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Data-driven identification of reaction-diffusion dynamics from finitely
many non-local noisy measurements by exponential fitting

Rami Katz, Giulia Giordano and Dmitry Batenkov

Abstract— Given a reaction-diffusion equation with unknown
right-hand side, we consider a nonlinear inverse problem
of estimating the associated leading eigenvalues and initial
condition modes from a finite number of non-local noisy
measurements. We define a reconstruction criterion and, for
a small enough noise, we prove the existence and uniqueness of
the desired approximation and derive closed-form expressions
for the first-order condition numbers, as well as bounds for their
asymptotic behavior in a regime when the number of measured
samples is fixed and the inter-sampling interval length tends to
infinity. When computing the sought estimates numerically, our
simulations show that the exponential fitting algorithm ESPRIT
is first-order optimal, as its first-order condition numbers have
the same asymptotic behavior as the analytic condition numbers
in the considered regime.

Index Terms— Identification, Distributed parameter systems,
Data-driven control, Estimation

I. INTRODUCTION AND CONSIDERED MODEL

Reaction-diffusion equations (RDEs) are widely used to
model phenomena in physics and engineering, including
magnetized plasma, flame front propagation and chemical
processes [1], [2]. RDEs belong to the class of distributed
parameters systems, and their control and observation have
been investigated over the last decades, see e.g. [3], [4], [5].
In particular, observation and control of RDEs through modal
decomposition was employed e.g. in [6], [7], [8]. Almost all
existing control and observation techniques assume explicit
knowledge of the spatial operator of the system or of the
eigenvalue/eigenfunction pairs corresponding to its modes.

Identification of unknown parameters in RDEs is a chal-
lenging problem, which has been mostly studied in an
adaptive estimation framework [9], [10]. Adaptive estimation
relies on a persistency of excitation assumption, which may
be difficult to verify in practice. It also requires continuous-
time measurements of the state and has not been generalized
so far to a sampled-data framework and/or to estimation from
a finite number of measurements. Finally, translation of these
theoretical methods into tractable and efficient algorithms
is, to the best of our knowledge, still an open problem.
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Other identification methods, which are accompanied by
sound numerical algorithms, have been derived in the field
of inverse problems [11], [12], [13]. These approaches treat
the problem of recovering the spatial operator of the sys-
tem under the assumption of complete knowledge of its
eigenvalues. However, this assumption is non-realistic from
a control theory perspective, since often only discrete-time
measurements of the state are available. Hence, constructive
and implementable data-driven identification techniques for

reaction-diffusion equations are still missing.
We consider the 1D reaction-diffusion equation

Zl(xvt) = (p(X)ZX(xyt))x+q(x)z(x7[)7 Z(Ovt) :Z(lvt) =0, (D

subject to non-local measurements

y(t) = /01 c(x)z(x,t)dx e R, t>0. )

Here ¢ € L?(0,1) is partially known (see Assumption
1.2 in Section [MI), x € (0,1) and z(x,r) € R. The smooth
functions p(x) and ¢(x) and the initial condition z(-,0) are
assumed unknown. The system (I) has an associated se-
quence of eigenvalues {A,}, _, with eigenfunctions {y,},_;
(see Section [MI). The identification objective considered in
this ;g]aper is the approximation of the leading eigenvalues
{An},21 s No €N, and the initial condition modes from the
available measurements, subject to appropriate assumptions
(see Section [[I). The contribution of the paper is as follows:

1) Differently from existing adaptive estimation algo-
rithms, which require measurements of the form y(z),
t >0, or {y(sk)},_; with limj_,.sx = oo, we assume
that the measurements (2)) are available at finitely many
time steps. Moreover, ¢ in is not a perfect filter
(meaning, ¢ ¢ span{y, 2\/‘:1) and introduces structured
noise into the measurements, with intensity €, which
emanates from measuring ‘undesirable’ system modes.

2) We define a reconstruction criterion in the presence of
structured noise, and prove the existence and unique-
ness of the associated approximation, provided € > 0
is not too large (see Theorem [I)).

3) We introduce first-order condition numbers, in @,
which describe how the €-noise is amplified in the
reconstruction errors, and provide explicit expressions
for these condition numbers, as well their asymptotic
behavior in the specific regime described in (I7).

4) Finally, we consider the problem of numerically com-
puting the approximations. The parameter identifica-
tion problem turns out to be a special case of expo-
nential fitting, a classical topic in data analysis with



numerous applications [14], [15], [16]. Our numer-
ical simulations show that the well-known ESPRIT
algorithm [17] achieves first-order optimality, meaning
that the first-order condition numbers of the ESPRIT
algorithm exhibit the same asymptotic behaviour as the
analytic condition numbers, in the considered regime.

We believe that our results pave the way towards new
directions in data-driven identification of RDEs.

II. PRELIMINARIES

Consider the system , where the unknown smooth
functions satisfy the bounds

0<p<p()<P<e, g<q)<q xe[0,1]. ()

The constants p,q,p,q are assumed to be unknown. We
denote by #2(0,1) (resp. #;'(0,1)) the Sobolev space
of functions f defined on [0,1] that are twice (resp. once)
weakly differentiable with f” € L?(0,1) (resp. f’ € L*(0,1)
and f(0) = f(1) = 0). Define the operator </

[/ 1) (x) = = (p(¥)H () — q(x)h(x), x€(0,1),
Dom(e7) = {he€ #72(0,1) ; h(0) =h(1)=0}.

The operator .2/ has an infinite monotone sequence of
simple eigenvalues {ln};:l satisfying lim,, . A, = oo [18].
The eigenvectors {y,},_; form a complete orthonormal
system in L2(0,1). Also, they satisfy the inequalities [18]

BnPp+q <t <mn*p+q, neN. ey

Well-posedness of system (I) has been studied thor-
oughly [19]. In particular, given z(-,0) € L?(0,1), sys-
tem (I) has a unique solution z € C([0,0),.%'(0,1)) N
C'((0,00),.5!(0,1)) such that z(-,¢) € Dom() for all > 0.
We present the solution to as

()= Y @), @)= (0w, neN. ()
n=1

Differentiating under the integral sign and integrating by

parts, we have z,(¢) = —A,z,(¢) for all n € N, whence
2(x,1) = Y za(0)e My (x). (©6)
n=1

Henceforth, we adopt the notation [n] ={ie N; 1 <i<n}.
Proposition 1: There exist constants v, Y > 0 such that

v(mz—n2>§lm—l,,§T<m2—n2) @)

holds for every choice of 1 <n < m.
Proof: We first show that holds for A < n < m,
with some A € N. By [20, Equation 4.21], the eigenvalues

{An},_, have the asymptotic behavior A, = g—§n2 +ao+

(0] (n%), n > 1, where B and ag are positive constants. Hence,

A — Ay > % (m2 7n2) + % +0 (ﬁ), which implies the
lower bound in (7), for large enough A. The upper bound is
proved via similar arguments. Next, given A, it is clear that
by increasing Y and decreasing v, we can further guarantee
for 1 <n<m<A. We show that Y and v can be tuned
such that holds for 1 <n <A and m > A. Assume VvV

cannot be found such that holds. Then, for any g € N,
there exist ny <A, my > A such that

—q ;Lmq — l"q @ n’ (Bmtzi _ﬁAz) +t9—4
270> =5 2 2 :
my —ng mq—l

By limy . m, = oo we get a contradiction. Similar arguments
hold for Y. [ ]
For y ={ Xﬂ}i:l C C, the Lagrange interpolation basis is

=X
LX! (Z): s
" J-I;J,Xn_x,/‘

nels], ®

and the corresponding Hermite interpolation basis is
Hyn(z) = [1 —2(z— xn)L;C’n(xn)] 12,(2),
Hyn(2) = (2= xn)L% ,(z), ne€(S].

The Hermite basis contains polynomials of degree at most
2§ — 1. For a polynomial ¢(z) = Y3_ya;z/, we introduce

(C)]

the coordinate map €(gq) = col {a j}fzo. The Hermite matrix

. T
Hs (1) = (row { [C(Hyn)  C(Hya)] o) €RPis the
unique matrix satisfying

sws e =[]},

)

(10)

Proposition 2: Let 0 < w; < wy < oo and Zy(x) =
—log (1 —e™ ™) with x >0 and o > 0. The integrals

jWth(a) = /Wz e@a(x)dx >0

JW]

an

are finite and decreasing, and limg e %, w,(0) =0.
Proof: We prove the result for wy = 1 and wy = oo
other cases are similar. Integrating by parts, we have

oo

Srnl) = [rog (1= [T

70{)6)

e~ “dx.

Since lim,_xlog (1 —e =0 and the integral on the
right-hand side converges, we have that _#| (@) < c. Given
x€(0,00), (0,00) 3 @+ —log (1 —e™*) € (0,00) is decreas-
ing, whence _# ..() is decreasing too. Let € >0, ot > 1 and
M >1.Then, 7 .(a) < _Z1m(0)+ _Zume(1). Choosing M
so that the rightmost term is smaller than % and then, by
Dini’s theorem, o, such that 7} y(a) < § for a > o, we

have that o > min(1, o) implies 0 < _#1 (@) < €. [ |

III. THE IDENTIFICATION OBJECTIVE

A. Measurements and standing assumptions

Considering system subject to the non-local measure-
ments (Z), we substitute (6) into () to obtain

y(r) = Z enzn(0)e ™™ cp=(c,y), neN. (12)
n=1

Remark 1: We do not assume that the solution to (T)) is
exponentially stable. In fact, for |g| > 0 large, the solution
(6) may contain (finitely) many unstable modes.

Before formally stating our identification objective, we
present our main assumptions on system (H]) and measure-
ments (). Let there exist Ni,N, € N such that the following
properties hold.

Assumption 1: The coefficients {c,},_, satisfy



1) ¢, =0 for all n > Ny + N>,
2) ¢, are known and nonzero for n € [Ny],
3) {4 <M for all n € [Ni],k € [N +Na) \ [M]

for some € >0 and M, > 0. We define

&= F ke N +N\ ).

Assumption 2: The initial condition z(-,0) € L?(0,1) is
unknown and satisfies z,(0) # 0 for n € [N;]. Furthermore,
S < M. for some M >0, n € [Ny] and k € [Ny +Na] \ [M1].

Remark 2: Our proposed approach allows to approximate
{y,,}n , even if both {cn} , and {z,(0 )}2\/1 , are unknown.
However, knowledge of {y,,} '1 in (T4) does not allow to
separate {c,,} !, and {z,(0)},, from their (corresponding)
products, if both sets are unknown. This is an inherent
ambiguity of the 1dent1ﬁcat10n objective. In Assumptlons [
and I we consider {c,,} !, to be known and {z,(0 )} to
be unknown. Our approach is also valid for unknown {c, },",
and known {z,(0) nN;1

Assumption 3: The system measurements are available
only at a finite set of times {t; := kA}2N1 ! with step-size

A>0.
Subject to Assumptlons [[}3] the measurements (I2) at the

available times {tk} i—o can be presented as

Ni+N>
Zye Mg Y yue MM k=0, 2N 1 (13)
n=1 n=N;+1
Ymain () Vit (1)
where
C11Zn(0)7 ne [Nl}
e (14)
In {ann(()), € [Ni+N]\ [M]

satisfy % <M:M,=:M, for all n € [N,],k € [N\ +No]\ [N1].

B. Identification objective and considered regime

We use the measurements (I3) to estimate {z,(0), 4, }n 1>
for some Ny < N;. To define a recovery criteria, we introduce

2N —1

y({yn,in}j]: 7 )col{Zy oMtk tk)} ,

k=0

15)

which reflects the discrepancy between the measurements
{y(Ak)} and the “virtual measurements” {):2]'11 yA,,e”l"Ak}

obtained from a candidate P := {)?,,,i,,}. Note that y(7) in
(13) depends on €.

Definition 1: P is an e-approximation of {y,,A,} if
F (P;e) =0.
The intuition behind Definition [l is as follows:

o Measurements (13) are split into ymam and yyy. The
former contains the desired {z,(0), k,l}n |» Whereas the
latter is an €-structured perturbation, where € > 0, since
c € L%(0,1) is not a perfect filter, i.e. ¢ ¢ span{y, ,,N;1

o When c is a perfect filter, € =0, and thus % (P;0) =0,
where P = {y,,A,}. In particular, the €-approximation
coincides with the true parameter, namely P = P.

« Hence, we propose to seek an approximation P which
preserves the equality .7 (P;€) =0 for € > 0.

Given an g-approximation P, Assumption |1 and expression
(T4) allow us to derive estimates for the dominant Ny <
Ni projection coefficients of the initial condition z(-,0),
{z:(0 )}n 1» since 2,(0) = £, n € [No].

We address the analytical problem of existence of P =
P(e). Specifically:

1) Given a small € > 0, we show that there exists a unique

P = P(¢) and we derive the first-order expansions of the
reconstruction errors with respect to €:

el o= B = 8 (1) +o(1), 06
el . Bl — g (n)+0(1), ne [No], €0,

where %) (n) and J#(n) are the first-order condition
numbers for the recovery of P, which describe how much
the e-structured perturbation is amplified when estimating
the reconstruction errors ey (n) and e, (n).

2) Assuming N, fixed, we derive the asymptotics of 73 (n)
and J#;(n) for n € [Ny] in the

Regime: N; fixed and A — oo a7

in order to obtain insight into the behaviour of the recon-
struction errors e, (n) and ey(n) for small €.

3) When computing P, our numerical simulations show
that the ESPRIT algorithm [17] is first-order optimal, i.e.,
its first-order condition numbers exhibit the same asymptotic
behaviour as ) (n) and J%;(n) in the regime (I7).

Remark 3: The considered problem is highly challenging
for two reasons. First, we assume that only finitely many
measurements are available for the reconstruction proce-
dure, for any triplet (A,N;,N,). Second, although (I)) is a
linear system, the task of recovering {yn,),n}gi] from the
measurements is a nonlinear inverse problem, as the
measurements depend nonlinearly on these parameters.

IV. IDENTIFICATION PROBLEM: FIRST-ORDER ANALYSIS

Here we derive explicit expressions for the first-order
condition numbers %) (n) and .#;(n) in (16), and bound
their asymptotic behavior in the regime (17).

Only to keep the presentation simpler, we assume that
N, =1 (i.e., the sum yui (%), k € {0} U[2N; — 1], in (T3)
contains a single term). The analysis and the conclusions of

this section remain identical for an arbitrary fixed N, € N.
Throughout the section, we use the notation

Opi=e ™ ne [N +1]. (18)
The measurements in (T3) are then rewritten as
N
=Y w0k +eww 108 1, ke {0YURN —1). (19

n=1

We now prove the existence of an €-approximation ﬁ( €)

and derive closed-form expressions for %) (n) and % (n
Theorem 1: There exist €, > 0 and continuously dlfyferen—

tiable functions P(g) := {)7,,(8),2”(8)} such that P(0) = P
and that, for all |e| < &, F(P;e) =0 < P = P(e).
Furthermore, we have

€ [V, (20

A1 He (9N, +1)
Ao (n)| TN — S A (v 1) |



where {Hao.,, Ho }ivlzl
polynomials, given in (9), associated with & = {q&n}

Proof: Consider the function .7 (P, ¢) in (I3) and recall
that P = {y,,A,} are the true parameters It can be seen
that .7 is differentiable in all variables (P,€). We denote by
dpF (P,0) its Jacobian with respect to P evaluated at P — P
and € = 0. Then, ds.7 (P,0) = J(P,0)D(P,0), with

are the Hermite interpolation basis

J(P0) =Hy, ()",

D(P,0) = diag { [ a9, ] }N‘:1 , @

where Hy, (®) is the Hermite matrix, given in (I0), asso-

ciated with ®. Since the eigenvalues {A,},” | are simple, it
follows from the uniqueness of Hermite interpolation that
Hy, (®) is invertible. In view of Assumptions [I{2| and of
@b we have that y, # 0, n € [N1], whence det(ds.Z (P,0)) #
0. The implicit function theorem [21] guarantees that there
exist & > 0 and continuously differentiable functions P(e)
such that P(0) = P and . (P;¢) =0 <= P = P(¢) for all
le| < &.. Differentiating .% (P(¢),€) = 0 with respect to €
and substituting € = 0, we obtain

M N1
]y oo maela )
(22)
Recalling that 9.7 (P,0) = Hy, (®) ' D(P,0) and that (]EI)
holds, we obtain the expression in (20).

Theorem [T allows us to analyze the asymptotic behaviour of

the condition numbers {.%;(n) N‘: and {7 (n )} L, in the
regime (T7) through the analysrs "of the polynomrals in (20).
Given A> 0, N; € N and n € [Ny], set the functions

él—H,#(‘PN.H ) gz_ "z 1( (Pl)
53 j n+](¢n ) ) 64*Zk%n|¢n (Pk' 17

where all summations/products range over indices in [N{],
and we use the convention that H’J‘-:l bj=1and 2’1‘-:[ b;j=0
whenever k < [. We omit the dependence of functions on
(n,N1,A) for simplicity of notation.

Remark 4: Recalling the Lagrange polynomials given in

(8) we observe that chn(‘PNrH) = 5 é and ‘Lq”, ¢n)‘ =&.

To prove our main result, we need several lemmas.
Lemma 1: The functions in (23) can be written as

(23)

-1
£ = e Lk 20 & = e AL 420,
£y — o 2AN-mh-265 N

n>1,

where
01 := X in —log 1—e*A<an+1*%>) >0,
92:2"* ~A( l>>>0 n>1,
0 := j n+1 —log <17€7A(Af7/1”)) >0, n<N;

1flog 1—

satisfy the inequalities

61 < F0--(AUN)) +log (1 - 8V NI (21

61> 71,(AY(2N; +1)) +log (1 —e*AY(Nl“*")(ZNl“)) ,
J12(AY(2n—1)) < 6, < _Zo.(Av(n+1)),
J12(AY (N1 +n+1)) <03 < _#(Av(2n+ 1)),

where the positive constants v and Y are those given in
Proposition [T] and the function _#,, ,, is given in (TT).

Proof: Due to space constraints, we consider &;. The
results for & and &; are proved similarly. We have

log(&)) =—2AY) A;—26;.
j#n
Employing (7), we obtain

61 > Y 2y —log (1 - e*AT((NHrl)z*jz)) .

Let = log (1 —e’AT(Nl“’")(ZNl*')). Then, we have

¥ jn —log (1 — e 2T@1P=)) g
ZZI}L —log (1—eACMED) > [NH 9 oy ) (¥)dx
= Jin+1(AY(2N +1)) > 712 (AY(2N; + 1)),

where the first inequality holds because (Nj+ 1)? — j? <
(N1 +1—j)(2N; + 1) and the second holds because the
sum in the second row can be viewed as Riemannian
sum of the positive and monotonically decreasing function
Dar(en,+1)(x) over x € [I,N;]. Hence, the integral provides
a lower bound for the sum. The upper bound is proved
analogously, using (Nj+1—j)(N;+1) < (N, + 1) Ve |
Consider the Lagrange polynomials {Le,}, jasin @
Lemma 2: For n € [N;], we have

o AL (A=) 0

Lé,n(¢N,+1)—{ 2620 _ N, ) B <M, (24)
where
i
Moreover, fixing n € [N; — 1], A > 0 and denoting
GLN,) = N1 (N +12(2N1 +1) n(n+1)6(2n+ 1) () — ),
there exists a constant My = M (A) > 0 such that
L3, (9n,11) < Mge 2290 - A> A, (26)

Proof: The equality follows from Lemmam and the
fact that L3, (9w, +1) = 526 Now let n € [N; —1]. In view

of Lemma [l ® in (23) is uniformly bounded in A € [A, o).
Moreover,

—2AyY Aj— ) @ —2Av0(n,Np) < —2A0(2N; — 1),  (27)

j= n+1(

whereas for A > A, we employ Lemma |I| and Proposition |Z|

to obtain
< 2(F0(204)+ Fo.-(304)) =M, (28)
for n € [N; —1]. 26) follows from (24),(27) and 28). =
Proposition 3: The term &, in satisfies
M,
&4 < M¢ A (29)
for some Mg > 0 independent of A > 0.
Proof: We write & = &41 + &40, where
N
841 = Y1) m and &0 =Y, 1, Wlw
For & with n > 1, we have
&1 <G Zk » M SeAAj; i) i < eAAi)" lng,n) (30)



where the first inequality follows from the application of

Lagrange’s theorem with the derivative computed at 4, the
second follows from (7). The third inequality follows from
comparison with the integral of the positive and monoton-
ically increasing function x — (n*> —x?)~! on x € [1,n—1].
Analogously, for n < N; we obtain

—1vN M AN N, 1 Ay 1+In(2n+1)
54,2 <A Zfk:n+l A, — Av Z"k:n-ﬁ-l k2—n? < Av 2n (31)'
. In(2n) 1+In(2n+1)
The result follows from (30), (31)) since =5 and ==
are bounded sequences. [ ]

We can now establish the asymptotic behaviour of the
condition numbers %3 (n) and J#;(n) in the regime (7).
Theorem 2: Recall the first-order condition numbers
265, (n) and J;(n) in (I6). Let n € N and p > 0. There exists
Nf(p) € N with n < Nj(p) such that, for all Ny > N{(p),

|ng(”)‘ S C}'(n7N1 7yN1+1)AileipA7

()| < A tePA Ao
|, (n)] < A" e PP,

(32)

with §y(An,,yn,+1) > 0,83 > 0 independent of A.
Proof:  Given p >0, let Nj(p) > n be large enough

such that for all Ny > Nj(p), Ay, >0 and
—2v0(n,Ny) + Ay, < —p. (33)

Note that such N (p) > 0 exists since 6(n,N;) grows as N7,
whereas by (@), we have Ay, = O(N?) as N; — co. Consider
first % (n). In view of (20), we have

Remark [F]
< vl <1 +2€7M”§4) L5 (9, +1)-

Employing (8). (@9) and (3) with A> 4> 0,
| Ay ()| < My [yn,+1] (A+26*M"M§ A ) A-1p—2800(n.Ny)
= M‘P |yN]+1‘ (AeiAlNl +2M537Aln> Afle—pA.

|5 (n)]

Since )’Nl >0, maxAzéAefMNl < oo, whence we can take

&y(n, N1, yn 41) == My [y, +1] (rAlglﬁAe‘MNl +2M§e_M")
in (32). Similarly, we have

y PNy 1=
- ‘AN\ly:;' %7'"\%‘"(%#]),

FAOI

By Assumptions , % < M,, whereas W <lI.

Hence, from (26), we again have
|3, ()] < MuMpA~" e 2200 M) — 6 AT PA,

which concludes the proof. [ ]

Remark 5: Theorem [2] guarantees exponential decay of
Jy(n) and 7 (n) provided that Ny > N;(p). This condition
is required only for %} (n) and follows from the fact that the
independent estimates of L3, (¢,+1) and |Lj , (¢,)| = & in
(26) and (29), respectively, are combined in boﬁnding H5(n),
which leads to conservatism. The numerical simulations in
the next section show that the predicted exponential decay
rate is obtained without choosing N; according to (33).

Remark 6: Note that according to Theorem [2] a larger
value of the constant Ny > Nj(p) actually allows one to
obtain a larger constant p, thereby leading to faster decay
of the condition numbers as A — oo.

N,=4, prec=16 == K,(1) N;=4, €=0.10, prec=32 == £,(1)

Ky(2) Ey(2)

K@ E/(3)

- K, (4) - E,(4)

- K,(1) 102 = E,(1)

@ K,(2) 100! @ E,(2)

- K, (3) - E3)

05 1o 15 20% K@ 05 1o 15 20 v E@
(@) (b)

Fig. 1: )., Ky, for Ni =4 and A, = n’. The asymptotics
break down for large A, due to inversion of badly conditioned
matrices in finite precision computations (16 decimal digits).
(Tb) ESPRIT algorithm conditioning (see (34)), applied to
the sequence {y(Ak) ,%Z}f] with N| =4 and A, = n®. Here
we used 32 decimal digits of precision.

V. NUMERICAL SIMULATIONS

We provide numerical examples to validate our theory. All
simulations are implemented in Wolfram Mathematica [22].

A. Condition numbers

Consider the model (13) with Ny =4, N, = 1, A, = n?,
yo =1 for all n and 1 = kA. We use (22) to compute
the condition numbers %) (n) and J#(n), n € [Ni]. The
results in Fig. [Ta] show exponential decay of the condition
numbers, with the lowest order parameters (n = 1) being the
most stable, while the highest order ones (n = Nj) are the
least stable. Differently from Theorem 2] here we fix N; a
priori, and still obtain an exponential decay of the condition
numbers.

B. ESPRIT algorithm

The ESPRIT algorithm [17] is one of the best-performing
methods for exponential fitting. It requires at least 2N,
equispaced samples of the signal y(7) of the form (T3], and
produces estimates of the parameters {A,,y, };V’: - It is known
to provide exact solutions in the noiseless case (i.e. € =0),
and performs close to optimal in the presence of noise, in the
context of the so-called super-resolution problem in applied
harmonic analysis [16].

We apply ESPRIT to the sequence {y(Ak) 21!})71, with
the same setup as in Section [V-Al In Fig. we see
that the conditioning of the ESPRIT algorithm 1s consistent
with Theorem [2] and the computed condition numbers in
Section [V-A] We plot the rescaled errors (recall (T6)),

In—ln Nn_n
syl = B lnl gy ]

; (34)

where 4, and y, are the parameter values recovered by
ESPRIT, and, furthermore, the A,,’s have been index-matched
to the true A,’s. Here € = 107!, and the results were
computed with 32 decimal digits of precision.

C. PDE parameter identification

We test the complete procedure on a PDE identification
problem. We consider the PDE (T)) with constant p =¢=0.1.
The eigenvalues and eigenfunctions are explicitly given by
A = 1% — g and y,(x) = v/2sin(n7x). The initial condition
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Fig. 2: Numerical solution of the PDE (right) with the
specified initial condition (left).
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Fig. 3: The measurement filter c(x), x € [0,1] and the corre-
sponding non-local measurement data y(¢), ¢ € [0,2].

is set to be z,(0) = (—1)"*! (ﬂrﬁ 1. To solve the PDE,
we use the method of lines for space discretization with
N, = 60 collocation points and 4th order finite difference ap-
proximation, and the resulting ODE system is integrated for
t € [0,2]. The resulting solution and the initial condition are
plotted in Fig. 2] Our implementation utilized the NDSolve
library function.

Next, let ¢(x) = ):ﬁil chWn(x) + 8):2]1:;? +1CnWa(x) where
{cn}g':Tz with ¢, € [1,2] are randomly chosen, and € = 10~%.
The measurements y(¢) in () are computed using global
adaptive quadrature as implemented in NIntegrate library
function. Finally, y(r) is sampled at 1025 equispaced points
in [0,2], thus giving a minimal value of Ap;, := 5%2 The
filter and the sampled measurements are shown in Fig. 3|

Eigenvalue rel. errors
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Fig. 4: ESPRIT recovery errors. Recovery of PDE

eigenvalues by ESPRIT, increasing A. The relative errors in

Ay forn=1,...,N; are plotted. Recovery errors of p,q,

estimated from {)L,,}Q/; , by a linear least squares fit.

0.02 0.04 0.06 0.08 0.10

We apply the ESPRIT algorithm on {y(kA)};*"" with
varying A. The relative errors in the recovered eigenvalues
are plotted in Fig. fa] The deterioration of the error when
A passes a certain threshold is consistent with our earlier
observations due to the finite precision in the computations.

Here, all computations are done with 100 decimal digits of
precision. Finally, we estimate p,q from the recovered eigen-
values, using the relationship A, = m%n?p — g by applying
linear least squares regression to {l,,}nN'zl. The errors in the
estimated parameters are plotted in Fig. 4B}
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