovered in the second step by solving a Vandermonde-type linear
system. In the presence of noise, PM is considered to be suboptimal — however, to the best of our knowledge,
no rigorous analysis of its stability has been available, in particular in the context of the super-resolution
problem.

1.1. Main contributions. Our main result in this paper is a rigorous proof that Prony’s method is optimal
for the SR problem when the measurement bandwidth € is constant while the minimal node separation
satisfies § — 0. By analyzing each step of PM and taking care of error propagation, we show that the
error amplification factors for both the nodes and amplitudes are asymptotically equivalent to the min-
max bounds (i.e., the best achievable reconstruction errors under the worst-case perturbation scenario) of
Theorem (1| under the optimal noise scaling (a.k.a. the threshold SNR). These results are given by Theorem
and Theorem [3|respectively. In effect, our results provide a generalization of Theorem [I] to the true multi-
cluster setting (but still restricted to 2 = const). As a direct corollary, we also show that PM is numerically
stable in finite-precision arithmetic (Section E[)

Since PM is a multi-step procedure, in principle the errors from each step might have an adverse effect on
the next step (such a phenomenon may occur, for instance, when solving linear systems by the LU decom-
position method, where the condition number of the original matrix may be unnecessarily amplified, [17]).
Our main technical contribution is an accurate analysis of the inter-relations between the different errors
in each step of PM, eventually resulting in previously unnoticed cancellations. For comparison, a “naive”
estimation by textbook numerical analysis methods provides too pessimistic bounds, as we demonstrate in
Proposition [1] and Proposition

Remark 1. The error inter-relations become especially prominent in the multi-cluster setting, as for example
it turns out that if the approximate nodes {i“j}?:l recovered from the first step of PM are further perturbed
in an arbitrary direction, for instance by projecting them back to the unit circle, then the resulting errors in
the amplitudes o; may no longer be optimal (contrary to the single cluster example in Proposition @ Cf.
Section [8.

1.2. Towards optimal SR. The full SR problem (in particular when Q¢ is small but fixed) is apparently
still algorithmically open. We believe our results may have implications for analyzing the high-resolution
SR algorithms such as ESPRIT /Matrix Pencil/ MUSIC, towards establishing their (non-)optimality. Fur-
thermore, the error analysis for different steps may have implications for implementing these methods, cf.
Section Bl and also Remark [Il

Recently we have developed the Decimated Prony’s Method (DPM) [20] (cf. Section [§), which reduces
the full SR problem to a sequence of small problems indexed by a “decimation parameter” A, followed by
further filtering of the results. In more detail, for each admissible A, the spectrum f is sampled at 2n
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equispaced frequencies {)\k}iigl and the resulting system is subsequently solved by applying PM. Min-max

bounds are attained if one can choose A = O(2). This “decimation” approach was first proposed in [9], and
further developed in a number of publications on SR [5} |6, |10} |7], as well as in the resolution of the Gibbs
phenomenon [4]. Decimation was the key idea in [8] for establishing the upper bound on the min-max error
Ain Theoremas well. As a consequence of the results of the present paper we have rigorously shown in [20]
that DPM attains the upper bounds on A in the special case of £ = n, under a mild assumption of genericity
(see also Section @ We conjecture that DPM in fact attains the upper bounds on A in the general case. We
leave the rigorous proof of this conjecture to a future work.

1.3. Organization of the paper. In Section [2] we describe the min-max bounds for SR, and present PM
with an initial sub-optimal stability analysis in this context. The main results are formulated in Section [3]
and subsequently proved in Sections [4[f] and [6] with the more technical proofs delegated to the appendices.
Section [7] is devoted to analyzing the performance of PM in finite-precision arithmetic, while Section
demonstrates the different theoretical results numerically.

1.4. Notation. We utilize the following common notations. For ¢ € N, [(] denotes the set {1,2,...,(}.
Asymptotic inequality A $ B,A Z B (A =< B) means inequality (resp. equality) up to constants. If
not specified otherwise, the constants are assumed to be independent of the minimal separation § and the
perturbation size e. We will use the notation col {y; }o := [0 ... yn] , where {g;}, C C are arbitrary
scalars. B(z,7) denotes the standard ball {2’ € C: |z — 2/| < r}.

1.5. Acknowledgements. We thank the two anonymous referees for their extremely valuable suggestions,
which helped us improve the manuscript.

2. SUPER-RESOLUTION AND PRONY’S METHOD

2.1. Optimal super-resolution. The fundamental limits of SR in the sparse model were investigated in
several works in the recent years, starting with the seminal paper [14] and further developed in |10} |8, |12}
22 [24]. For the purposes of this paper, we shall consider the following min-max accuracy bounds derived
in [8]. In what follows, we re-formulate the original bounds in terms of the geometry of the complex nodes
z; := 2™ directly, thereby making the notations consistent with .

Definition 1 (Minimax rate). Let F denote a set of signals of interest of the form p = (a,x), where
a= (a1,...,a,) and X = (z1,...,&y,), with x1 < --- < x,. Given a signal p € F and a perturbation
function e(s) € Loo([—,Q)) with |le|loc < €, let @t = pu(f, + e) denote any deterministic algorithm which
produces an approximation (a,X) € F. Then the min-max error rates for recovering each node x; and
amplitude o; are given by

Ax,j(e’ F,Q)= inf sup sup |=Tj - fj‘?
B=(a.X) p=(a,x)EF e: |le|loo<e
A""j(e,F, Q)= inf_ sup sup |0‘j - 5‘7|
n=(a,x) p=(a,x)EF e: |e]loo<e
Remark 2. The condition x1 < --- <y, is imposed to avoid ambiguity in representing the solution to the

SR problem, as the solutions can only be unique up to an arbitrary permutation of the nodes. This condition
is further assumed throughout the manuscript without any explicit mention thereof.

As noted already in [14], the SR becomes difficult (and, in some sense, nontrivial) when some of the n
nodes {%‘}}Ll may form “clusters” of extent much smaller than the Rayleigh-Nyquist limit 1/Q2. To make
this notion precise, let ¢ denote a-priori minimal separation between any two x; (the definition below is more
general than the one used in [8]).

Definition 2 (Clustered configuration). Given n > 2, the set of nodes {x1,...,x,} is said to form a
(Ky,n, (L, 6, 7,m,T)-cluster if there exists a partition Use[C] Cs = [n], withCs(\Cs» =0 fors,s’ € [(], s # &,
such that:
(1) There exists a compact K, C C such that z; € K, i =1,...,n.
(2) card (Cs) = £s for s € [¢] and £y := max,¢c[q) {s;
3



(3) there exist T > 1 and 0 < § < 1 such that for any i,j € Cs, s € [(]
§ <lz; — x| <79
(4) there exist n > 1 and T > 76 such that for any i € Cs, j € Cs» where s, € [(], s # &
T < |z — ;| <nT.
Here card (A) stands for the cardinality of the set A.

In the remainder of the paper we will assume that K, = S* is the unit circle (this assumption corresponds
to , which is the model of interest in this paper) and omit K, from the clustered configuration parameters.
For clustered configurations, in [8] the worst-case bounds for the recovery problem were established as follows.
Define the super-resolution factor SRF := (Q8)~!.

Theorem 1 ([8]). Let F denote the set of signals whose node set forms a cluster with ¢ = £, and by = {3 =
o=ty =1, and {|a;|}}_, bounded from below and above. For SRF := g5 > O(1), and € g (Q6)%*~1:
SRF**7'§¢ x;€Cy,

6 €L ¢ Cl7

SRFN*ile T; € C,

€ Zj ¢ Cl.

A (e, F Q) = {

AT (e, F,Q) = {

For discussion of the relations of Theorem [I| to other works on the subject, the reader is referred to |8,
Section 1.4]. Related results are known in the signal processing literature for Gaussian noise model: |[21]
provides similar bounds in terms of Cramer-Rao bound (in the case of a single cluster), and the expression
for the threshold SNR for detection was shown to scale like SRF ™2 for n = 2 in |32, which is also consistent
with [30].

The upper bound on the minmax error is realized by a non-tractable “oracle-type” algorithm, which,
given a measurement function g(s) = f,.(s) + e(s), produces some signal parameters {a’j, z}7_; for which
maxe[—q.0) | 25— @2} — g(s)| < e. We are not aware of any tractable method which provably achieves
the upper bound on A, although some partial results in this direction are known. The ESPRIT algorithm
(originally proposed in [29]) was analyzed in [23] in the case of a discrete measurement model, showing
that the nodes errors are bounded by SRF?*~2¢ provided that € < (20)*-~3/Q. The MUSIC algorithm was
partially analyzed in |22], where perturbation bounds on the noise-space correlation function were established;
however this analysis does not imply an effective bound on A.

2.2. Prony’s method. PM reduces the problem to a three-step procedure, which involves solution of two
linear systems, in combination with a root-finding step, as described in Algorithm and in the following.

Denote the (true) nodes and the amplitudes of Prony’s problem as {.fj};—lzl and {O[j}?zl, respectively.
The so-called (unperturbed) monic Prony polynomial is given by

® p() =[G -2) == + Y p,2"
i=1 =0

The coefficients of p(z) are obtained by solving the linear system with a Hankel matrix H,:
mo M1 ... Mp_q
(4) H, -col {p;}1=) = —col {m;}>"", H, :=
Mp—1 Mp ... Map_2
We assume that the algebraic moments my = Z?:l ajz are measured with perturbations (disturbances) of
size € > 0. The latter give rise to a perturbed Hankel matrix
do di ... dpoa
(5) H,:=H,+eD, D:=| : Do Co|, di=0(1), i€{0,...,2n—2}.
dp—1 dp ... dop—2
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The solution of the linear system
(6) H, -col {g;}I=) = —col {m; +ed;}." "

provides the coefficients of a perturbed monic Prony polynomial

n

(7) z;{d;} € Hzfxl =2z" +quzj

i=1 j=0

The roots of ¢ (z;{d;},€) are then used to obtain the perturbed amplitudes {&j}?zl by solving a Vander-
monde linear system.

Throughout the paper, we will consider the number of nodes (resp. amplitudes) n to be fized. We suppose
that the amplitudes satisfy m, < |a;| <My, i =1,...,n for some 0 < m, < M,,.

2.3. (Apparent) instability of Prony’s method. PM is generally considered to be suboptimal for solv-
ing (1)) when N > 2n—1 (see e.g. |19, 34] and references therein) due to its inability to utilize the additional
measurements. It is also somewhat of a “folk knowledge” that PM is “numerically unstable”, usually con-
tributed to the fact that it involves a rootfinding step, while extracting roots is known to be ill-conditioned
for root clusters (which is precisely our case of SRF > 1). While we are not aware of any rigorous numerical
analysis of Prony’s method in the literature, a rudimentary computation seems to confirm the above claims.

Algorithm 2.1: The Classical Prony’s method
Input : Sequence {my = fu.(k) + e}, k=0,1,...,2n—1
Output: Estimates for the nodes {z;} and amplitudes {c;}
1 Construct the Hankel matrix

mo may mao Mnp—1
H, =
mnfl mn mn+1 o m2n72
2 Assuming det H,, # 0, solve the linear system
H, - col{qg; ?:_ = —col{m,; };" 2" !

3 Compute the roots {ij} of the (perturbed) Prony polynomial ¢(z) = 2™ + Z 0 q; 7 ;

4 Construct V := [ ]J L

k=0.. , and solve the linear system

V- col{@; }7; = col{m;}"=}

5 return the estimated Z; and &;.

Proposition 1. Suppose x forms a single cluster (¢ = n) configuration and Q = 2n—1, with the perturbations
€ in the moments my, satisfying |ex| < €. Then

(1) If € S 6%72, the coefficients of the Prony polynomial are recovered with accuracy

(8) pi —ail £ 6° e
(2) If € S 6373, the nodes {z;}7_y are recovered by Prony’s method (Algorithm with accuracy
|7 — @] £ 6° e
Before embarking on the proof, let us state a well-known fact which can be checked by direct calculation.

Proposition 2. The Hankel matriz H, admits the Vandermonde factorization H, = VCV T where V =

i=1,..., .
[acﬂizo Z_l and C = diag{ay, ..., an}.



Proof of Proposition [l Denote m = col{m; fﬁ; Lm= col{m; fﬁ;l. The polynomial coefficient vectors are
denoted by p = col{pi}?gol and q = col{qi}?gol, with Ap =q — p.

We start by proving (8). Let ||-|| denote any vector norm and the associated induced matrix norm. Notice
that ||p|| =< 1 since the exact roots satisfy |z;| = 1. By well-known results from the literature (see, e.g. [10}

Eq. 4.9]), we have opin(V) 2 671, Plugging into Proposition [2f we obtain:
1

Trr—1n é Urnin(Hn) % O'min(v)2moc % ma62£72-
[ Hr |

Put F .= fIn — H,, and e := m — m. Define F := EHn_l. By the above bound, there exists a constant ¢y
s.t. for all € < c1m,0%~2 we have ||F|| < 3. Consequently, for all € < ¢;mq6%~2 we have

H,p=m
(H,+ E)(p+ Ap) =m
(H,+ E)Ap=e— Ep
N—_——
Ap=(H, +E)'vr=H'I+F)"'r
AP S [H el § my'6* e,

This proves .
To derive the second bound in Proposition |1| we shall utilize Rouche’s theorem [11]. We will also obtain

quantitative estimate on the size of the perturbation e required to attain the bound.
To apply Rouche’s theorem, we pick j =1,...,n and set z = 2(0) = z; + p«€, where 6 is an arbitrary
angle. We will seek a condition on p, which ensures that, for all 8, the following inequality holds:

p(2(0))] > lq(2(0)) — p(2(0))|
By Rouche’s theorem, this would imply that ¢(z) has a root in the ball B(z;, p«) and therefore |z; —Z;| < p..

Due to the explicit form of p(z) as in , we have |p(2(6))] = c1p.6°~!. On the other hand, using the
estimate and assuming p, < 1/3 (for simplicity only), we have

9) |a(=(0)) = p(2(0))] < 26" *'e.

Now choose p, = %53*3%. To ensure the condition p, < 1/3 we require € < %5“’3.

This completes the proof. O

As the following proposition demonstrates, apparent difficulties arise also when estimating the errors in
recovering the a;’s, even assuming that the nodes have been recovered with optimal accuracy.

Proposition 3. Let m = col{m;}/"), m = col{m;}!"}. Under the assumptions of Proposition |1 for
€ S 0373, let X be a node vector satisfying |Z; — x| S 62 *e. Let & = col{a;}I, be the solution of the
linear system V& = v where V is the Vandermonde matriz corresponding to X, and ||th — m||o < €. Then
la; — aj| S 637 3% forallj=1,...,n.

Proof. Denote @ = col{a;};, and Aax = & — . A well-known bound (see e.g., [13 eq.(2.4)], or any
classical numerical analysis textbook) states that for any vector norm || - || and associated induced matrix
norm, we have
A \% AV A ~
ool () (18V) 13m) sy gy ameom,
fal =1 )BT UV
where r(A) = ||A||[|[A7Y|. By Proposition [2f and Gautschi’s bound for ||[V=!| [15] we have (V) £
maxi=1,....n | [j 2 @i — x|t S ot

Since uin(V) = §71 (as in the proof of Proposition |I)) and |V — V|« = §2~%e¢, the condition on ¢
ensures that [[AV|x(V) < 1, and therefore yields in this case

||A0|l||| é 514(527%67“;146) é 533 O
-

(10)
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FIGURE 1. Left: the condition number x(H,) of the Hankel matrix scales as 6~ 2. Middle: both Aq and
|z; — &;| scale as 62~ %€, showing that the errors in the coefficients of the Prony polynomial are not independent.
For comparison, choosing a random perturbation of p with same magnitude as Aq and computing the roots
y; of the resulting polynomial, we observe that |y; — z;| = 0(6373€), as predicted by Proposition Right:
the amplitude errors committed by Prony’s method (blue) and by replacing the recovered nodes with random
perturbations (red). Here, in contrast, the bound of Proposition [3|is not attained. All computations are done in
floating-point arithmetic, with e = 10715,

Now let us consider the setting of Subsection [2.1] again, and suppose that £ = n,  is constant and
0 — 0. The above analysis suggests that Prony’s method should not be used for solving already in this
simplified setting, as the estimates derived in Propositions [I] and [3]| are clearly suboptimal with respect to
the min-max error of Theorem [ However, the actual numerical performance of Prony’s method turns out
to be much more accurate. Indeed, a simple numerical experiment (Figure [1) demonstrates that Prony’s
method exhibits cancellation of errors in both steps 2 and 3, resulting in errors of the order §2~2‘¢ for both
the coefficients of the Prony polynomial and the roots themselves. On the other hand, replacing the error
vector Ap with a random complex vector Ar such that |Ar;| = |Ap;| = |¢; — pj|, we observe that the
corresponding root perturbations are of the order §°~ 3%, exactly as predicted by Proposition Thus, a
refined analysis, which is aimed at discovering the true error tolerance of Prony’s method, should take into
account the inter-relations between the errors in different coefficients in step 3.

The bound in Proposition [3] turns out to be extremely pessimistic as well, as evident from Figure [T]
(right panel). Here again the bound is not attained as described, the Vandermonde structure of V' (resp.
‘7) evidently playing a crucial role with regards to stability. Further experiments suggesting the asymptotic
optimality of Prony’s method both in terms of stability coefficient, and the threshold SNR, have been recently
reported in [20] in the clustered geometry. Motivated by the numerical evidence as described, in this paper
we close the aforementioned gap and derive the true error tolerance of Prony’s method.

3. MAIN RESULTS

Consider the Prony’s method in Algorithm [2.I] and employ the assumptions and the notations of Section
and Section We further assume that the nodes form a clustered configuration as in Definition

The goal of this work is to derive efficient bounds on the errors {|z; — i‘j|}?=1 and {|o; — dj|}?:1, de-
pending on ¢ and to derive the condition on € which ensures the bounds.

In this paper we use the “homogeneous” version given in Algorithm 3.1} which is computationally equivalent
to Algorithm Let p(z) denote the corresponding homogenized version of p(z):

1 z 22 .. 2"
mo my ma2 Mp—1 mMp
(11) P (z) = det
Mp—1 Mp Mpy1 ... Mop—2 Mop-—1

‘We now state the main theorems of this work.
The node errors {|z; — Z;|}—,, are bounded as follows.
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Algorithm 3.1: The Homogeneous Prony’s method

Input : Sequence {1 }i","
Output: Estimates for the nodes {z;}7_, and amplitudes {a;}7_
1 Compute the roots {;}7_; of the Prony polynomial

1 z 22 - 21 Z"
mo 1 M2 Mp—1 My
(12) q(z) = det
Thnfl Thn mn+1 v m2n72 m2n71

2 Solve the linear system V - col{a;}7_; = col{m; }] 0

3 return the estimated Z; and &; for j =1,...,n.

Theorem 2. Let {xl}? 1 form a clustered configuration as in Deﬁm’tion@ with largest cluster of size {,.
Denote my, = > n_, asx®, and let {ds} = O(1) be tolerance coefficients. For each e, let #; = &;({ds} ,¢€), i =
1,...,n be the ezact Toots of the Prony polynomial q(z;{ds},€) in (12)). Then for e < 6*~1 the following
holds: if j € C; (i.e. xj belongs to a cluster of size {y), then we have |x; — &;| < 02~ 2“e.

Note that the estimate on the node errors, which appears in Theorem [2] holds for all node approximations
simultaneously, as the upper bound on the noise is independent of a particular node selection. Theorem [2]
then leads to the following result for the amplitude errors {|o; — &;|})_;.

Theorem 3. Let {ds}, {JS} = O(1) be two sets of tolerance coefficients. Under the assumptions of Theorem

@ and for each € satisfying the condition € S 621, let is = 75({d;} ,€), s =1,...,n denote the ezact roots
of the perturbed Prony polynomial G (z;{d;},¢€), and consider col {é&;};_, whzch satzsﬁes

1 1 1
~ - n cyn—1 ~ .’Z‘l .f?n,1 jjn
V-col{a;};, :col{mi—i—edi} , V= .

i=0 :
~n—1 ~n—1 ~n—1
7] Se.o@pTyoEn

Given any j € Cy (which corresponds to a cluster of size {;), we have

1-2¢, .
|Ozj—&j‘§ ) € Uy >1;
~ € gt =1.

Similarly to Theorem [2] the latter theorem holds for all amplitudes simultaneously. As a consequence,
we show in Theorem |§| that Algorithm (and thus also Algorithm retains the stability bounds when
executed in finite precision arithmetic. However, we require several auxiliary definitions in order to state the
precise result, and thus we defer these developments to Section [7]

Some preliminary results, which are needed for the proofs, are given in Section @] The proof of the
Theorem [2] is the subject of Section [5} while the proof of Theorem [3]is given in Section [f] Some numerical
results are presented in Section

3.1. Proof outline. Before embarking on the technical details of the proofs of the main results, here we
provide a simplified version of the key arguments involved.

3.1.1. Theorem[d Examining the proof of the second estimate of Proposition [I]in Section we notice that
it did not require any particular structure for the errors ¢; — p;, but only their magnitude via the estimate
@. This resulted in a suboptimal bound.



Our strategy to improve the bound @ on ¢q(z) — p(z) (more precisely, on the difference of the scaled
polynomials, 7#(z) = G(z) — p(z)) is to explicitly obtain an expansion of the form

7(z) = Z " sp(2)
k=1

where {s;(2)}7_, will be well-defined polynomials, depending also on z1,...,z, (in addition to z), thereby
making them multivariate, which in turn depend on the perturbation matrix D (as in ) The key obser-
vation is that si(z) can be further written as linear combination of terms of the form

sk(z;21,. .. @) = Z Dj(z;21,...,20;D) H(scl —2) H (zs — x4)?,

jely i€S; s,teT;,s<t

where the sets {S;}, {T;} as well as the index sets {1}, } are defined combinatorially, while the coefficients {D, }
are bounded uniformly (and depend on D). This representation of sj is obtained by a careful consideration
of symmetry properties of the associated Vandermonde type determinants resulting from the determinantal
formulas and of p(z) and q(z), respectively, while further employing ().

To demonstrate the argument, consider the first order term k& = 1. Our calculations show that in this

case
n
51(Z7I1,7IW)ZZD1H($Z*Z) H (:C’L*‘rk)Q
Jj=1 i#] i#ksiken]\{s}

Let us replace 7(z) with the first order approximation es; (z), and consider the Rouche’s theorem argument
from the proof of Proposition Also, for simplicity, consider the case of a single cluster £ = n. Set
Py = Px0, € = 02"~ ! where p,, € are to be determined. Set z(0) = x,, +p.e*? as before for some m = 1,...,n.
On the one hand:

2

p(2(0))| 2 6"V pud" "t = c1pad”

for some constant ¢;. On the other hand,

|681(2(9))| é 6{ Z 6n72p*5(n71)(n72) 4 5n15(n1)(n2)}
J#Fm
= (=17 — 62€6"2

for some constant cs. Therefore, the condition of Rouche’s theorem can always be satisfied by choosing
ps < Ze

The general argument will be similar in spirit to what is presented above. However, significant technical
elaboration is required due to the combinatorial structures arising in the analysis. Indeed, to complete the
argument, we show that

(1) The arguments can be generalized to the multi-cluster geometry, and
(2) The restriction to first order term is not essential, as the higher order terms exhibit a recursive
property, which allows to bound them in terms of the first order term in e.

3.1.2. Theorem[3 Recall that a = col{e;}!;, & = col{&;}?_, and A = & — . Let m, m and Am be
defined similarly for the first n algebraic moments. The improvement of the bound on the amplitude errors
{levi — @&;]}}_; in Theorem 3| is achieved by a careful analysis of the Vandermonde structure of the linear
system (V + AV)(a + Aa) = m. Substituting & = V~'m we can extract Ac as

Aa=V'Am— (I -V 'V)a.

Our key observation here is that the entries of V=1V are given by the (perturbed) Lagrange interpolation
basis polynomials evaluated at the original nodes {z; }?:1. Due to the specific structure of these polynomials,
the correct estimate on |Aa| can be obtained.

Additional complication arises from the multi-cluster case, as the above analysis no longer provides an
accurate estimate; however utilizing correlations between the errors in the perturbed nodes z; — x;, we are
able to obtain the correct bound.



4. PRELIMINARY RESULTS

The following lemma will be useful for obtaining an explicit representation of the Prony polynomials p(z),

q(z) as in (L1), resp. (12).

Lemma 1. Let m; =m; +edj, j=0,...,2n—1, let G(z) be given by , and let p(z),q(z) be the monic
Prony polynomials given in , @ Then

(13) p(z) = (=1)" det (Hy) p(2)
(14) a(z) = (=1)" det (71,) (=)
Proof. See Appendix [A]] O

By Lemma [T and Proposition [2] we immediately have

(15) p(z)z(—l)"(Hak>~ [ @e—=2w)? -<H(z—xm)>.
k=1

1<m<t<n m=1

We introduce several definitions that are essential for deriving an explicit € expansion of the perturbed
Prony polynomial g (z;{d;}, €). The notations correspond t(ﬂ |18] Section 0.8.12]. Given any k € {1,...,n+ 1},
let Q"*! be the set of all increasing sequences of elements from [n + 1] of length &, namely

(16) Ol = L(iy, .. i) |1 <0y <+ <ip <n+1}.

The latter is an ordered set with the standard lexicographic order. Given a matrix A € C"*™, let C,.(A) €
c(h)x (:), r € [n] be the r-th multiplicative compound of A, which consists of all r x 7 minors of A. Namely,
the rows and columns of C..(A) are indexed by 3,7 € Q) with the entry [C,.(A)], , being the determinant of

the rxr submatrix obtained by choosing from A the rows in 8 and columns in 7. We further define Cy (A) = 1.
Let adj,.(A), r € [n — 1] be the r-th adjugate of A, where we define adj,,(A) = 1 and adj,(A) = det A. In
particular, adj; (A) is the standard adjugate of A.

Introducing
1 z ... "1 2z 0 . 0
mo mi ‘e mp—1 my do [P dn
(17) G(z) = . ., D=
Mp—1 Mp ... Mop—2 Map—1 dpo1 ... dap_y

and using and , we see that the perturbed Prony polynomial satisfies ¢ (z; {d;},€) = det(G(z) + D).
By |18 Formula 0.8.12.3], we have the expansion

n+1
(18) q(z{di} €)= € Oni1n(2), Oni1-n(z) =tr (adj, 41 (D)Cni1-x(G(2))) -
k=0

Fixing x € [n+ 1] U {0}, the following lemma provides an explicit description of the coefficient of € in .
Lemma 2. The coefficient of €* in s given by

p(2), k=0
Z'YGQZJJ;LN Zﬁegﬁiifﬁ:leﬂ [adjn-i-l—m(Dﬂ v,B Fﬂ,"/(z)v I<k<n-1

Z?:Jrll [adj(D)]iJ 271, K=n
det(D), k=n+1

Ont1-r(2) =

Un the original version of 18| there are several typos in Section 0.8.12, which are fixed in the official errata.
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where for any v, € Qii1_,, 1<k <n—1 such that 1 € 3, the term I'g (2) is given by

2z zatka . Zatkn_x
my Mp4k, ce Mp4k,_,.
Ip(2) =det | ™Mbtl Mb+11 4k - Mb41; 4k
Mbtly w1 Mbtly gtk oo Mbtly o atkn w] i
where
Vz(ilv"'vin-‘rl—ﬁ), 6:(17j1,--'ajn—n)7
(19) a=1i1—1, b=(1—-2)+(¢1—-1),
kl =12 —11,... 7kn7/1 =ln+l1—-k — 21,
11 =J2 —J1y--- 71n—m—1 = JIn—x — J1-
Proof. See Appendix [A2] 0

According to Lemma [2| we have
r(z) =r(z{di} €)= q(z{di},e) —p(2)
(20) =S e [Cheort . Toeartt acp [pdinp (D), s Tan(2)]

ntl—r ntl—k’

+e" 2?2_11 [adj(D)]i,l 274 et det(D).

We aim to obtain an upper bound on r(z) in terms of the clustered configuration parameters (see Definition
. For that purpose, we consider the expansion and proceed with analyzing I's (z) (subject to ),
in the case 1 <k <n—1.

Theorem 4. Let 1 < k < n—1. Consider g (z) in Lemma([d, subject to (19). There ezist polynomials
o2 (2), (W1, ,wn_y) € Q"_, (see in Appendi:cfor explicit description of ¢€1 mn) (2))

(W1seeywWn—k)

such that
(21)  Tpq(2) :Z(wl,...,wn,n)egﬁ

n—k

(M= e, =) (Mhcvcrcnmnl@o, = 20.2) 601 o))}

,,,,,

Here {xj}?zl and {«o; };;1 are the nodes and amplitudes, respectively, of the noiseless Prony’s problem.
Proof. See Appendix [A73] O
Remark 3. In Theorem with & = n — 1 we use the convention that [], ., . (Tw, — r,. )2 =1.

Combining and Theorem [4] we obtain the following presentation for r(z)
=0

_ n+l n Ny ntl : i—1
r(z) =e"Thdet(D)+em Y0, [adJ(D)]i,l z
22 n—1 k .
( ) + Zn:l € [2769211—»{ ZﬁeQ"Jrl 1€ Z(wl ..... o.)n,,i)€§227N [a‘d(]nJrlfm(D)} .8

n+l—r"

< (Tt @, = ) (Mhacrznmn @ = 20)2) 6010 ()] -

Here we used the fact that D has a row of zeros (see (17))), whence det(D) = 0. Recall the definition of a
clustered configuration (Deﬁnition and consider the expansion (22)). Since we assume that {dz}?za '— o(1)
(see Theorem , we have that [adj(D)];; = O(1), 1 <i <n+1 and [adjnJrlfH(D)LB = O(1) for any

v, 8 € QZE_K, 1<k <n-1, 1€ 8. Furthermore, taking into account the continuity of the polynomials

(bfwz wnin)(z), we have that for any K C C compact, we can find a constant C; = Cy (K, My, n,n,T) (i.e.,
depending on the compact K, the clustered configuration parameters n,n,T and the upper bound on the

amplitudes) such that for all v, 8 € QZE?N, 1<k<n-1,1€pand (wy,...,wp_x) € Q"_.

(23) [Com——

uniformly in § < 1. The constant C; will be taken into account below when bounding the difference
r(z) = q(z) — p(2) as part of applying Rouche’s theorem (see the beginning of Section 5).
11
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4.1. First-order asymptotic constant. It may be of interest to have an explicit expression of the first-
order in € term in the node error n; := x; — &; as ¢ — 07. The following lemma provides this first-order
term.

Lemma 3. The following holds for all j =1,... n:
Y;(D)
G [ Lmepm gy (€5 = @m)?

(24) n; = —i; = (—1)""" e+ 0(e?), e—0t.

Here {\I!j(D)}?:l are polynomials in X := {x1,...,2n} given in below.

Remark 4. Note that if j € C; with card(Cy) = 4y, then implies that |n;| < |a;|710% %€ as e — 0F,
giing the infinitesimal version of Theorem [3, and by itself already a vast improvement upon Proposition
. Furthermore, the dependence on 1/]a]| in expresses the intuitive fact that it is harder to accurately
recover nodes with smaller amplitudes.

Proof of Lemma[3 Recall that g(z;) = 0. To first order in e, implies
(25) 0=q(%;) =p(&;)+e > Y. [adiu(D)], 5 Ts4(F5) + O(e),
veQnT! pegnttiaep

where, denoting q, = (1,2,...,s—1,s+1,...,n) € Q"_,, one has

D (3) = Z{( [T Gi-a) (m I Gn —@))¢§g<@)},

s=1 [n]\{s} [(n\{s}

with qﬁqﬁ;w given by in Appendix As € — 07 with all other parameters fixed, the only term in
I'5,~(Z;) which is of order O(1) corresponds to s = j. Further substitution of into implies

(" (H ak) ' [ @—=n)?]- (H (@ — xm))
k=1

1<m<t<n m=1
e I o) I eamm) X5 D), 6@ + 0
i,ken\{7} men\{7} yeQntt pegnttiep
Using the explicit form leads to where

x?wém

Hs<t;s,t€[n]\{j}(w8 - mt) ’

(26) V(D)= Y Y [adin (D)), gsa (%)

yeontt gegrttiies

To finish the proof, note that the rightmost factor in is a polynomial (cf. Appendix[A.3] - (65)). O

5. PROOF OF THEOREM [2]

Recall the definition of clustered configuration (Definition [2). Let j, € [n] and assume that 0 < |z—=;, | =
ps. Assume further that j, € C, where the cluster size is ¢, = card(C,). Henceforth, we fix ¢ = €§2%~!
and p, = p, 626~ H where € < 1 and p, < %min(l,T) are independent of § and will be determined
and interconnected subsequently (see below). Notice that since § < 1 is assumed throughout, we
automatically have that p, < §/3 < 4. Finally, since |z — z;, | = p., we have that z lies in S' + B (0, ). Let
C1 be the constant in , which corresponds to this closed neighborhood.

In this section we provide a proof of Theorem [2} The underlying idea of the proof is to show that subject
to the notations above, we can find a pair (€, p.) (which is independent of ) for which |p (z)|— |r(z)| > 0, for
arbitrarily small 6 < 1. Then, Rouche’s theorem [11] guarantees that the perturbed polynomial g (z; {d;},e€)
has a root Z;, such that |z;, — Z;,| < p«. The latter will readily yield the result of Theorem

12




The proof requires several auxiliary results. From we find

|p<z>|=<ﬁ|ak|)- T ool ~(ﬁz—xm|>

k=1 1<m<i<n m=1

(27) =S N I | T -<H|z—xm|>.

1<m<i<n

We bound the two rightmost terms separately. First, given m, ¢ € [n], m # £, the nodes x,,, z, satisfy either
m, € € Cs for some s € [(] or m € Cs, ¢ € Cyr where 5,8’ € [¢], s # s'. The number of ways to choose two
nodes which do not belong to the same cluster is

(-2

Remark 5. The latter formula employs generalized binomial coefficients. In particular, if for some s € [(],

we have £y =1 (i.e., Cs consists of a single isolated node), then (%‘) = 0. The same convention will be used

n below.
Recalling the definition of a clustered configuration (Definition [2)) we have
(29) I 2= aml? > T205m (D72,
1<m<i<n

Moreover,

(30) H|z—xm|:|z—xj*' H |2 — zml| - H |2 — T

m=1 m¢C, meC,\{Jj«}
Using and (30)), we obtain (recall that p, < §/3)
P 2 mip. (8- po)s et gnin=n-20
(31) > mg 2\tu—1 Tn+2gfl“ﬁ*6n(nfl)+2£* —£,,—20
_ CQﬁ*(S”("*l)+2£**eu*29

with the constant Cy = Cs (n,ma,T, {Cs}§:1> =m ( )Z“’_l Trt2e—tu,

Next, consider the expansion and write it as
r(2) = €001 (2) + € Qu(z) + 0] Q0 (2),

2
3

Qny1(z) = det(D) .
n+1 . p—
(32) Qn(2) = 202, [adj(D)]; , 2" g
QH(Z) = Z’YEQZi}ﬂ@ Z/gegxiiim;leﬁ Z(WI,..‘,W”f,ﬁ)EQZ_K ([a‘djn-‘rl—fi(D)]fy,ﬁ

% (M @, = 2)) (Mhigecrnon @ = 20)?) 057 0 (2)), 1<k <n—1.

We introduce the following notation for 1 < x <n —1

(33) ,P(wl,...,wnfn) = (H ‘st - Z> H |‘th — Tw,

s=1 1<s<t<n—~k

2

, (Wi, wn_k) € QN

Then, recalling and {d;}>"5" = O(1), we have for 1 <k <n —1

" |QR(Z)| <C maX’YﬁGQZiLN ‘ [adjn-i-l—n(D)]%ﬁ D,

(34) .
Q. = ZWEQ"H ZBGQ"“ 1€ Z(wl ..... Wn_r)EQT_ [6 P(m ----- Wn—li)]'

n+l—r n+l—r"

Note that ®, is defined to contain €*. Our next step is to derive recursive bounds on {@K}:;; in terms
of ®;. The latter will simplify the upper bounding of r(z). To proceed, we derive the following relations on
the expressions Py, ... w,_,.)-

13



Lemma 4. Let (wy,...,wy—x) € Q7 1<k<n—-2and fit 1 <s<n-—«. Then

(35) Plootseoon—r) 2 min (p*(;z(eﬂ—n, (65— p*)62(£“,—1)’62(£*—1)) _
P(W17~~-7ws—17ws+17~~-7wn75)
Moreover,
(39) Plorinn) 5 P
€K+1P(wl7"‘5w5717w5+17~~~5wn7ﬁ;) €

Proof. See Appendix [B.] O

Using Lemma 4| and we conclude that there exist positive constants =., 1 < k < n — 1 that are
independent of § and satisfy

€

k—1
) =P, 1<k<n-1.
P

(37) 10 (2)] < <

Note that Z; = 1. Recalling that Q,,.1(z) = 0, introducing =,, = Z?:ll ‘[adj(D)]M‘ (%)i_l and employing
, we obtain the following upper bound
7 7

_\n—2
(38) () <eﬂan+(1+ =4+ (£) :)@

Consider first the leftmost term on the right-hand side. We derive an upper bound which will be used in the

application of Rouche’s theorem below (see and ([41)).

Proposition 4. The following holds

(39) (¢/E)" < §n(n=1F2L~Lu—20

Proof. See Appendix [B2] O
To continue with , we would like to upper bound ®; (see for the definition).

Lemma 5. Let e = é2*~1 and p, = p, 02—+ where § < 1. Assume that € < 1 and p, < %min(l,T)
are independent of §. Then,
1, ws # i for all s € [n — 1]
gén(n_l);;gj’izj)_% T QP02 £t for somet € Cu\ {4k}
P02 E=tFL =L b for some b€ C,, L # L

with a constant that is independent of 9.
Proof. See Appendix [B.3] O

We are now ready to finish the proof of Theorem [2l By combining in the case k = 1 and Lemma
we obtain that there exists some Zy > 0, independent of §, such that

(40) Oy <Zp | 14,0700 ) "p a2 0T ) ggn(nm DRt tim2e,
LE
Recalling and (38), we have

Ent (1t E ()" ) B

L p(z)|—|r(z —
R '75n(7‘1—(1))~l‘»2$1‘729 Z CQP* - 6n(7zfl)+25*7€}172g
(39). @) _ _ _\n—2
(41) > Gype—@Zu - (14 £+ + (£)  En

X2 (1 + 5*52(6*_4“) + Zb¢uﬁ*52(€*_£L)+l) .
At this point we impose a linear relationship between p, and € as follows:

€ = Qx, a < 3.
14



The condition o < 3 ensures that € < 1 for all p, < % We can further bound the right-hand side of :

R
(42) A > T(a),
"En 52(L—0,) 5200 —)+1
T(a) :202_(;)117_1—Oé(l—FOéEl—F..._Fa"*?En_l)EO <1+ 5 +ZL;£,u ; '

Since T'(0) = Cy > 0 and T'(«) is continuous, there exists ag, independent of p., such that T'(«) > 0
for all a € (0,9). Now put ay := min(ag,3). We have shown that for all & € (0,a1) and all p, < § we
have R > 0. Therefore, by applying Rouche’s theorem [11] and using the fact that p(z) and p (z) differ by a
multiplicative constant the following implication is true:

1 € 1
Va € (0,a1), Vo < 3 €= ap 62T = |y, — 35 < pe = P02+ — ﬁ*%52_2£“ = 562_%‘6.
By fizing some 0 < as < oy and letting p, < % be arbitrary, we rewrite the above as
1 1
Vo, < 3¢ €= Pead?t Tt = |z, — &5 | < ;252722“6, Jx € Cpy £, = card(C,,).

Since the above holds for arbitrary § < 1, this completes the proof of Theorem

6. PROOF OF THEOREM [3]

In this section we consider the amplitude approximation error {|a; — dj|}?:1. Throughout the section
we assume that the conditions of Theorem [2{ hold. In particular, we have ¢ = €52‘*~!, whereas given any
j € [n], j € C, we denote by p; = ﬁj52(5* —£)+1 the upper bound on the node recovery error |z; — &;|. Here,
€<landp; < %min(l, T') are independent of § and chosen as in the proof of Theorem [2| In particular, note

that p; S sri=z, as obtained from Theorem Let {d;}, {Jz} = O(1) be two sets of tolerance coefficients

(see Theorem [3).
Recall that the algebraic moments are given by my = Z;;l ozjx;?. Consistent with previous notation in
Proposition [3| and Section set a = col{a;};, & = col{&;}!, and Aa = & — . Introducing

oyn—1
(43) m = col {m,;}]"), rh:col{mi—i—edi} , Am=m-m

i=0
we have that both the perturbed and unperturbed amplitudes satisfy
(44) V.a=m, V-a=rm
with V given in the formulation of Theorem [3|and V' having the same form as V with the perturbed nodes
{#;};_, replaced by the unperturbed nodes {z;}7_,. Denote further V —V =: AV. Then
(45) V-Aa=Am—-AV -a=Aa=V"1 - (Am-AV.-a)=V"! - Am - (I—f/_lV) - o

For the rightmost term in (45)), let
~ n—1
7 2 — T P .
46 L;(z) = — = Lipz’, 1=1,...,n
(46) a-Il:=%-X%

- T;
k#£i =0

be the Lagrange basis corresponding to #1, . .., #,. Since the the columns of V=7 contain the coefficients of
the latter Lagrange basis, we have

ZLO Ce l~1,n—1 n—1 -
- . . - > = Ty — Tm
4 vi= I B {V 1VL,b =Y loxat = La(m) = [ R s,b € [n].
ln,O ln,n—l k=0 ms

We begin by considering the term V=1 - Am in .
15



Proposition 5. Fiz j € [n] such that j € Cy. The following holds

€

'[‘7_1 : Am]j‘ = =

Proof. See Appendix [C.1] O
Consider now the term (I - f/*lV), appearing in (45)).

Proposition 6. Fiz j € [n] such that j € Ct. The following estimate holds:

< {525_1, s € Cy,

~ €
§leFmaxg s fa—2) S ¢ Ct

(48)

85— [VIV]

Js8
where 8; 5 denotes the Kronecker delta.

Proof. See Appendix[C.2] O

From Propositions [5| and @ and my < a; <My, @ € [n], we obtain the following estimate for (Aa); (see

(45), where j € Cy:
o3 (fo - 7], | )

€ € € < €
~ose—1 + 5261 + Sletmaxazs ba—2 2 §20,—1°

(@al<|[7 am]

(49)

Note that the analysis in Proposition [0] yields an upper bound which couples the different clusters together
via their sizes {/, }ae (- Therefore, in , we see that clusters of larger size may influence accuracy of
coeflicients belonging to cluster of smaller size. This leads to a non-sharp upper bound on the amplitude
errors, which will be improved in the next section.

Remark 6. Ifx;, j € C; is an isolated node, the estimate (49)) is replaced by
€ < €
6maxa¢,la71 =~ 5&‘7 :

(50) [(Aa);| S e+

See Remark[q for the necessary modifications.

6.1. An improved bound on the amplitude error. Considering (z;,a;) with j € C;, from and
it can be seen that the leading contribution to the amplitude error stems from pairs (z, as) satisfying
s € C, with a # t (i.e., pairs out of the cluster Cy), if £, > ¢;. Here we aim to improve the previous analysis,
in order to achieve a better bound on the amplitude error.

Let b € [(], b # t. We consider the contribution of the nodes in C, = {xil, e ,x%} [(Aa),|, j € Cy

(leading to the suboptimal bound ST 7F 1 ([9)) through (I - f/‘*lv) - (see (45))). For simplicity
of notations, we assume henceforth that b =1 and z;, = x, k € [¢1]. This can always be achieved by index

permutation.
Since t # 1, the contribution of C; is given by

£y . P
61) O LGN o =3
v=1 v=1 m#£j m

The following theorem bounds V;. Although we assume that b = 1 for ease of notation, note that the theorem
remains valid for any cluster C, where b # t (the proof remains the same subject to more tedious notations).

Theorem 5. Assume the conditions of Theorem[3. The following estimate holds:

Vi 56 e
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Proof. Denote

A= det H, = (—1)"<f[ ak) ( Il Gm- :Es)2>

1<m<s<n
B::H(ij—xm C = H v — Tj).
m#j
These quantities can be effectively bounded from below, using the following facts:

(1) | — &m| R 6 by Theorem [2}
(2) &5 — 4] £ <1 by (49). Hence, by decreasing « in the proof of Theoreml see definition above (42))),
this quantity can be made smaller than B < |5L|;

(3) z; & Cr.

Therefore we have
(52) Az ?Sea(3) Bzl oz

Note that g(z,) = AT _; (z — &) = p(xy) +r(x,) for any v € [{1]. Recalling and (51)), we have
——

=0
121
apcv=3a| I -l

v=1  Srelt]\{v}

n—1 0
=D LD DENNED DU NI Sy I ) (S| [NCEY
=l yeQntl | peQrti ,:lep v=1 rele]\{v}

121 n+1

+Zau{ 11 (xr—5@)]{(2[adj(D)]i’lxj/%)e"}

v=1  Srel]\{v} i=1

=K+ F,
where by and ,
Do) = L ey, L (T 0w.) (T2 (e, —20))

X (H1§s<t§nfn(xwt - st)) SA (xV? J""Jl R 7an—m) xiwéawlauwwn—m-} .

Here ¥ w1,... .0, 1S given in and sy (xy,xwl, e ,an%) is the Schur polynomial for the partition A
and in the variables z,,2y,,...,%w,_,. |26, Chapter 3]. Note that to get a nonzero summand in I'g - (z,),
W1, ...,wWn_g should all be different from v.
To take care of the term F', we use to obtain
el < D@L =T g bollo=1) _ g(n—1)(2b~1)=ge,n(lr,mln)
en— n—1 Al |A|

where we further employ the notations of Appendix The proof therein shows that n(2¢, — 1) —

gen(lrs o ln) =20+, > 0 for any 1 < £, <n. Setting £, = 1, we get (n—1)(20.—1) =3 1, {s(€s—1) = 0.

Therefore, it is clear that *nil_m\ 1, whence |F { S €. In particular, taking into account (| . this yields
‘L‘ < _€
ABC|~ sti—1>

which is the desired upper bound. Next, we consider E. To shorten the notation, we will write q =
(wi,...,wn—yx) for a general element in Q" .. Rearranging the order of summation, we can write £ =
17



n—1 g
> € Ey, where

Bpi= Y. Yo ladia(D)], 5 Y EXP()

yeonti_, BeQrti_,:1€B qeQn_ .
n—k
(53) E/(Jﬁ)(q) = (H O‘ws> H (Tw, — Tw,) | Yrq
s=1 1<s<t<n—k
04 n—ek
X Z sx (To, Ty Ty, ) T <H (Tw, — :Cl,)) H (z — 7).
v=1 s=1 relfi)\{v}
We denote, as in the proof of Lemma[3] qs = (1,2,...,s = 1,s +1,...,n) € Q;_; and X = {x1,..., 2}
Consider first the case k = 1. Given (wy,...,wp—1) € QF_,, we consider the product H:;ll(xw — )

and notice that it equals zero unless {v} | {w; };L:_ll = [n]. Thus, we obtain

Er =3 cort 2pear+tiaes 8din (D)) 5 2 q, vefe] E§V7ﬂ)(qy)’
B0 @) = (T @) (Micoctgnin (@ =29) ¥ra,
e _
x 2 mr wsy (X) 2 ([ Lsepn oy (2 = ”““V)) e (or = 25)

which we treat as a multivariate polynomial in what comes next, in order to infer its divisibility. Using this
presentation and the properties of sy and 1y 4, (recall that the former polynomial is symmetric, whereas
the latter is an alternating polynomial, as was shown in Appendix 7 it can be readily verified that F
satisfies the following properties:
(1) For any s <t, s,t ¢ Cy, if 25 = 2 then By = 0:  in this case we have [[, <, ¢4z, (Tt —25) =0
in Ep”@)(qu)-
(2) FEj is invariant with respect to any transposition of two nodes not in C;. This follows from symmetry
of the polynomials sy and ¥xq, " [T1<scicn s 0 (Tt — Ts)-
(3) For any s < t, s,t € Cy, if 2y = x then Ey = 0. This follows from [ ¢\, (zs —2v) = 0 in
EP? ().
(4) Fj is invariant with respect to any transposition of the nodes of C;. This again follows from symmetry
of the polynomials in Eiv’ﬁ)(qy) and summation over q,, v € [¢1].

As a result, F; is divisible by
H = H (zg — ¢)? H (z, — x4)2.
s<t;s,t¢Cy 1<r<s<t;

This divisibility immediately implies

1By S H| S 825 (5)42(3) = 52 80cia () — ¢ % <e
Hence, by again taking into account 7 we have
€ Er < ¢ ,
A-B-C|7 §a-1
which involves the desired upper bound.
We now proceed by induction on k to show that |E.e®/A| S € for k = 1,...,n — 1. It can be readily
verified that for each q € QF_, | E,(J’ﬁ)(q) in satisfies the symmetry properties (1)—(4) above with respect

to the sets q \ C; and q N Cy. Consequently, for each v, 3, E,(J’B)(q) is divisible by H(q) where
H(q) := H (zs — )? H (@ — x5)?
s<t,s,teq\C1 r<s,r,s€qnCi

does not depend on 7, 3.
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Let q1 € Q_,., q2 € Q_,._; such that g C g with the obvious meaning (i.e. they differ by a single
index). Since € g §26-=1 we conclude, by an argument similar to the one employed in the proof of Lemma
[ that

€[H(q2)| < [H(a1)l-
Applying the induction hypothesis, we have for each q € Q' _,. and each v, 5 that

CH(@)| S 1H] = ¢ EOO@)| £ 1H] = B 5 1H]
We conclude that |E.e®/A| S € for K =1,...,n — 1. This proves V; < 6' ¢, as required. O
Proof of Theorem[3 Theorem [5] provides the following, improved, estimate on Ay, appearing in

€ € € €

(54) |(Aa)j| é 5t—1 + 526:—1 + 5li—1 é 526:—1° J€ [?’LL

where the term ;= in (which is obtained from nodes not in C;) is replaced by the improved estimate
5t:=1, which follows from Theorem |5 by applying it to each of the clusters different from C;. This finishes
the proof of Theorem O

Remark 7. For an isolated node x;, Theorem @ implies that the upper bound on |(Ae);| in Remark @ is
replaced by |(Aar);| 5 €.

7. STABILITY IN FINITE PRECISION COMPUTATIONS

So far, the results presented in Theorem [2] and Theorem [3| analyze the performance and output of
Prony’s method subject to computations in exact arithmetic. In particular, we show that the forward
errors {|Z; — x; |};l=1 and {|&; — o |}?=1 are bounded by the condition number of the problem (see Theorem
multiplied by the noise level. Therefore, Prony’s method achieves the theoretically optimal recovery bound
for both the nodes and the amplitudes.

In this section we analyze the performance of Prony’s method in the regime of finite-precision compu-
tations. In order to carry out such an analysis, we recall the definition of a backward error induced by
a particular numerical algorithm. We define the normwise backward error in the spirit of approximation
theory:

Definition 3. Let f : C™ — C™ be a given function. Fix x € C™ and let y € C™ be an approzrimation of
f(x). The backwards error in y is defined as

n(y) =inf{v : y=f(z+Az),|Az[ < vz},

Namely, the (normuwise) backward error is the smallest relative error between x and a perturbed x + Az,
which is mapped to y under f.

In the context of computations, one can think of y in Deﬁnition as obtained from f(x) by round-off, due
to finite-precision computation. A well-known approach in numerical analysis is to bound the backward errors
committed by a particular numerical algorithm, and conclude that the actual (forward) error is bounded by
the multiple of the backward error and the condition number [17]. A prototypical bound of the forward error
for Definition [Blis then of the form

W= TGN < cona(f.2)n(w) + On(w))?
|f ()]
where cond(f,x) is an appropriate condition number associated with the function f and the point x. Unfor-
tunately, deriving a-priori bounds on the backward error is essentially difficult, and therefore it is frequently
of interest to compute a bound numerically, given an output of a particular algorithm.

To concretize the discussion above for the context of Prony’s method and Algorithm we introduce
the following definition. In what follows, for a vector y = col{y;}}¥, and 0 < j < k < N two indices, we
denote y[j : k] = col{y;};_;.

19



Definition 4. Let q° = col {q;’ };:01, X° = col{x;’ j=1 and a® = col {04;? };L:l denote the results of Steps 2,
3 and 4, respectively, in a (finite-precision) numerical implementation of Prony’s method (Algorithm .
The backward errors for each of the steps are defined as follows (all inequalities of the form |a| < ¢ where a

is a vector or a matriz are to be interpreted component-wise):

e Step 2: Let m = CO]{Tﬁj}jigl be the vector of perturbed moments. For a vector v € C*"1, et

H,(v) € C**™ denote the Hankel matriz constructed from v. We define, for th = col{ﬁlj}ilgl,

(55) berr; (q°;m) = inf{el cHa(m[0:2n—2])-q° =—mn:2n—1], |m-—m|< 61}
to be the backward error corresponding to the Hankel system
M (8]0 < 20 — 2]) - col {g;}7) = —mm[n : 2n — 1].

e Step 3: Denote q = col {(j]};:_ol and let

n—1
(56) berra(x°;q°) = inf{ez ()" + Z cjl(x;’)l =0 Vj=1,...,n, |@°—¢q|< 62}
i=0

be the backward error corresponding to the numerically obtained roots of the Prony polynomial.

e Step 4: Denote m* € C" and x* = col {x;‘ }?:1. Then define

(57) berrg(a®;m[0:n —1],x°) = inf{eg V(e =m*, |x*—x°|<e3 m*—m[0:n— 1” < 63}.

to be the backward error corresponding to solving the Vandermonde system for the amplitudes.

Our goal is to estimate the total backward error of Algorithm [2.1] by aggregating over the backward errors
of the steps above. To estimate the backward errors in practice, there are several available results in the
literature, e.g. [2, 16} |31} |33]. For the Hankel linear system structured backward error (when the right-hand
side depends on a subset of the same parameters as the Hankel matrix), we have the following:

Proposition 7. Letr = r(m,q°) =m[n : 2n — 1] + H, (M0 : 2n — 2]) - q° € C" denote the actual residual.
Then

berr; (q°; ) $ min{[|§]l2 : & € C**, Cnd = r} < [|C] [l2]|rl2,

where
@ 945 - 1 0 .. 0
0 ¢ 9 - q_ 1 0... 0

(58) Cola®)=Co=|. . ' e cven,
o ... O a@ g .. g, 1

Proof. Following |16], denote § = i — m, then the constraint
(59) H,(mh[0:2n —2]) - q° = —1h[n : 2n — 1]

in can be rewritten as C,,0d = r. The exact value of the backward error is the solution to the underde-
termined constrained minimization problem min{||d||o : C;,d = r}, which can be, up to constants, bounded
by the solution in the 2-norm. O

The backward error berrs(x°; q°), given in , can be easily computed as follows: since the values of the
roots in finite-precision, {m‘; 71, are known, the coefficients q = col {g; };‘;01 of the corresponding polynomial
can be computed explicitly, followed by direct evaluation of the norm ||q° — q| .

As for the structured backward Vandermonde error, we have the following.

Proposition 8. berrs(a®;m[0: n — 1],x°) can be bounded using the following steps:
20



(1) Compute the linearized backward error

berri®(a®; M0 : n — 1],x°) = min{||(61,62)|2 [V/(x°) diag(a®) = Inxn](01,682)" = r},
=U

where, as before, r =m[0:n—1] -V (x°)a® and V' = [(m}’)k k:(m‘?)k_l]jj"”’:;1 is the confluent
Vandermonde matriz. The solution is given by (81,62)" = U'r.
(2) Substitute the obtained minimal perturbation in x and obtain an actual bound for the right-hand side

perturbation:

62/ = V(XO + 61)0&0 — rh[() tn— 1]
(3) Take the bound for the actual backward error to be the mazimum between |81 ||, ||02||, ||d2']|-

Proof. See p.26 in [2]. The oo-norm estimates can again be bounded by the solution in the Euclidean
norm. ]

Theorem 6. Suppose that the numerical algorithms in steps 2, 8 and 4 of Algorithm are backward
stable, i.e. the backward errors , and are on the order of machine epsilon €5, and also that
em < €. Further assume that for (58), it holds that ||Cf(q°)|l2 = O(1) (i.e. independent of the minimal
separation 6). Then the bounds of Theorem @ and Theorem @ hold for {x$}7_; and {a5}7_, in place of

{i"j}?d and {&j}?:l'
Proof. By backward stability of Step 2, q° is the exact solution to the Hankel system
H,(0[0:2n —2]) - q° = —1h[n : 2n — 1]

with moment vector t € C?" such that | — m| = O(eps). By backward stability of Step 3 (root finding),
x° are the exact roots of the polynomial G(z) such that [|q°> — §|| = O(eas). Using Proposition [7] and (59),
we have

berri (q°, @) £ [[Cn(a®) l2|@[n : 2n — 1] + Hp ([0 : 20— 2]) - ¢°|
< 1Cn(@®) 2]l (0 — 1) [0 : 20 — 1] + [H, ([0 : 200 — 2]) — Hp (0[0 2 20 — 2))] @
= O(E]\/j).

Since ) S €, we conclude that x° are the exact roots of a polynomial g(m°;z) where m° € C?" with
[m® —m| < [m° - + ||/ — m| = O(ear). The latter implies that the bounds for |z§ — z;| hold as
specified in Theorem 2] By backward stability of Step 4, there exist x* and m* such that a° is the exact
solution of the Vandermonde system V (x*)a® = m* with x*—x° = O(ejps) and ||m*—m[0 : n — 1]|| = O(epn).
Clearly x* are the exact roots of a polynomial with coefficients q* satisfying ||q* — || = O(eas). But then
we also have ||q* — q°|| = O(epr) and by the same computation as above we conclude that x* are the exact

roots of a polynomial §(1h; z) with ||th — m|| = O(eps). Applying Theorem [3| completes the proof. |

8. NUMERICAL RESULTS

The numerical performance of both PM and DPM has already been investigated in |20], suggesting their
optimality in the corresponding regime (respectively, as either § < % or SRF > 1 where SRF := &) In
particular, the results reported in |20 confirm the predictions of Theorem [2[ and Theorem Numerical
results in the multi-cluster setting for additional SR algorithms such as ESPRIT, MUSIC and Matrix Pencil
are available in, e.g., [23] 22, 8]. Here we complement the experiments in [20] by computing the backward
errors in each step of PM (cf. Theorem @7 implying that PM attains the optimal bounds in finite-precision
arithmetic as well (Figure |2).

In all experiments, we consider a clustered configuration with n = 3 nodes, where node j = 3 is isolated,
and construct the signal with random complex amplitudes (as in the model ), while adding random
bounded perturbations (noise) to the measurements. We measure the actual error amplification factors i.e.,
the condition numbers of this problem) of the nodes and amplitudes (cf. 8, Algorithm 3.3]):

Kaoji=€ 'Qlu; =&l Kaji=e oy —ayl,
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FIGURE 2. Classical Prony method - asymptotic optimality. For cluster nodes j = 1,2, the node errors &;,; =
|Z; — x| (left) scale is like 6>~2¢ while the amplitude errors £, ; = |&; — a;| (middle) scale like §'~2¢. For the
non-cluster node j = 3, both errors are bounded by a constant. Right: backward errors of each step, as specified
in Definition [d] are on the order of machine epsilon, implying numerical stability of PM according to Theorem [f]
Here € = 107'° in all experiments.

choosing €, § at random from a pre-defined range. Then, reconstruction of the signal is performed using one
of three methods: classical Prony Method, Decimated Prony Method and Matrix Pencil. For each method,
we compare the scaling of the condition numbers in two scenarios: projecting the recovered nodes on the
unit circle prior to recovering the amplitudes versus non-projecting them. All computations were done in
double-precision floating-point arithmetic.

As evident from Figure [1| (middle pane), the correlations between the errors in the coefficients of the
Prony polynomial g(z) are essential for obtaining the correct asymptotics for the errors in {gcj};‘:l, as done
in the proof of Theorem [2| On the other hand, Figure [1] (right pane) does not appear to suggest that the
correlations between the errors in {x; }?:1 have any influence on the accuracy of recovering the a;’s. In
hindsight, the reason is clear: the proof of the estimates (49 (or ) does not require any correlations
between the different errors. In contrast, the improved analysis in Section [6.1] uses these correlations in

an essential way via the expression 251:1 oy [T e oy (@r — ;) |4(2y), resulting in the improved bound

(54). Thus, if we were to perturb the recovered nodes in random directions, Theorem [5| would no longer
be valid, and the bound would be the “next best thing”. It turns out that a simple projection of
the complex nodes {7;}_; to the unit circle prior to recovering the amplitudes a; provides the
required perturbation — Figure [3] demonstrates the loss of accuracy of the non-cluster node j = 3 when
projecting all nodes. Here we also plot the normalized “cluster discrepancy” V;/e given by measuring
the influcence between the different clusters, which should scale according to either (second estimate)
in the projected case, or according to Theorem [5| in the non-projected case. Note that the multi-cluster
geometry is essential to observe such a behavior.

Interestingly, the cancellation phenomenon just demonstrated appears in other methods for SR which
are based on decoupling the recovery of {z;}7_; from that of {c;}}_;. Performing the same projection
perturbation, the loss of accuracy can be seen for Decimated Prony method (DPM, Figure [4]) and also the
Matrix Pencil (Figure . In all the above, if we project the nodes before computing the amplitudes, then the
amplitudes accuracy will deteriorate according to the estimate . Thus, non-projecting the nodes is
crucial for maintaining the accuracy of non-cluster amplitudes. While this phenomenon is perhaps
to be expected for DPM which still relies on PM, Matrix Pencil entails an eigenvalue decomposition, and
therefore it is a-priori, not obvious that cancellations should occur also there. We believe our insights can
help towards a complete analysis of Matrix Pencil and related methods in the multi-cluster geometry.
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FIGURE 3. Prony’s method: accuracy of amplitude recovery where the nodes are projected (left) or non-projected
(center) prior to recovering the amplitudes. Right panel: the corresponding normalized amplitude discrepancy
function V) /e (see text). The results are consistent with the estimates (projected) and Theorem [5| (non-
projected).
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FIGURE 4. Decimated Prony Method - asymptotic optimality. For cluster nodes j = 1,2, the node amplification
factors K, (left) scale like SRF*~2, and for the non-cluster node (j = 3) it is bounded by a constant. The
amplitude error amplification factors K, for the non-cluster node with no projection (middle) are bounded by
a constant while with projection (right) they scale like SRF‘"!. For the cluster nodes, both amplitude error
amplification factors scale like SRF?~1.
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FIGURE 5. Matrix Pencil’s asymptotic optimality. For cluster nodes, the node amplification factors IC; (left) scale
like SRF%~2, and for the non-cluster node (j=3) it is bounded by a constant. The amplitude error amplification
factors KCq for the non-cluster node with no projection (middle) are bounded by a constant while with projection
(right) they scale like SRF*~! for large enough SRF. For the cluster nodes, both amplitude error amplification
factors scale like SRE%71,
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APPENDIX A. PROOFS - SECTION [4]

A.1. Proof of Lemma |1} Expanding via the first row we have

my M1 ... Mp_2 My,
(60) p(z) = (=1)"det (H,,) [ 2" + (=1)z" "' det (H,) " det | :
Mp_1 My ... Map_3 Mop_1
m;  mo ... My,
oo (=)™ det (H,) ™"
My Mp4+1 .. Mop—1
Recall the system . Applying Craemer’s rule we get
miy mp ... My,
po=(=1"det (Hy) "det | : 1|
My My ... Mop_1
(61)
mg  Mmi ... Mp_o My,
Pn1 = (—1)det (H,) " det
Mp_1 My ... Mop_3 Mop_1

Substituting into leads to . Identical computation for g(z) shows .
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A.2. Proof of Lemma |2} Recall that the coefficient of €* in is given by
Ont1-x(2) = tr (adjn+1—x(D)Cn-&-l—n(G(Z))) .

In the case x = 0, we have C,,1(G(2)) = det (G(z)) = p(z), whereas D € R™+DX(+1) implies, by
definition, that adj,, (D) = 1. Therefore, 0,,1(2) = p(z). In the case k = n + 1, we have, by definition,
adjy(D) = det(D) and Cy(G(z)) = 1, whence 6y(z) = det(D), as claimed.

Consider now the case 1 < k < n. By definition, we have

tr (adj, 11 (D)Crs1-x(G(2)))
= ZWEQT"H ZBEQZF [adjnJrlfn(D)]%g [CnJrl*H(G(Z))]ﬂ,—y .

ntl—r 1—r

Fix any v, € QZiLK. Then,

[adju o (D)), = (~1)X det (D [7]7°))

where x(v, 8) = > ;e i+ 2 e57 and D [3°[y¢] is the matrix obtained from D by selecting the rows not in
£ and columns not in . Recall the structure of D in and note that 1 ¢ § implies that D [3¢]~¢] has a
first row of zeros, whence det (D [3¢|y¢]) = 0. Therefore, in suffices to consider only 8 € Q41— such that
1 € 3. In the case k = n, we thus obtain 8 = (1) and v = (i), 1 <i <n+ 1, whence

01(z) = X [adis (D), [C (G = T (D)), G

= Z?:l [adj(D)]m 21
as required. Finally, consider the case 1 < Kk < n — 1. Recall the notation corresponding to each
v = (i1, yint+1-x) and B = (1,41,...,Jn—x). By definition of the multiplicative compound and the

notations

[[G((Z))]]Lz‘l [[G((Z))]]l,iz [[G((Z))]l,mm
G(z J1,81 G(z J1,i2 G(z J1yint1—k
[CnJrlfw(G(Z))]ﬁ,y = det .
[G(z)]jnfnyil [G(z)]jnfnﬂ-Q s [G(Z)]jnfmiwﬂfn
I il P ... Zintr-171
M(j1-2)+(i1-1) M(j1—-2)+(ia—1) -+ M(i1-2)+(int1-x—1)
= det .
LM G =2)+(1-1) MG e—2)+(G2—1) -+ M —2)+(int1-n—1)
[ 22 Zatkl .. Zatkn—x
my Mp+4k, N Mp+k, .
— det Mp41, Mp1;+lg e Mb4+1i+kp =Tg-(2),
L+l —e1 Mbtlp_g_1+ks oo Mbtly_ o 14kn—sn
whence
9n+171€(z) = Z Z [adjnJrlfn(D)],y”g Fﬁw’}’(’z)
veQrtt  BeQntl :1ep
as desired.

A.3. Proof of Theorem [4. Recall that the algebraic moments are given by

n

S

ms = E Oljl‘j.
Jj=1
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Employing the representation of I's 4 in Lemma [2] we have

22 zatk .. 22 Kn—r
my Mp+4k, N Mp4k,_,.
Fﬂﬂ/(’z) = det Mb+1; Mb4+1;+kq s Mb4+11+kn—
Mol w1 Mbly o a+ks oo+ Mbly o 1+kn k
22 zatk . zatkn s
n b n b+k n b+kn s
szl ATy, Zw:1 ) cee Zw=1 O‘wgwl .
n b1 n b+1; +k n +li+kn—x
= det Do QT Doy QT e D1 Cww
n btlp k-1 n b+lp -1tk n bt+ly k—1tkn—x
Dt Qe Domt Qe " C et QT T "
) Hatky o yatkn s«
b b4k btky—k
Ty, Tt T, N
n b+1 n b+1;+k n +li+kn—x
= 221:1 (078N det Zw:l QT ! Zw:l QAuXy, T ce Zw:l QL
n b+l, -1 n bt+lp—k—1+k1 n btlp—w—1+tkn—x
D1 Yo D1 Cww D DR O
22 zatk . Zatkn_x
xb mb+k1 xb"!‘knfm
" o o b 4k
— b+1y b+11+k; Hlhitkn
...\ n—~K T T - x
= = Zw17...,wn_~:1 (Hs:1 aws> det w2 w2 w2
b+lp—r—1 b+ln——1+k1 bt+lp—k—1+kn—x
Ly Ly, e Wn—rk
Consider a single summand in the latter sum. We have
22 z2tk . Z2FKn—x
b b+k btkn_x
Te, Ty e bx-{:ll e
_ b+1 b4l +k 1+kn_r
<H?:f aws> det Loy ! Loy T te Luwg
b+l, w1 b+l, —w—1+k: b+ly w—1+kn_x
Lwn w Wn—x e Wn—x
P! oKn—r
k kn—x
Tk - xi)l
_ n—~x a,.b ,.btl b+l -1 1k cee Xy ©
o (Hs=1 aWS) 27Ty Loy, e T, det w2 w2
Kn—_r
Lok L ad

Recall that implies that
1<k < <Kkppg.
Setting
M=Fkp—w—n+K ... ;. g =k1 — 1, \p—x+1 =0

we see that 0 < Aj,_x11 < Ap—p < -+ < Ay. Thus, considering A := (A1,..., An—x+1) @s an integer partition
|26, Chapter 1], we have that the considered summand equals

(H::_f aws) zaxglmg;"h . xgi"[”’l (H::_f(st — z))

(62)
X (H1§3<t§n—n(wwt - st)) SA (Za xwu R aan,—x,)

where sy (z, Teogs - a:w,,km) is the Schur polynomial for the partition A and in the variables z, z,,,, ..., Zw,, _
|26, Chapter 3]|. Note that the use of Schur polynomials allowed us to extract the Vandermonde determinant
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on {z, Tiggs- - ,anfﬁ}. To obtain an additional copy of the Vandermonde determinant, we sum over the
terms to obtain the following representation of I'g

_ - b ..b+l b+ln_ k-
Fﬂ"\/(’z) - Zzl,...,wn_nzl {(H?:f aws) Zamwlmwj R Loy !
X (H?;f(st - Z)) <H1§s<t§n—fi(’rwt - st)) SX (Zv Ly 7$wn7~,)}
Considering the latter representation we see that for selection of wy,...,w,_, € [n] such that there exist

some 1 < s <t <n—k with ws = w; the corresponding summand is zero. Hence, taking the symmetry of
Schur polynomials |26, Chapter 3] into account, we obtain

) Foo(2) = Corinear . L (0o e, ) (15 @, = 2)

x (H1§S<t§n7/{(xwt - wa)) Sx (27 Lowyse- aanw) Zaw&,wl,-..,wn%}
where
_ _1)\sgn(o),.b b+l b+lp k-1
¢A7w17---,wn7~ - desn—m( 1) ( )xwa(l)xwa(;) e xwa(n—m)
b b
J}iill - x%}fﬁ” 11 .. 1 1
1 1
(64) o ceomth e x R S
= det . = (Hj:1 ij) det
b+ly— - b+lp— - | P |
w T U e

and S,_, denotes the symmetric group on [n — x]. In particular, if there exist 1 < s < t < n — & such
that z,,, = z,, then ¥, . = 0. Thus, ¥ w,,....w,_, is divisible by [, o, ;). (Tw, — 7, ). In fact,

HWn—k
introducing the partition
,Ufn—rc:Oa Nn—fc—lzllfla a,uflzln—ﬁ—lf(n*/ffl)
we have that py > -+ > p,_x, and the integer partition p:= (p1, ..., ttn—x) satisfies
1 e 1
U
det : = sﬁ(xwl, s T ) (ngsdgn_n(xwt — st)> ,
ln—m—l ln—m—l
oy U

whence we conclude that

P3a(®) = Corinmear { (T (@, = 2)
x (H1§s<t§nfn(xwt - st)2> ¢?ﬁ,...,wn,ﬁ)('z)}

where
(65) (bﬁ;’z,.‘.,wn,n)(z) = (H:;f aws) Sx (27 Lwyse- - vmwn—m) Sg(xun yer anfn-)za (H;L;f xgj)
is a polynomial in {z7 Wy s Lasyy }

APPENDIX B. PROOFS - SECTION [B
B.1. Proof of Lemma [4. We have
_ 2
Plasseoon—n) = |Tw, — 2| (ngtgn—n,t;és [T, — T, | ) Pl oosws 1,0 s15eswn—n)

We consider three cases. First, let w, = j.. Then, recalling that z;, has j, € C,, with £,, nodes,

2 _ 2 2(0,,—1
e U | i e B | B A o T
1<t<n—k,t#s 1<t<n—K,wtF#J«

Indeed, when choosing elements z,,, so that the product is smallest, we can either choose w; € C,, \ {j.},
which contributes |z, — ;.| = 6% < 1 to the product, or we can choose w; ¢ C,, which contributes
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|2w, — x;.[> > T? = O(1). Thus, the smallest product obtainable is achieved by choosing all indices in

Cu\ {7}

If wy € C, \ {Jj«} then similar reasoning leads to

|0, — 2] T 17w =20l ] 26— p)a* @D,
1<t<n—k,t#s

Indeed, here |z, — 2| > |z, — z;j,
arguments as above.
Finally, if w, ¢ C,, then

— |z —x;,| > 6 — p«, whereas the second term follows by the same

2 % (T _ p*)(SQ(Z*_l).

|st - Z| H |.’17wt — Ty,

1<t<n—k,t#s

Indeed, note that in this case |z, — 2| > |z, — z;.| — |2 — z;.| > T — p«, whereas for the product, the
smallest result is obtained when z,,, belongs to the largest cluster, whereas {@u,, ... Tw, 1, Tw.iqs- s Tw,_,. |
are chosen first as all remaining elements of this cluster, and the remaining elements in different clusters (the
latter contribute O(1) to the product). This shows (35)).

This shows . Setting € = €52~ and p, = p,02~4%)*1 where € and j, are independent of §, and
taking into account § < 1 and p, < §min(1,T), it follows that

0. 52En=1) 5 5201

€ €62« —1

(5—p,)82¢u—1 13206 —£p) 1—p, 520 —tu) 1\2(6—2) 1—p, P
2 (5) =2 (5) > &

_ b
— 2
¢

€

€

€ )
(T,p*)(;?(@*fl)

T—p. <
p >

1
5§ e
Hence, the rightmost term is the smallest of the lower bounds which leads to (36]).

>

m‘?'

B.2. Proof of Proposition [4 Recall that ¢ = €52*~~! and let m < n. Consider the following function and
set of constraints

gm,n(wlw . ';wm) = Z:;l ’[Dg -n,
(@1, @) €Ay = {y €R™ | ZZL:1 Ys =m, ys > 1 Vs € [m]}.

Since Ay, is compact (m — 1 dimensional simplex in R™), g,, achieves its extrema in 2, ,,. We begin by
finding extremum candidates in the interior of 2, ,. Employing Largange multipliers with the auxiliary
parameter 7, we obtain the following first order conditions

m
Zws =n, 2ws=mn, s€E[m),
s=1

whence we get the candidate L;',—L’n = (%, ey %) Next, consider the boundary 02, ,. It can be easily
seen that it is characterized by ezactly k of the entries of (¢1,...,¢,,) being equal to 1 for some 1 < k < m.
By symmetry we can assume that ¢,, ;41 = --- = ¢, = 1, whereas ¢1,...,0,,_r > 1. Moreover, in this
case Gmn(l1y-- s lm) = Gm—tn—k(l1,. . lm—r) With (¢1,...,6y,_x) " in the relative interior of A,k -
. . T —k —k
Employing the same arguments as above we get the candidate L, ,, , = (h, ey A E I 1) , k<m
and L(—{O =(1,...,1), kK =m = n. Substitution into the function gives
n—k222 0<k<m-—1,
(66) g (L) = {( Vi
’ 0, k=m=n

A simple comparison shows that

(67) 0=9mn (L(—)r,o) < Gm,n (L;lr—zfl,nfl) < <Gmn (LInferl) .

ILe., taking only a single ¢; to be different from 1 maximizes g, ».
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Now, consider

1 o S0 —1) =200, =5 o) s (0 =1)
(68) en gn(n—D+20y —fy—2¢ -
_ 6"(26*_1)_25*""@1&_9(1”([1v"'véC).

We now use the previous maximization of g¢, to show that the power of ¢ on the right-hand side is non-
negative, whence the right-hand side is upper bounded by 1 (recall that § < 1). For the case of ( = n (i.e.,
when (¢1,...,£,) = L{ ), we have that £, = 1 and yields n(20,—1)—=20,+L,—ge n (b1, ..., 4c) =n—1 > 1,
whence the result follows. Assume that we have ¢ < n and exactly k < ( singleton clusters. In this case
b, = [%’f] Writing %’; =m +r where m € Nand 0 <r < 1, we have

€9).ED
n(2b, —1) =20+, — gen(b1,..., L) > n@2m+1)-2m—-2+4+4,—(n—k)(m+r)

=n+k-2m+nl—r)+kr+4£,—2.

Since n > 2 and k > 0, if £, > 2, the latter expression is clearly nonnegative. If £, = 1, then we must have
either n > 3 or k > 1, whence the expression is also nonnegative (indeed, kK = 0 and n = 2 imply a clustered
configuration of 2 nodes with no singleton clusters, which contradicts ¢,, = 1). The proof is concluded.

B.3. Proof of Lemma Fixing (w1,...,wn—1) € QI _; we consider a single summand of the form
eP(w1,...,wn—1). We derive an upper bound on

n—1
(69) €Pwr,wn ) = € (H |20, — Z|> H T, — T, :

s=1 1<s<t<n—1

up to constants that are independent of 6. Recall that |z —z;, | = p«, where j, € C,, with card(C,) = ¢,. To
upper bound H:;ll |z, — 2|, note that exactly one of the following holds:

e Case 1: wy # j, for all s € [n — 1]. In this case
n—1

H T, — 2] H |Tew, — 2] H |Tw, — 2

s=1 ws¢Cy ws€CL {7}

(70) < (pu+nT)" " (pu +70) 7

e Case 2: wy # ¢t for some t € C,, \ {j.}. In this case

n—1
H was - Zl H "/I;ws - Z‘ H |st -z
s=1

ws&Cn, ws€C\{r}

(71) < (pu+0T)" ™ pu (pu +70) 2.
o Case 3: wy # ¢t for some ¢ ¢ C,,. In this case
n—1
H |Tw, — 2| = H |2, — 2] H |Zw, — 2
s=1 wa #CL Ut} ws€C,,
(72) < (pe + 0" pu (pu + 70) T

To upper bound [T, ;<1 [Tw, — w,|?, consider an arbitrary ¢ € [(] and b € C,. Then,

n—1 Ly l, —1
@ =)= 2 6)-(%)
s€[¢\{e}
is the number of ways to choose two nodes which differ from x; and do not belong to the same cluster. Note
that the subscript ¢ is added to take into account that the node x; with b € C, is removed from the nodal

set. Let 1 < s <t <n—1 and consider the nodes z,, and x,,. Exactly one of the following options holds:
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(1) wy,ws € Cpr for some o/ # 1, (2) w,ws € C,\ {b} and (3) ws € C,r, wy € C,v where /," € [C], V # .
Hence, for ¢ € [¢] and b € C,, the following bound is obtained

(74) N = U e G e
1<s<t<n—1
Using -, we have the following three cases:
o Case 1: ws # j, for all s € [n —1]. Here z;, is removed from the nodal set, whence ¢ = 1 in and

(75) Gp(w17___,wn_1) <e (nT)Qwu (Td)(n—l)(n—Z)*%ﬂu (p* + nT)nffu (p* + T(S)e“ 1
o Case 2: wg # b for some b € C,, \ {j«}, whence : = p in and
(76) Plloyionr) S €T (70) VO (o T)" % po (o 70)

e Case 3: ws # b for some b € C,, ¢ # p. In this case we have ¢ # p in and

(77) Gp(wl """" wnil) S € (77T)2WL (,7_6)(“—1)(”—2)_2WL (p* + nT)TL—e;L—l p* (p* + 7_5>Zu—1
Now, recall and and note that the following relation holds
(78) (n=1)(n—=2)—2w, =n(n—1)—20—2(¢, — 1).
Now, we consider the three cases — separately:
e Case 1:
Plos ... N 2 _ oy _p §2x—lg(n—1)(n—2)—2w )1
eén(n( 11)+2e* li)72g < (UT) o T(n (n=2)—2w, (p* + 77T)n g 5n(n71)+2z*72(5)2j7— e
< §20u—2-2(0u—1) — 1
e Case 2:
Pl ..., wn 2 B oy —p, 5215 (n=2)=2wy (o L5yl —2
66"(n( 11>+2z*—£;)—2g < (nT) “u pn=n=2)-2w, (P +77T)n " 5n(n_1)+2g*f/i_(§9+7 L
é p*éz(l*_fu).
e Case 3:
EPW ORI 2 . _ _ _ ¢, —1 622*716(71,71)(7172)72171,/ N . Py £, —1
edn(n( 11)+2£* 2;129 S (UT) w T(n 1)(n—2)—2w, (p* +77T)n m 5n(n—1)+21*—l{;£gg+7 )
(78)

5,020 —t)+1

This concludes the proof.

APPENDIX C. PROOFS - SECTION

C.1. Proof of Proposition Recall and and consider the product Hb# mlfm Given b #
7, b€ Cs, we have

L T—pi—ps, sH#t (1-2) s#t
Tj—Tp| > |Tj — Tp| — Pt — Ps = >
|Z; ol = |@; bl = p Ps_{(s_2pt’ PR = 37
Therefore,
li—1 —n+l—1
H~1~§(3) |:(1_2>T:| é%
oy |Z; — T 0 3T ot
implying, together with and ([47), that for any a € {O coo,n—1}

- 1
f»
| J;a| H |-Tj *$b| ~ 5£t 1°

Since ||be]| o, < €, the latter estimate gives the desired result.
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Remark 8. Note that lﬁj_,a is of the form gj’a = (Hbij ﬁ) Sja(Z1,...,2pn), where 5;,(&1,...,&p) 18
some symmetric polynomial in T1,...,%T,. Since the perturbed nodes are bounded in a closed neighborhood
of St, as follows from Theorem@ we have §; 4(%1,...,T,) = O) for all j € [n] and a € [n —1].

C.2. Proof of Proposition [6} Consider first the case s = j. We have
[f/—lv] = I [mi _‘%b} = I {1+ % _@]
/ be|

P by T W\ TiT %

Ti— Ti— W
1 J J 1 J J
1 {Jrfj—fcb} H[+f?j—f?b}

beC:\{j} b¢Cy
£y—1 ‘ n—~s ‘
(79) = <1 + ) [ — @]"Agl>ﬂ> <1 + 3 [w - jj]")\(f)ﬂ>
v=1 v=1
where

: 1 1 . 1
A — E’ ”757 A2)d — E ”7:01.
Y : |5 — | 707 ) — | M
BCCA), [Bl=v beB BCIn\C,, |Bl=v beB

Note that p; = p;62(~#)+1 implies & < p; < %, whence

5
£,—1 £,—1 PNy p
i aAm] < (4) <P
Z [xj ZL']] v ~ 5 RS )
v=1 v=1
n—~_y n—~Ly
Sl =272 £ 0 S0,
v=1 v=1
which, together with 7 gives
-1 Pj €
HV VLJ_lléijrégé%l
Now, let s # j, s € Cy. Then,
3 s 1 N }
‘ [V_lv ) = :13 :fb é 7. —1 |xs - xs‘ H |CU5 —Tp
7,8 LT Ty ot .
ben\{j} beC:\{s,5}
1 Ps €
S Si1Ps H (T+m) | 5 N 5ti-1

beC\{s,j}

In the last steps we used the fact that given any b € C; \ {s,j} we have that p, = 62—+ which allows
to extract ¢ from each of the terms in the product and that s € C;, whence ps 5 =z -
Finally, let s € C,, a # t. By similar arguments, we obtain

- . Ts — ‘%b < 1 7 T
HV VL.S - 5 g Sgmrlemwl IL fe-m
U ey | beCal{s}

1 1 ¢
S gl [[ Go+m)| % §ita Pt R AT
beCa\{s}

Remark 9. For simplicity, the analysis above assumed €s > 2 for all s € [(]. For the case of an isolated
node C; = {x1}, €1 = 1 (without loss of generality), the analysis is modified slightly as follows: First,
is written as

~ n—1
[f/*lv] =11 [1 i Lfl} =14+ Y [og — 3] AR
R T — Ty ~
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with )\(VZ)’I given above. Hence,

[f/—lV} — 1‘ S P Se

1,1

)

Second, for s #1, s € C,, we further have

~ Tg — fk ~ ~
“V 1V} = I I =20 S s — &) I I |Ts — Tk
1, T1—
gz I TR kEC\{5}
Za_l Za—l €
S ps (ps +76) <K pS§%7,1-
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