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ALGEBRAIC FOURIER RECONSTRUCTION
OF PIECEWISE SMOOTH FUNCTIONS

DMITRY BATENKOV AND YOSEF YOMDIN

ABSTRACT. Accurate reconstruction of piecewise smooth functions from a fi-
nite number of Fourier coefficients is an important problem in various ap-
plications. This problem exhibits an inherent inaccuracy, in particular, the
Gibbs phenomenon, and it has been intensively investigated during the last
few decades. Several nonlinear reconstruction methods have been proposed in
the literature, and it is by now well-established that the “classical” convergence
order can be completely restored up to the discontinuities. Still, the maximal
accuracy of determining the positions of these discontinuities remains an open
question.

In this paper we prove that the locations of the jumps (and subsequently the
pointwise values of the function) can be reconstructed with at least “half the
classical accuracy”. In particular, we develop a constructive approximation
procedure which, given the first k Fourier coefficients of a piecewise C24+1
function, recovers the locations of the jumps with accuracy ~ k’(d+2), and
the values of the function between the jumps with accuracy ~ k= (d+1) (similar
estimates are obtained for the associated jump magnitudes). A key ingredient
of the algorithm is to start with the case of a single discontinuity, where a
modified version of one of the existing algebraic methods (due to K. Eckhoff)
may be applied. It turns out that the additional orders of smoothness produce
highly correlated error terms in the Fourier coefficients, which eventually cancel
out in the corresponding algebraic equations. To handle more than one jump,
we apply a localization procedure via a convolution in the Fourier domain,
which eventually preserves the accuracy estimates obtained for the single jump.
We provide some numerical results which support the theoretical predictions.

1. INTRODUCTION

Consider the problem of reconstructing a function f : [—7, 7] — R from a finite
number of its Fourier coefficients:

() e L ! Fft)e™™dt,  k=0,1,..., M.
2r J_
It is well known that for periodic smooth functions, the truncated Fourier series
M
S ()= (et
|k|=0
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converges to f very fast, subsequently making Fourier analysis very attractive in
a vast number of applications. We have by the classical Lebesgue lemma (see e.g.
[34]) that

max | f(z) =T (f) (2)] < (3+In M) - Ep (f)

—n<lz<m
where Ej (f) is the error of the best uniform approximation to f by trigonometric
polynomials of degree at most M. This number, in turn, depends on the smoothness
of the function. In particular:

(1) If f is d-times continuously differentiable (including at the endpoints) and
‘f(d) (m)‘ < R, then (see [46, Vol. I, Chapter 3, Theorem 13.6])

(1.1) Ev(f)<Cq-R-M™%

(2) If f is analytic, then by classical results of S. Bernstein (see e.g. [34,
Chapter IX]) there exist constants C' and ¢ < 1 such that

(1.2) Eyv(f)<C-gM.

Yet many realistic phenomena exhibit discontinuities, in which case the unknown
function f is only piecewise smooth. As a result, the trigonometric polynomial
Far (f) no longer provides a good approximation to f due to the slow convergence
of the Fourier series (one of the manifestations of this fact is commonly known as the
“Gibbs phenomenon”). It has very serious implications, for example, when using
spectral methods to calculate solutions of PDEs with shocks. Therefore an impor-
tant question arises: “Can such piecewise smooth functions be reconstructed from
their Fourier measurements, with accuracy which is comparable to the ‘classical’
one (such as () or (L2))”?

This problem has received much attention, especially in the last few decades
(13, @1 (5, 18, 0] 10, [T}, (13, [15], 16, 18], 22, 24] 25, 27, 29] 30, 33| 38, 39] 411, 4] would
be only a partial list). It has long been known that the key problem for Fourier series
acceleration is the detection of the shock locations. By now it is well-established
that classical convergence rates can be restored uniformly up to the discontinuities
(see e.g. [24]), but the corresponding question for the jump locations themselves
is still open. Notice that any linear approximation procedure with free (a priori
unknown) jump locations will not be able to achieve accuracy higher than \/%; see
[19].

Several partial results and conjectures in this direction are known, in particular,
the following. The concentration method of Gelb and Tadmor [I8, 2] 4I] recov-
ers the jumps with first order accuracy, and it can be extended to higher orders.
Kvernadze [29, 30] proves that his method can recover jumps of a C3 function with
second order accuracy. In [7, 19] we have conjectured that the locations of the
jumps of a piecewise C¢ function can be recovered with accuracy k=% from its first
k Fourier coefficients (a similar conjecture is made in [43]). Both Eckhoff [I5] and
Banerjee and Geer [3] made the same conjectures with respect to their particu-
lar reconstruction methods. We would also like to mention a related but different
problem: reconstruction of piecewise smooth functions from point measurements.
There, adaptive approximations can achieve asymptotic accuracy k~¢ for piecewise
C? functions [2] 35, [31].

With this motivation, our main goal in this paper is to arrive at a better un-
derstanding of the “optimal”, or the “best possible” accuracy of reconstruction,
especially with respect to the locations and the magnitudes of the jumps. As a
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means to achieve this goal, we develop a reconstruction method which allows for
explicit accuracy analysis. Our method is a “hybrid” between a Fourier filtering
technique which is first applied to localize the jumps, and the algebraic approach of
Eckhoff and Kvernadze which is used in order to resolve each discontinuity one at
a time to a high order of accuracy. It is precisely this “localization” which makes
the subsequent analysis tractable.

Our accuracy analysis is “asymptotic” in nature, although we provide the explicit
constants at every step. These constants in general depend upon various a priori
estimates (such as the minimal distance between the jumps, or the upper bound
on the jump magnitudes), which are presumably available. See the discussion in
Section 2 below, in particular (2:4]).

Let us now give a brief summary of the main results.

(1) If a function with a single jump has at least 2d 4+ 1 continuous derivatives
everywhere except the jump, then the jump location can be recovered from
the first M Fourier coefficients with error at most ~ M~%2 (Theorem
E13). In addition, a jump in the I-th derivative can be recovered with error
at most ~ M'~4~1 (Theorem@.ZT)). A key observation in the analysis is that
the additional orders of smoothness produce highly correlated error terms
in the Fourier coefficients, which eventually cancel out in the corresponding
algebraic equations.

(2) The localization step does not “destroy” the above accuracy estimates (The-
orem [5.2)). Thus, the pointwise values of f are recovered with the accuracy
~ M~4=! (Theorem [6.)) up to the jumps.

(3) Numerical simulations are consistent with the theoretical accuracy predic-
tions (Section [7]).

By means of this constructive approximation procedure with provable asymptotic
convergence properties, we therefore demonstrate that the algebraic reconstruction
methods for piecewise smooth data can be at least “half accurate” compared to the
classical approximation theory for smooth data.

We provide an overview of the reconstruction procedure in Section 2l For expos-
itory reasons, the details of the localization step and the analysis of its accuracy
are postponed until Section Bl The resolution method of a single jump is presented
in Section [B] while Section ] is devoted to proving its asymptotic convergence or-
der. Finally, the accuracy of the whole reconstruction is analyzed in Section [6] and
some numerical results are presented in Section [l Some common notations used
throughout the paper are summarized below in Subsection [[.11

1.1. Notation.

e N denotes the natural numbers, R—the real numbers, C—the complex
numbers.

e C? denotes the class of smooth functions which are continuously differen-
tiable d times everywhere. C°° is the class of smooth functions having
continuous derivatives of all orders.

e B, (z) is the ball of radius r centered at z, and 9B, (z) is the boundary of
such a ball.
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FIGURE 2.1. A piecewise smooth function

2. THE ALGEBRAIC RECONSTRUCTION METHOD

K
j=

Let us assume that f has K > 0 jump discontinuities {{;}._; (they can be

located also at 47, but not necessarily so). Furthermore, we assume that f € C¢
in every segment (£;_1,&;), and we denote the associated jump magnitudes at ¢;
by
Ay <O - 10
We write the piecewise smooth f as the sum f = ¥ 4 ®, where ¥(x) is smooth
and periodic and ®(z) is a piecewise polynomial of degree d, uniquely determined
by {¢;},{A;;} such that it “absorbs” all the discontinuities of f and its first d

derivatives. This idea is very old and goes back at least to A.N. Krylov ([4, 28]).
Eckhoff derives the following explicit representation for ®(x):

K d
O(x) =) Y AyVila:gy),
(2.1) j=11=0
Vi (2:85) = —%Bnﬂ (%) § <x<§+2m,

where V,, (2;&;) is understood to be periodically extended to [—m, 7] and B,(z) is
the n-th Bernoulli polynomial. For completeness, let us derive the formula for the
Fourier coefficients of ®(z) (it can also be found in [I5]).

Lemma 2.1. Let ®(x) be a piecewise polynomial of degree d, with jump discontinu-
j=1,..., K

=00 - For definiteness,

ities {ﬁj}JKzl and the associated jump magnitudes {A4; ;}
let us assume that co(®) = [ ®(x)dx =0. Then

K d

1 — 1k, -1
(2.2) (@) = o Ze > k)T AL
j=1 =0
Proof. Denote @; (x) def Z?:o A jVi(z;€;). These are periodic functions in [—m, 7]
having a single discontinuity at = £; and jump magnitudes {Aq;, ..., Aq ;}. One
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integration by parts yields for k # 0,

o (D) % _:e_””<i<1>j(x))dx

Jj=0

1K 1 K

— ) 7’Lk}fj o !/

=57 E Ap e +chk(g <I>j>,
j=0 §=0

j=

and so after d + 1-fold repetition we obtain (using (bg.d“) =0):

d K
1 L .
Ck(@):% E E (Zk) t lAMe ke . [l
=0 j=0

A key observation is that if ¥ is sufficiently smooth, then the contribution of

¢k (P) to cx(f) is negligible for large k. Therefore, for some large enough M one
can build from the equations (Z2]) an approximate system:

K d

1 k Ar
~ g : g : =M,... M+d+1.
ck (f) 2 =~ W s (k)11 k TR d

Here and in the rest of the paper we use the notation w; def o=t

In fact, this system (up to a change of variables and the number of equations) lies
at the heart of the algebraic reconstruction methods of Eckhoff [I5], Banerjee and
Geer [3], and Kvernadze [29]. Banerjee and Geer solve it for all the parameters at
once by least squares minimization. Eckhoff and Kvernadze eliminate all the {A4; ;}
first, resulting in a system of polynomial equations for the {¢;}, whose coefficients
have nonlinear dependence on the initial data.

In contrast, we propose to solve this system separately for each £ = ¢;, beacuse
this case reduces to a single polynomial equation with respect to £&. We achieve this
“separation” by filtering the original Fourier coefficients such that only the part
related to a particular &; remains. This step requires some a priori knowledge of
the approximate locations of the jumps. Fortunately, such information can easily
be obtained by a variety of methods; see Section

Let us finish this section by presenting the main steps of the reconstruction.
We denote the approximately reconstructed parameters with a tilde sign. If not
stated otherwise, it is understood that these approximations depend on the index
M. Tt is important to note that we distinguish between the actual smoothness of
the function f and the reconstruction order.

Algorithm 2.2. Let f be a piecewise smooth function with jumps at {&; }jK:l,

tinuously differentiable di times between the jumps. Fix a reconstruction order to
be some nonnegative integer d < dy. Let there be given the first M + d + 2 Fourier

coefficients of f.
(1) Solve the system B by localization (Algorithm B1l) and resolution (Al-
gorithm [3.2). This will give us approzimate values for the parameters {EJ}

and {gu}

con-
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(2) Calculate the sequence

1 & s Ay
%waz l+1 k| <M

j=1 z:o

and subsequently recover the approzimate Fourier coefficients of the smooth
part:

(@) en(f) — ex(®) |k <M.
Take the final approzimation to be
K d
(2.3) F=U+d= Y c@e*+3 N 4,Vi(@:).
k<M j=11=0

The rest of this paper is devoted to providing all the details of the above al-
gorithm and analyzing its accuracy. In particular, we shall prove that whenever
dy > 2d + 1, the following estimates hold:

&—&|<C(dK)-Fi (ARG)- M~",

(24) ‘gl’j — Al,j‘ < CO** (d, K) - Fy (A7 R, G) . Ml_d_l,

F@) = f (@) <™ (&, K) - Fy (A, R, G) - M0,

o O C** C*** are some absolute constants depending only on the “size” of
the problem;

e G = G(&,...,&k) represents the geometry of the jump points (such as
minimal distance between two adjacent jumps);

o A =A(Ao1],...,|Aq k|) represents some a priori bounds on the jump
magnitudes, such as lower and upper bounds;

e Ris an absolute bound for the Fourier coefficients of the smooth component
v

(2.5) e (1) < R k2

e I, F5, F3 are some “simple” functions.

In the course of our investigation we shall be defining more specific bounds, but it
will always be assumed that those can be expressed in terms of the above quantities.

Since we are interested in “asymptotic” estimates, we will in general allow the
inequalities (24]) to hold for all M starting from some index K* which may be large
and depend on the parameters of the problem. However, if a particular bound holds
for all £ > K*, then it will in general hold for £ = 1,2,..., K* as well, with some
larger multiplicative constants Ccx ... , but which are harder to compute explicitly.

Finally, let us mention that the reconstruction method described above is also
applicable to situations where the function f has different order of smoothness in
each interval. In this case, parameters of each jump can be “resolved” up to its
own corresponding order of accuracy (say e;), while the whole function will be
reconstructed up to the order ~ M~ minj{e;}—1,
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3. RESOLVING A SINGLE JUMP

Let K = 1, so that f has a single jump ¢ and & = 27:0 AV, (z;€). Denote

w % e=1€ The goal is to recover ® from the approximate system of equations

d

wk Al
3.1 R — ———— (= (P k=M,....M+d+1.
B) xS (- a®) L Mtd+
To find w, we eliminate {Ao,..., Ay} from the above equations. The result is

a single polynomial equation having the exact value w as one of its solutions. In
Eckhoff’s paper [I4], this elimination is described in great detail, while here we
present only the end result.

Let
d
my 2m (k)4 e (@) = W Z(zk)d_lAl,
1=0
(3.2) J fd+1 a1 4
i) Y 17 (1 et

j=0
Lemma 3.1. The point w satisfies
plw)=0 VkeN.
Proof. This is an immediate consequence of Lemma [A4] (see Appendix [Al). O

Since the exact coefficients my, (and as a result the polynomials p¢ (z)) are un-
known, we approximate these with the known quantities,

Tk et or (zk;)dJrl ex(f),

(3.3) def e, (d+1 :
) = Y0 (T et
— J
7=0
Now we are ready to formulate the procedure of recovering the parameters of a
single jump.
Algorithm 3.2. Let us be given the first M + d 4+ 2 Fourier coefficients of the
function f which has a single jum ¢ € [—m, 7.

(1) Solve the polynomial equation

44(2) =0

and take @ to be the root which is closest to the unit circle. In Section Hl
below, we shall provide the justification for this choice.

(2) The jump magnitudes Ay, ..., Aq are reconstructed as follows. By ([B2),
the exact values of A; satisfy

d
(3.4) mpw =3 (k)4 VkeN.
=0

IWith the understanding that the points £ are identified with each other.
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We use the approzimations ry ~ my, W ~ w and solve the system of linear
equations
d —_
(3.5) r = (k)AL k=M,... M+d
1=0

with respect to the unknowns {gl} by any one of the standard methods.

4. ACCURACY ANALYSIS: A SINGLE JUMP

Our goal in this section is to analyze Algorithm and calculate its accuracy.
We shall express all our estimates in terms of the index k, keeping in mind that
it should be replaced with M to be consistent with the definitions of the previous
sections.

4.1. Accuracy analysis: jump location. We start with the determination of
the jump point @. Our strategy will be to investigate the polynomial ¢{(z), and
determine the bounds on locations of its roots. We can informally summarize the
main results as follows.

(1) Starting from some k, the roots of ¢¢(z) are “separated” from each other
by at least ~ k1.

(2) If the function f is continuously differentiable at least di > 2d + 1 times
everywhere except at £, then one of those roots deviates from the “true”
value w by at most ~ k=972,

We regard q,‘f(z) as a perturbation of p(,i (z). With this point of view, we shall first
describe the roots of p{(z), and then calculate the “deviations” due to the difference

ei(z) = i (2) — pi(2).

In the subsequent analysis we denote the roots ofpg(z) by zi(k’d) fori =0,1,...,d,
with the convention that z(()k’d) = w. Also, we denote the roots of ¢¢(z) by ngk’d).

It will be convenient to study p¢ (z) in a different coordinate system. For this
purpose, consider the following transformation of the punctured z-plane:

u:T(z):%—l z # 0.

Then the inverse map is given by

(4.1) z:T*@g:uil u 1.

Now we translate the problem into the u-plane.
Definition 4.1. For all k,d € N let
d d+1
def Pz (u+1 w
(4.2 st S = o ()

T Wwkgdtl T ktd+ u-+1

Claim 4.2. s¢(u) is a polynomial function. Furthermore, if ug # —1 is a root of
s¢(u), then zg = T~1 (up) is a root of p¢(u).

Therefore it makes sense to study the roots of s¢(u). We denote these roots by

O_’Ek,d)

.1

,i=0,...,d. The observation below is an immediate consequence of Lemma
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Claim 4.3. s¢(0) = 0.

Therefore we will always take U(()k’d) =0.

In what follows, we shall break sg(u) into a sum of terms and subsequently apply
a perturbation analysis to determine its roots.

Lemma 4.4. The polynomial s¢(u) can be written in the form s¢(u) = ;f(u)—l—hz(u)

where
ot
e s—1,s
sg(u) = Zas,LSk Lys,
=1
(4.3) :i+1
de —
hi(u) :fz (ao,s + ar sk + -+ as_2,k° %) u’,
s=2
and also
d d+1
(4.4) As—15 = < >sz0(—1)d+1(d +1-— 5)!( + )
s—1 s
Proof. This is fairly straightforward but a somewhat tedious calculation, utilizing
Lemma [A4] at some point. We leave this as an exercise. ([

Next we shall see that the dominant component s¢(u) determines the locations
of the roots of s¢(u) up to the first order accuracy, while the other component h¢ (u)
is responsible for second order perturbations of these roots.

We denote the roots of 5¢(u) by 551“0,@' =0,...,d with 5(()

It turns out that s¢(u) can be completely characterized.

kd) )

Definition 4.5. For every @« > —1 and n = 0,1,2,... let 55{1)(1) denote the
generalized Laguerre polynomial ([I, Chapter 22], [40, Chapter 5.2]):

=3 (1)

m=0

Lemma 4.6. Assume the above notations. Then

1) The polynomial ;1 u) satisfies
k

1 ~
(4.5) st(u) = Es‘{l(ku)
(2) Furthermore,

st(u) = —(—0)%Ag(d + 1)L Y (~u).
Proof. Straightforward substituion of (£4) into (£3). O
Corollary 4.7. For all k € N, ‘;Ci(u*) =0 if and only if ££ljrll)(—ku*) =0.

Lemma 4.8. The numbers {5§k’d)} satisfy the following properties:

(1) each ﬁgk’d) is a simple root of ¢ (u);
(2) 5D <0 fori=1,2,....d;
(3) there exist constants Cy,Cy such that for every k € N and 0 <i < j <d,

(4.6) Cikt < ‘55’“” - 5](.’“’””‘ < Ook L.
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Proof. Following Corollary .7, we only need to characterize the roots of ' a1 ( w).
By [40, Chapter 5.2], for every integer m > 1,

—m m n m
£ @) = (a0 (),
and therefore
d!
(d+1)!

LV (~u)=u £ (~u).

The polynomials {cS} )(:C)} . form an orthogonal system on the interval (0, o)
(see again [T, Chapter 22], [40, Chapter 5.2]). Parts (1) and () follow immediately.
Part (@) follows by taking C; and C5 to be the minimal and the maximal distance
between the roots of 5511)(11)7 correspondingly. O

Now we show that h¢(u) perturbs the zeros of s¢(u) by at most ~ k~2. Since
the coefficients hg (u) depend linearly on Ay, ..., A4, we can expect that the bound
will depend on the quantity 27_0 |A;|]. For convenience, let us therefore define

*d—Efmax< ZA;)

Lemma 4.9. There exist constants Cs, K1 such that for oll k > K1 A* and for all
1=0,....d,

(4.7)

Flkd ag’“d)] < C3ATE2.

Proof. Our method of proof is based on Rouche’s theorem (Theorem [AZF]). We shall

define a sequence p(k) = C3A*k~2 (where Cs is to be determined) and consider

B Our goal is to find C3 so

disks of radius p(k) around each one of the roots a
that ‘Si(ufy)’ > |hd (ug)| for all points ug = 5" + p(k) ¢ on the boundaries of
these disks.

e In order to bound ‘sg ’U,g)’ from below, we shall use Lemma[A.6l We need

~(k,d)

to bound from below the first derivative at o, ", as well as to bound from

above the second derivative in the disk Bj-1 ( gk’d)).
(1) We always have

d ~ d /1~
u=g D = du (Esl(ku)>

asi(w
Now kﬁi(k’d) is always a root of 5¢(u), therefore the value of

d ~
msz(u)

d3¢(w) ’
u:Eik’d) - dw w:kﬁgk’d) '

u:&ik’d’)

is independent of k and thus we can write

d -~ ef d d

1ok s¢(u) T >Cy = mln 1o T(u) st |
Since all the roots are simple, this is guaranteed to be a strictly positive
bound.
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7 %

(2) Now consider a point u* € Bj-1 (G(k’d)). Then }ku* — ke <1

and therefore ku* € By (E(l’d)). Using (@5) and differentiating twice,

K2

we get
d* d?
< 3 — k5 ‘ .
du2 Sk (’U,) u=u* de 81 (U}) w=ku*
Let
2
def d ~d
Cs = ma ma. ——357 (w ‘ .
° ixw*eBl(ng’d)) ‘de 1( ) w=w*

(3) The constants Cy and C5 therefore satisfy the assumptions of Lemma
[A.6l We define Cg 4 in (1, g—‘:) The conclusion is that there exists

a constant C7 such that for every function n(k) : N — R satisfying
0 < n(k) < ¢ we have

5 (55 + (k) )| > Crnh).

e Now we shall bound |h{ (ug)| from above. Recall that

d+1
hz(u) = Z (aO,s + al,sk + -+ a572,sks_2) u®
s=2
where a; ; are some linear functions of Ay, ..., A4. Let (k) : N — R be any
function satisfying 0 < ¢(k) < 1, and consider up = 31-(k’d) +¢(k)e?. By
Lemma (.8 lﬁfk’d)‘ < Cok~! and therefore |ug| < 2 - max (1,Co) k1. But

then
|1 (ug)| < laoz! luel® + (laos

+ (Jao,gs1] + -+ + |@a—1,441] &) lug| ™ < CgA* k2

+ lays| k) ugl® + ...

for some constant Cg.

2
Set O3 =" 2% and let p(k) = C3A*k~2. Let k > 8 4*. Then p(k) < & and
7C6
defre
therefore
Eh (55’”“ + p(k) ew>’ > Coplk) > CsA*k™2> \hg (55’”“ + p(k) ew) :
——
=205 A*k—2
which completes the proof. ([

Remark 4.10. We have in fact shown that for each k¥ > K the polynomial s¢(u)
has precisely d + 1 distinct roots.

Now we can go back to the original polynomial pg(z) and accurately describe
the location of its roots {zl(k’d)}. Recall from Claim 2] that zl(k’d) =7! (al(k’d)).
R

(k,d)

i

Being careful to avoid the singularity o by choosing large enough k),

we now show that the geometry of the roots o is preserved under 7!, In
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particular, the numbers zi(k’d) remain separated from each other (following (44)),

each of them being close (following Lemma 9] to one of the numbers

(kd) def 7 (k,d) w
(4.8) 7 () = ST

The only thing which is different are the constants.

Lemma 4.11. Let yi(k’d) be defined by [&X]). Then:
(1) there exist constants Cg, C19, Ko such that for allk > Ko and 0 < i < j <d,

Cok™ < |y

- y§k’d)’ < Chok™;

(2) there exist constants C11, K3 such that for all k > K3A*,

A0~y B < onat k3

(3) there exist constants Cha2,Cis, Ky such that for all k > K4A* and 0 <i <
J<d,

012]{)_1 S ‘Zi(ka) - Zj(-k7d)‘ S Clgk_l.

Proof. If k > 2C5, then |7,
and so by (3],

1 (see ([@G)). It follows that § <

F0 4a] <1

Cik~t

D=yt <acor,

This proves (lID with Cg = Cl7 010 = 402 and K2 = 202

(k)
If, in addition, k > %3 then ‘~(k’d) —o§k’d)‘ < JULT[ < 1 and therefore

) 4 1’ > 2. It follows from (7)) that

~(k,d) (k,d)
(k,d) % % } 2 2Cs
L, ‘ = g — <4C3k™* k> max <2Cg, K1> A*
5 )+1Ha§ ’ )+1’
d:efK3

and this proves [@2)) with C1; = 4C5 and K3 as above.

Let £ > max <K2, K;, 42;) A*. Using () and (@], we have on one hand,
defpe.
Zi(k,d) _ Z(k,d)‘ < yi(m) k: d) yj(m) _ Zj(k,d)‘
< (kd)_yj ‘+O11 %
<yl-(k’d)—yj’ ‘+2-S—k<gy§k’d) (kd‘< C’lok_

def
=Cis3
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and on the other hand,

zlgk’d) — zj(»k’d)’ > 2

kd
y]( - Jj

k,d k,d
2 yBD _ )

k.d k.d
S )]

m)’ -

1 1
> 3 ygk’d) — y](-k’d)’ > 509 kL
<~
defe
That proves (3. O

Remaining in the z-plane, we now turn to investigate qg(z) and its roots {ngk’d) }

Recall that we consider ¢f () to be a “perturbation” of p{(z) by another polynomial
ci(2) (see B2) and @D):
4 (2) = pik(2) + €4 (2).

The coefficients of e{(z) depend on the Fourier coefficients of the “smooth part”
of our pieceiwise smooth function f. It turns out that in the general setting,
the coefficients of e{(z) are large compared to those of p{ (z) and therefore the
perturbations of the roots are large too. If, however, there is enough structure in
those coefficients due to additional orders of smoothness, then the perturbation of
the roots is small. This is the essence of the key Lemma below.

Recall that f has in fact dy > d continuous derivatives everywhere in [—m, 7]\ {£},
and denote the additional jump magnitudes at € by Ag41, ..., Aq,. For every [ < dy,
let ®; denote the piecewise polynomial of degree | with jump point £ and jump
magnitudes Ay, ..., A;. Then we write

(4.9) f=P4+ (D4, — q)d) + U*

where U* is d;-times smooth everywhere in [—m, 7]. Thus there exists a constant
R* such that

(4.10) e (U] < R kD72,

Let us also denote

dy
A ax (1, Z |Al|> )

l=d+1
H Y (A" + A + RY).

Lemma 4.12. Let dy > 2d + 1. Then there exist constants C14,C15, K5 such that
for all k > K5H,

. . -2 ) —
’K_/Z(_k:,d) o Zi(k,d)‘ < C’14 H-k ? 15 27 ey da
Cys-H- k42 i=0.

Proof. The idea of the proof is the same as in Lemma [£91 Namely, we shall seek
the constants Cy4,C5 and Ks such that if py(k) = Ciq - H - k=2 and po(k) =
Cis- H - k=92 then for i = 0,1,...,d and k > KsH there exist neighborhoods
D) of 259 such that Ip{(2)| > |ed(2)| on the boundary of ng) and

o diam D) = py (k) for i =1,2,...,d;
e diam Dék) = pa(k).
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In order to show that | pﬁ(z)| is large in some neighborhood of zi(k’d), let us
first show that ’sg(u)’ is large in some neighborhood of al(k’d). Recall that
s¢(u) = 5¢(u)+h$(u). We have shown in the proof of Lemmad that if 1 (k)
is any function satisfying 0 < n(k) < %, then |s¢(u)| > Crn(k) everywhere
on 9B, (5Ek’d)). Furthermore, in this case |hf(u)| < CsA*k~2. We now

require that
1
OsA*k72 < 50717(k),

which is true if k > 25785‘6* = K;A*. In that case we have

1 ~
‘S(lé(u)‘ > §C7n(k) Yu € Bn(k) (ng,d)> .

This is almost what we want—we would like to have such a bound on the
boundary of a neighborhood of agk’d) instead of ﬁi(k’d). If i = 0, then these
values coincide, and so we are done. Otherwise, recall that for k > K;A*

we also have ‘ng’d) - Ufk’d)‘ < C3A*k™2. So in order to make sure that

al(k’d) belongs to By (5(k’d)), we just require that n(k) > C3A*k~2.

We have thus shown the following:
(a) For every function 0 < n(k) < $¢ and for every k > K;A*, the
following bound holds for every u on the boundary of a neighborhood

of oék’d) = 0 of diameter 2n(k):

‘si(u)‘ > %Cﬂ](k‘).

(b) For every k > K1 A* and n(k) as above, which additionally satisfies

n(k) > C3A*k~2, the above bound holds for every u on the boundary
(k,d)

%

of a neighborhood of o
0,1,...,d.
We can now show that similar bounds hold for pg(z). Again, only the
constants will be different. The map 7! @I, being a Mobius trans-

formation, maps By (5(k’d)> to a circular neighborhood of zi(k’d) (which

i
Z-(k’d)) . Let u* € By (51-(k’d)) . Now
u* — Elgk’d)‘ < Cgk™! and also —2 < ng’d) < 0. Therefore, if £ >
2(C3 4 Cg), then R (u*) > —1 and so |u* + 1| > 1. On the other hand, in
this case |u* + 1] < 2.
Now let u; and ug be two points in the u-plane, such that |u; — us| =r
and § < |uy|, |uz| < 2. They are mapped to the z-plane such that

of the same diameter 2n(k), for every i =

is not necessarily centered at z

r w w

< |l
4 u1—|—1 U2+1

Recalling ([AI1)) and [@2)), we conclude:

(a) For every function 0 < n(k) < C;f and every

k > max (K7,2 (02 + CG)) A*,

def
= Kg

< A4r.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ALGEBRAIC RECONSTRUCTION OF PIECEWISE SMOOTH FUNCTIONS 291

there exists a circular neighborhood of w having diameter between
and 8n(k), such that the magnitude of p(z) on the boundary of this
neighborhood satisfies

pi(2)] = [T [sk(u)| > 2772 Coan(k) = Cen (k).

(b) For every k > KgA* and n(k) as above, which additionally satisfies

n(k) > C3A*k~2, the above bound holds for every z on the boundary
(k,d)

n(k)
2

of a neighborhood of z; ) of the same diameter as above, for every

1=0,1,...,d.

(3) Once we have the lower bound for |pf (z)’ on circles of diameter at most

(4.12)

Licensed to AMS.

8n (k) < 826 containing z( )

|eg | on these circles. Let z, belong to such a circle. On one hand, its
dlstance from z(k 9 is at most 806 On the other hand, by Lemma [Z.1T]
— w’ % for all k > K4A*. Therefore |z, — w| < %. Denote

def 20

Cy7 = 8Cs + Cy3 and let zp = w + ((k) e’ where ((k) is some function
satisfying 0 < (k) < Sz

+=. Our goal now is to find a uniform upper bound
for ’eg(zg)’.

(a) By (@3) we have
T — M = 27T(’Lk)d+1 {Ck(f) — Ck(q)d)}
_ .dlzd Adel o (k) ey (07):
— (2k)! b

, we can now establish an upper bound for

def
e

Therefore,

d+1 d1—d
ed(z9) = Z(_l)j (d+ 1) { Z Ad+l +5k+]} d+1—j

J

j=0 =1
di—d d+1 ] d
PN s a1
= Z d_HZ -l( )wk+JZ0d+1 J
=1 ']
€N (26)
d+1
d+1
+Z ( )5k+j d+1— J
d;fAk(Zg)

(b) On one hand, we have the bound (@I0). On the other hand, |zg| < 2
and therefore,

ClgR*

|Ak(29)| < 0182d+1 Cog - kAt |Ck (\I/)| < W

for some Cqg.
(c) Now we need to estimate Ay (zp). First,

d+1 J_(w_'_c )d+1J

I (41 )t e ()
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where | (k)| < Co0¢? (k) for some constant Cog. Furthermore, using
the estimate of Lemma we have

di—d

Agyy 2 d+1\ 1
Wk d+l
Melo) = WD TS ( j )W

[|<Cay-k—d=1-1

s dAdHZ () kiy)

C(k) 26 d+1 k+d Z
‘.|§C22.k7d7l

dl d d"rl 1j 1 ]
> ot 3 o (1) 0

=1

[[|<C23-k=1¢2 (k)

for all k¥ > K7 where K7 is an explicit constant (see Lemma [A3]).
Therefore,

|Ak (20)] < A** x {Cog - k™72 + Co5C(k)k™ 1 + Cog - k' (k) }

Combining all of the above estimates we therefore have for k£ >
max (Ky, K7) A*,

(413) |el]§(29)‘ < A% x <024 025 C( ) C26C2( )> CIQR*

a2 T gt fdi—d+1°

(4) We can finally compare |pg (2) | and |e;C | Let k > max (K4, K7, Kg) A*

<l:efK8
and consider two cases
(a) Suppose z Fod ;é w. Set p (k) = S where Cy is to be determined,

8k2
and suppose also that
C
(4.14) CsA*k2 < p(k) < 7‘5

We have shown above that there exists a neighborhood ng) containing

zgk’d) of diameter at most 8p (k) = C14 - H - k=2 such that for every
z* e aDl(k’d) we have ’pz(z*)‘ > Cep (k) = %. On the other

hand, for every such z* we have by {13),

* *ok C24 C25 C26 ClgR*
‘GZ(Z )| <A™ x (kd+2 + Ld+1 p(k) + I P’ (k)> + Ldi—d+1
A** X (Caq + Co5C + Co6C2) + CioR* C
< ( 24 25 ]:2 26 6) 19 < (A 1 RY) /;27'
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Therefore we must choose C14 and k for which the condition % >
w is satisfied, together with ([@I4]). For example:
e 8C:
014 d—f max ( 27 803)
Cis
Cia
k> Ks, H.
max ( 8 806) X
—_—
defpes
In this case, ¢¢(z) has a simple zero Iigk’d) in ng) so that
ml(-k’d) - zi(k’d)‘ < Cry (A" + A + R k2,
b) Now consider the case 2% = w. Set p (k)= Clﬁg where C15 is to be
0 8k

determined. We again require that p (k) < % We have shown that
whenever k > KgA*, there exists a neighborhood Dék)containing w

such that for every z* € 8D( ) we have |p¢ (=* | > Cigp (k) = CHS"}CC—d}f—J{.
On the other hand, by (IZ:I:ZI) for every such z* we have

=) < A% x (52 + enlt + 2 ) + 12

kd+2 T pd+l 2 Th—drT
AF % (024 + C95Cs + 026062) + CioR* Cor (A™ + R¥)
= fed+2 < T2

. A .
So we require Cé‘“;gi%H > 027( +R ) together with k5+z % This

is possible, for example, When
Cis’

Ci5 =

CusH \ 77
8Cs
Thus we have completed the proof of Lemma O

k>K5HZ<

We can finally combine everything and prove the main result of this section.
Theorem 4.13. Let f have di > 2d + 1 continuous derivatives everywhere in
[—m, 7]\ {¢}. Let ¢(2) be as defined in B3), and let {Hgk’d)}j_ denote its roots,
such that ’/i(()k’d)‘ <. < ’/{ff’d)’. Let {(bl};i—l denote the mo_ts of the Laguerre
polynomial Egll), such that |¢1| < - -+ < |¢ql|. Let y(k D = w and y(k A = -1 (—%)

fori=1,...,d (see [&8)). Then there exist constants Cy,Cys5,Cos and Kg such
that for every k > KoH the following statements are true.

(1) The numbers {yik’d)} lie on the ray Ow, so that ‘yz(k’d)‘ >1, and

Cgk71 < Y;

y§k’d)‘ 0<i<j<d

d
(2) Each of the numbers { (k, )}' . is close to some y(k )
i=

6Dy D] < o B 1.
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z-plane

=T () e

Roots of E((il) /_\\ [
¢1 b2 bd "

/  u-plane

0

k—d—2

FIGURE 4.1. The geometry of {/iz(-k’d)} , {yl(k’d)} , {zl(k’d)}. The

superscripts (k,d) are omitted. The picture on the right shrinks
towards the unit circle as k — oo.

+d)

(3) The smallest H(()k is very close to w:

‘n(()k’d) — w‘ < Cy5-H- k™92,

(4) Algorithm provides an approximation for w which is accurate up to
order k—(d+2),

Proof. We have already proved (0l (for & > K3) and @) (for k > K35A*); see Lemma

@) follows from Lemma and Lemma [LTT] by choosing Cas = C14 + C11
and k > K5H. In order to prove (), we need to show that no root Iil(»k’d)
to the unit circle than mék’d). From geometric considerations (see Figure A1), it is
sufficient to require that

is closer

1 1
/@Ek’d) — yi(’“d) <Oy -H- k™2 < =Cok™' < —min yl(k’d) — y(-k’d) ,
2 2 j#i J
which is true whenever
2028H
k> ——.
Cy
Therefore we choose
2C5
Kg:max KQ,K3,K5,C— . [l
9

4.2. Accuracy analysis: jump magnitudes. Suppose that d; > 2d + 1 and let
k > KoH so that our algorithm gives an approximation w) with error at most
CisH -k~972, in accordance with Theorem LT3l Our goal is to analyze the accuracy
of calculating the approximate jump magnitudes Al(k), given by the solution of the
linear system (B.5]). For convenience, we denote

def 1
B =1A4,

BB,
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We consider only the case of exactly d + 1 equations. Thus we can write this
system in the following form:

2 By
Tk+d6~v(_;£_d B
where V}, is the (d 4+ 1) x (d + 1) system matrix
1 k . ke
i | 1 (B+1) o (k4+1)¢
Vie =1 . : : .
1 (k+d) ... (k+d)?
By [B4), the “true” coefficients B; satisfy
mpw " By
(4.16) =V, x
Mygpqw 4 By
Our goal is to estimate the error €§k) def B; — éj(-k) for j=0,1,...,d. Let
def ~ kg ke
n§k) 1e Tk+jw(k]§ T mpw k—j
Then subtracting [@I6]) from (@I5) gives
k k
% X
€
(4.17) Py | !
& k
" i
This is the key relation of this section. In order to estimate the magnitude of

€§»k), we shall first write out explicit expansions for the quantities 77§k), and then

investigate how these expansions are transformed when multiplied by the matrix
Vk_l. Our analysis will show that the special combination of the structures of both
this matrix and the expansion coefficients results in remarkable cancellations.

Let us start by investigating the structure of the matrix Vj.

Definition 4.14. Let Sy 4 denote the (d+ 1) x (d + 1) square matrix with entries:
n—1
Sk.r =(=k)" .
(St = (R (7))
Example 4.15. For d = 4, we have
ko k2 Kk
1 —2k 3k? —4k3
0 1 -3k 6k?

0 0 1 —4k
0 0 0 0 1

Definition 4.16. For every k € N let the symbol vy denote the following 1 x (d+1)
row vector

Ska =

oSO O

vie 1 ko k.
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With this definition, we have

Vi
Vk+1
(4.18) Vi =
Vk+d
Lemma 4.17. Let k > 0, then
(4.19) Vk_l = Sk.a X Vo_l

Proof. Let 1 <m < d+1and 0 <t <d. The m-th entry of the vector vii¢ X Sk.q
is equal to

m—1
-1
D IR Bl (R B

m—1-—
1=0

and therefore

Vit X S}“d = Vg¢.

(#I19) then follows from ([IF]). O
Now we would like to expand n](k). We can obviously assume the equality
w (k) k) < CisH
(k) = =w+ — k‘d+2 s.t. |Oé( )| s U541,

Now we estimate &) by Proposition as follows:

<w + i > R w <1 + M) —kj

Ld+2 Jd+2

-1
— ki <1 — (k+ ) % + Ry (k, ]))

-1
where k is large enough so that a(:3f2 <

(k+7)(k+j+1)a® (k) w2
92(d+2) (1 _ a(k)wfl(k+j+2))

3kd+2

3 . .
e satisfied, and

|Ry (k, )| < < Cog - H* k72473,

Obviously, |ri| < Cso - H - k%. Now by (EI2), we have

di—d

(k) _ k-t Adt kg ke
;. = | Mpgs +w7 g —_— + 5k+j> Wiy | — Mpgjw
’ ( = ket ) .
di—d _
: A i (k+j)a(k)w?
_ . k+j d+1 k—j
= | Mrtj +w 'E:—.+kﬂ>w <1
< = (k+5) ke+2

—k—j —k—j
- mkﬂ-w T+ rppw " Ry (k)
di—d

A .
RS e S A

where ‘RQ (k,])| <Cs - H?k=9-2 and ‘ﬂ (k)| <Csy-H
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(4.20)

i

o

| ng”

_k_
%di2
=B(k)Bo | & | +---+B(k) B
ktd
Ldt2
~ kd+1 -
e
: d+1
+B(k)Ba | EH
(k+C;)d+1
L kd+2
A _
%
Adgr 1 Adti
+ — =+ | Tt N
1
Trd i
kd% | R2 (kv O)
A 1 :
+ Zjl i) | + | Rao(k,j)
| G | L2 (ed)
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Ldiz

(k+3)
k.d+2

(k:+.d)l

=

(k+35)"

(k+d)?

L “garz

297

In light of (ZIT), we would now like to examine the action of the matrix V!

on the vectors on the right-hand side of ([{20)).

Lemma 4.18. Let j =0,1,...,d.

(1) Ifl=1,2,...

(4.21)

Licensed to AMS.
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(i + j)

(k + d)’
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(2) Otherwise, there exists a function Rs : {0,1,...,d} = R such that

LS R ][R
(4.22) ()™ [ =Vox | KT |+ | Rs())
(k+d)d+1 I k(dJlrl) | R5 (d)

Proof. Straightforward application of the binomial theorem. O

Lemma 4.19. Forj=1,2,... andit=1,...,d+ 1 denote

i def . j—l—’L—2
(1) 1( )

ji—1
Then there exists a bounded function Ry : {0,1,...,d} x N = R such that
K ks :
(k+1)7 T 1 -
(4.23) : =Vox | * + pa | T (1,5)
1 Tfi'+1
w o Ri(d. )
Proof. First recall the well-known power series expansiorE
1 = j—1+n
—_ = -1 "
ey~ 2V U35

Now let [ =0,1,...,d.
(1) On one hand, the (I + 1)-st entry in the product on the right-hand side of
#23) is equal to

d (j71+i) ;

def ;
951 = Z(_l)l ki:rj

i=0
(2) On the other hand, by Proposition we have for some bounded function
Ry:{0,1,...,d} x N =R,

L1t R i (L) Rallg)
(k+07 W (14 Ly W {E_%( D( j—1 )(k) T Tgan }

_ i(_l)i (j*;l‘i’i) i+R4 (l’j)
B — kit kitd+1 "
=9j1
Thus [@.23) is proved. O

It is now easily seen that the multiplication by V(f1 “orders up” the vectors
in (@20) by decreasing powers of k. Further multiplication by Si 4 from the left
preserves this structure, as is evident from the following calculation.

r+k) — (r+n+1)

21t can be proven by induction on j, using the identity > o ( . .l
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Lemma 4.20. Let c; ; be arbitrary constants. Then there exist constants y; ; such
that

kI k3
€2, 72,5
i+l ki+1
(424) Sk,d X . =
Cd+1,j Yd+1,5
ki+d ki+d

Proof. Let i =1,...,d+1 and consider the i-th entry of the above product, say y;:

d+1 d

= CLj  _ I4+1— ! vy _ 1

Yi = Z(Sk’d)zwl Xt Z(_k) z(l +1-— z) A R R W L
=1 1=0

where v; ; = Z;i:iil(—l)l—‘rl_i(li(,fil))chi»l’j. This proves the claim. 0
We can now prove the main result of this section.

Theorem 4.21. Assume that di > 2d+1 and k > KgH, so that by Theorem [A13
we have |@(k) — w| < Ci5-H-k=% 2. Then there exist constants Css, K1¢ such that
for every k > Ky1oH and 1 =0,1,...,d the error in determining A; is

A — A < Oy 2R,
Proof. Combine [E17), (20, @2T), @22, @2Z3) and (EZ3). O

5. LOCALIZING THE DISCONTINUITIES

As we have seen, both the location and the magnitudes of the jump can be
reconstructed with high accuracy. The remaining ingredient in our method is to
divide the initial function into regions containing a single jump, and subsequently
apply the reconstruction algorithm in each region.

Our approach is to multiply the initial function f by a “bump” g; which vanishes
outside some neighborhood of the j-th jump. This step requires a priori estimates
of the jump positions, which can fortunately be obtained by a variety of methods,
for example:

(1) the concentration method of Gelb and Tadmor [22] 18] 41];
(2) the method of partial sums due to Banerjee and Geer [3];
(3) Eckhoft’s method with order zero (the Prony method).

All of the above methods provide accurate estimates of {¢;} up to first order. For
definiteness, we present the description of the last method and a rigorous proof of
its convergence in Appendix

Because of the Fourier uncertainty principle, the Fourier series of our bump will
have inifinite support and therefore every practically computable convolution will
always be an approximation to the exact one. Nevertheless, an error of order at
most k=% 2 in the Fourier coefficients will be “absorbed” in the constant R* (ZI0)
and therefore we will still have accurate estimates for the reconstruction of each
separate jump. This will require us to use bump functions which are C*. An
explicit construction of such a function is provided in Appendix [Bl

We assume that the following quantities are known a priori:

e the lower and upper bounds for the jump magnitudes of order zero: J; <
|Ao,5| < Jo;
o the minimal distance between any two jumps |¢; — &;| > J3 > 0;
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e a constant T for which

K
(5.1) 2m (k) o (f) = Y Ao wk| < T-k~"

j=1
Our localization algorithm can be summarized as follows.
Algorithm 5.1. Let f be a piecewise smooth function of order dy > 2d+1 with K
Jumps {&; }szl and jump magnitudes {A; ; }?::37’5 Let there be given the Fourier
coefficients {c, (f)}féﬁgdﬂ, where M is large enough (see below).
(1) Using the a priori bounds Jy, Jo, J3,T, obtain approximate locations of the

jumps {g} via Algorithm [C3l In particular, the error should not
J3

&—&
exceed <, and this will be possible if M is not smaller than required by
Theorem .

(2) For each &;: R
(a) Construct the bump g; centered at §; with parameters t = 2 - % and
E = J3, according to Appendiz [Bl Calculate its Fourier coefficients in
the range k = —3M ...3M according to (B2).
(b) Now let hj = f-gj. For each k=0,1,...,M +d+1 calculate
2M
(5:2) a™ )= D" clf)en-ilg).

i=—2M

(¢) Use the above approzimate Fourier coefficients M (h;) as the input
to Algorithm [3.2 for reconstructing all the parameters of a single jump.

Theorem 5.2. Algorithm Bl will produce estimates of all these parameters with
the accuracy as stated in Theorems [E13] and E21], R* being replaced with some
other constant R* = R* (R*,T, Ja, J3).

Proof. It is clear that the exact function h; = f - g; has exactly one jump at £ and
jump magnitudes Ag j,...,Aq;. In order to prove that Theorems 13| and E2]]

can be applied, it is sufficient to show that the error ‘c’}(M) (hj) — ci (hj)| is of the

order k~(?112) By the Fourier convolution theorem the exact Fourier coefficients

of h; are equal to:
(oo}

alhy) = > el Hen-ilgy),
1=—00
while our algorithm approximates these by the truncated convolution (5.2]). Let us
estimate the convolution tail

—2M >
A (hy) = 3" cilfenilg) + D il Pen—ilgy).
oo i=2M

On one hand, the Fourier coefficients of f can be bounded using (B1I):
lew ()] < Caa (J2 +T) K
On the other hand, taking o = d; + 1 we have by Theorem [B.1]

Cs5 1
ek (95)] < F T
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Finally,

Ca6 (Jo+T) o= 1 Cs6 (Jo+T)
Z gd1+3 < ng+1

‘Ac,(CM)(hj)‘ < e ¢(dy +3,2M)
3

i=2M

M—h—2
di+1
J3

where ((s,q) is the Hurwitz zeta function. Therefore Algorithm will produce
estimates of {5]} and {gl,j} with accuracy as guaranteed by Theorems F13] and

[£27] where
== (J2+T)

=R+ J§f1+1 O

6. FINAL ACCURACY

In this section we are going to calculate the overall accuracy of approximation.
Let us therefore suppose that d; > 2d + 1, and so using the Fourier coefficients
c—opi(f), ..., cans(f) we have reconstructed the singular part ®(x) with accuracy
specified by Theorem Recall from (Z3]) that our final approximation is defined
by

f= Z (Ck(f) - Ck(&))) e 40

[k|<M
where & = Zszl Z?:o Zl,m(z;é}). Intuitively, the approximation error function
f— f will look as depicted in Figure [EI}very small almost everywhere except in
some shrinking neighborhoods of the jump points. Let y € [—m, 7]\ {fj}]K:l. If

we take M large enough so that the error estimate of Theorem T3] will be less
than the distance to the nearest jump |y — &;/, then y will lie in the “flat” region of

Figure and the error f(y) — f (y)| will be small. This is precisely the content

of our final theorem.

Theorem 6.1. Let f : [—m, 7] — R have K jump discontinuities {¢; }le, and let it

be dy -times continuously differentiable between the jumps. Letr > 0. Then for every
integer d satisfying 2d + 1 < dy, there exist explicit functions F = F (A, R*) ,G =

G (AJ/{;,T) depending on all of the a priori bounds such that for oll M > G

Algorithm reconstructs the locations and the magnitudes of the jumps with ac-
curacy provided by Theorem [5.2], and with the following pointwise accuracy in the
“jump-free region”:

K
F )| <Pt yemal\ [ UB (&)

Proof. Define
fr ST () — (@) e .
|k|<M

We write the overall approximation error as

(6.) @) - 1) <

f) = )|+ 1 fu(y) — )l
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|

FIGURE 6.1. The approximation error

Let us examine the two terms on the right-hand side separately.
According to our previous notation, ¥ = f — ® is a d-times continuously differ-
entiable everywhere function. Therefore, using (235]) we have the estimate

|fu(y) — f(y) = Z (V) e —0(y)
|k|<M
(6.2)

= Z Ck(\I’)elky Sng-R-Mﬁdil.
k]| >M

Let © %' & — & denote the “singular error function” (see Figure [6.I]). Then the

second term in (GI)) can be written as:

Fo) = )| = | 30 (er(@) = an(@)) e + (3(y) - 2(1))

k| <M

= Z ck(®)e’ky -0 (y)|.

k| <M

Write

é—j:gj‘i—Oé(M) |O((M)|§FQ (A*7A**,ﬁ).M_d_27
glJ:Al’j-i-ﬂl (M) 1B (M)| < Fg (A*,A**,]/:i\*) Y !
where F,, and Fj3 are provided by Theorem For every € < r, we define

Uie () S Vi(y: &5+ €) = Vi (5:€5) -
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Using the formula (Z1]) we therefore have

O(y) = izd: {Zz,sz (%gj) — AVt (y;fj)}

=11=0
]K d K d

=Y N BV )+ ALiUan (),
j=11=0 J=11=0

= Z(y) LY (y)

and so

63 |[Fw) - )| 2| X a@e™| 4| 3 acwyet-w ().

|k|>M |k|<M

The functions V; belong to C!, and therefore by the well-known estimate (see also
(1), there exist constants S; such that

Z e (Ve < 8- Mt
|k|>M

and therefore

(6.4) > ek (Z)e™| < Cyo- Fg- M1
|k|>M
Let us now investigate W (y). Let L denote an upper bound for the magnitudes
of the jumps:
|A[J|<L j=1...K; 1=0,1,...,d;.
Clearly, the functions U . (y) satisfy the following properties.

(1) |Ue(y)| < Cype for some absolute constant Cyg (recall that y is in the
“jump-free region”). This bound can be obtained by just Taylor-expanding
the functions V; (y;&; + €) at e = 0. In particular, for e = a (M) we have

d
(6.5) )| < ZZ ’Al,j’ |Utaqvy )| < Cay - L+ Fo - M™972,
j=11=0

(2) In the “no man’s land” of length a (M) between ¢; and é;-, U, is bounded
by Cy2 - L. Furthermore, as we have just seen, in the flat regions Uj ()
is bounded by CyoF,M %2, Therefore the Fourier coefficients of W are
certainly bounded by

lex (W)| < Cuz-L-Fo- M~%2

and so

(6.6) > e (W)e™| < Cuy L-Fo- M1
|k|<M

Combining (6.1), [€2), 6.3), (64), (€3] and ([6.6) completes the proof. O
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Reconstruction accuracy

) Roots of ¢} (2), ;=11
150 e

180 R LECEETEEPETE

(A) Accuracy of reconstruction with (B) The roots of qﬁ/!(z)
d =3 and d; = 11, as a function of M.

FIGURE 7.1. Reconstruction of a single jump

7. NUMERICAL RESULTS

In this section we present results of various numerical simulations whose primary
goal is to validate the asymptotic accuracy predictions for large M. We have used
a straightforward implementation and made no attempt to optimize it further. In
particular, the Fourier coefficients are assumed to be known with arbitrary precision
(this is important for the localization, see below).

7.1. Recovery of a single jump. Given d,d; and M, a piecewise function with
one discontinuity is generated according to the formula

dy M
fla)=> AVi(z:0)+ Y fue™
=0 k=—M

where the numbers £ € [—m, 7], {4, € R}f;o and {f, € C}r__,, are chosen at ran-
dom, such that f, ~ k=% =2 and f_j, = fx. The Fourier coefficients are calculated
with the exact formula

o—kE dy A,
Ck(f) = Ton ; (Zk)H_l + [

These coefficients are then passed to the reconstruction routine for a single jump,
of order d. This routine implements Algorithm in a standard MATLAB envi-
ronment with double-precision calculations.

The following experiments were carried out.

(1) Keeping d and d; fixed, we compared the accuracy of recovering the jump
location and all the jump magnitudes for different values of M. The results
can be seen in Figure [[.Jl We also plot the distribution of roots of the
corresponding polynomials ¢¢,(z); compare with Figure {11

(2) Keeping d; fixed, we compared the accuracy for different reconstruction
orders d =1,...,d;. The results are presented in Figure

(3) Keeping the reconstruction order d fixed, we compared the accuracy for
different smoothness values d;. The results are presented in Figure [[.3l
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N Accuracy of reconstructing the jump point, dj=8 4 Accuracy of reconstructing the jump point, d;=12
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FIGURE 7.2. Dependence of the accuracy on the order with fixed
smoothness, with increasing M.
02 Accuracy of reconstructing the jump point, d=3 ! Accuracy of reconstructing the jump point, d=4
=
107t -o-d=9
— b -d=10
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- —o—d=12
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FIGURE 7.3. Dependence of the accuracy on the smoothness with
fixed order, with increasing M.
The optimality of d = d—21 — 1, as well as the asymptotic order of convergence,

are clearly seen to fit the theoretical predictions. The instability and eventual
breakup of the measured accuracy for large values of M is due to the finite-precision
calculations.

7.2. Localization. We have restricted ourselves to the following simplified setting:
the function has two jumps at £&; = 0 and & = 3, and we localize the jump at the
origin by a bump having width % around the initial approximation 5/1 = %. The
explicit formulas for the Fourier coefficients of the bump are derived in Appendix [Bl
We have used Mathematica in order to carry out the computations with arbitrary
precision.

The results can be seen in Figure [[4l Localization convergence can clearly be
seen here, although it starts from very large coeflicients. This seems to suggest
that although the asymptotic accuracy order is correct, more research is required
in order for the proposed localization procedure (i.e. Fourier convolution) to be
suitable for practical applications. In particular, the various constants appearing
in the bounds of Section Bl need to be carefully analyzed.
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d=1, d;=6 d=2, d1=6

" %
1075F o*
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150 200 300 500 700 1000 1000 1500 2000

(A) The cased=1,d1 =6 (B) The case d =2, d; =6

FIGURE 7.4. Localization: accuracy of recovering the jump. The
predicted accuracy M ~9"2 is drawn for comparison.

8. DISCUSSION

In this paper we have demonstrated that nonlinear Fourier reconstruction of
piecewise smooth functions can achieve accuracy with asymptotic order of at least
half the order of smoothness. As indicated by our theoretical results as well as
the numerical simulations, a reconstruction method whose order is more than half
the order of smoothness becomes less accurate. So it appears that the algebraic
approach has certain limitations, and the interesting question is whether these
limitations are inherent or superficial. We hope that our results may provide a clue
towards obtaining sharp upper bounds.

From the practical point of view, the one-jump case seems to be promising as
we have good convergence for moderate values of M. While the multiple-jump
case needs further investigation in order to attain similar results, in the end it may
prove beneficial, since in this case we would not need to know a priori the number
of jumps but still have high resolution in the well-separated regions, by successively
applying the localization each time.

In addition, it seems that Eckhoff’s conjecture is false as stated in [I5], namely
that the jumps of a piecewise smooth C? function can be reconstructed with ac-
curacy k=972, Using a method of highest possible order doesn’t take into account
the stiffness of the problem. In fact, it can be shown that the Lipschitz constant of
the solution map {cj (f)}i\/[:t\jﬂ — {&;, Ay ;} of order d is proportional to M?. We
plan to present these results elsewhere.

Hopefully, our analysis can be related to the algebraic reconstruction schemes of
Kvernadze and Banerjee and Geer as well.

We would like to point out the connection of the algebraic system ([2Z.2)) as well as
the well-known Prony system of equations (C)) (which plays a central role in many
branches of mathematics, see [37] and [32]) to other recent nonlinear reconstruction
methods in Signal Processing, in particular: finite rate of innovation techniques
[42, M2], reconstruction of shapes from moments [26] 23] and piecewise D-finite
moment inversion [0, [7]. We therefore hope that our results can be extended to
these subjects as well.
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APPENDIX A. MISCELLANEOUS AUXILIARY RELATED RESULTS

In this appendix we provide proofs of several combinatorial auxiliary results.
Let E denote the discrete “shift” operator in k, i.e., for every function g(k) :
R — R we have
Eg(k) < g(k +1).
Furthermore, let A denote the discrete difference operator, i.e., A = E —1 where 1
is the identity operator. Then by the binomial theorem we have

d
(D Aty = B0 g = (-1f 07 ()ath )
§=0

Lemma A.1. Let p(k) = agk™ + a1k™ ™1 + - + a,, be a polynomial of degree n.
Then

A"p(k) = apn!,

A"+1p(k) =0

Proof. See e.g. [11]. O

Now assume that g (k) : RT™ — R is a given function. Let us perform a change

of variable y = £, and define G(y) def g (%) = g(k). With this notation, we have

1 1 Y
Ag(k)=gk+1)—g(k —g(——l—l)—g(—) —G(—)—G Y) .
(k) = g(k+1) —g(k) ; " T+ (v)
We subsequently define the “dual” operator D as:
def Y
D{G =G|— ) -G(y).
{G(y)} (1 " y) ()
The operator D has an interesting property of “killing” the lowest-order Taylor

coefficient at 0.

Proposition A.2. Let H(y) be analytic at y = 0, such that H(y) = hpy™ +
hma1y™™ + ..., Then for n € N, the function D" {H (y)} is analytic at 0 with
Taylor expansion

D" {H (y)} = hipp iy " + B y™ T

Proof. The proof is by induction on n. The basis n = 0 is given. Assuming that

U(y)=D"""{H(y)} is analytic at 0 and U (y) =u}, ,,_1y™ " +ul, 1 y™ "1+
.., consider the function D{U (y)} = D" {H(y)}. Let z = i, and so for |y[ <1

we have
z(y):y(l—y+y2—|—...) =y—yi+... .
Making the analytic change of coordinates y — z (y) we conclude that the Taylor
expansion of U (z (y)) at the origin is
U(z(y) = tpin12
That is, the leading coefficient is the same as in the Taylor expansion of U (y).

m+n71_|__ m+n71+“. )

_ %
= U1y

Therefore
DU ()} =U(2) = Ul(y)
= u::Jrnym—i_n + ufﬁlnﬂym*”“ .
This expansion holds in some neighborhood of the origin. O
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Lemma A.3. Letl,d € N. Then there exist positive constants Cys, K11 such that
for all k > Ky1,

d
. (d 1 Cys
1) L -
S () gy <
7=0
Proof. Let g(k) = 7. It is easy to check (see (A])) that

Aa(h) 3 (1 (d) M),

=0 J

The proof of the claim is in two steps. First, we shall develop the expression
Ap,q(k) into power series in % converging for sufficiently large k. Then, based on

this representation we shall establish the required bound.
Let y = +. According to our notation, let G (y) = g (i) =g (k) and so A; q4(k) =

DG (y)} Lf F(y). Furthermore, for all j =0,1,... we have

1 14y
kt+j=-+4+7= =
Y Y

and so

Fw=3 0 (o)

J

Substituting G (y) = ', we conclude that F(y) is a real analytic function of y in
the disk |y| < é, and so it can be written as a converging power series

F(y)=>_fu'
i=0
Applying Proposition [A2] to G (y) we conclude that fo =--- = fi14_1 = 0. There-
fore the expansion
(A2) A= 3 L
s . ki
i1=l+d

holds for k > d.
Let us now estimate the magnitude of the coefficients f;. Since (A.2) is valid for

k = d + 1, then there exists a constant Cyg such that ‘f, (d+ 1)_i‘ < Cy¢ for all
i € N and therefore

fi] < Cus (d+1)".
But then for arbitrary k > d + 2 we have

A ()] = N fraari| _ Cas(d+ D) S (d+ 1)
l,d - vard Ll+d+i Li+d yard ki
Cyg (d + 1) 1 Cus 0
— d — .
Li+d 1_ d_-T-é Li+d
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Lemma A.4. Let w € C, ag,...,a, € C and n,k € N. Denote b A

(ap + a1k + -+ -+ ank™). Then

n+1

i(n+1 bl
E (—1)3( ; )bkﬂw =i =,
=0

Proof. Denote
(k) def ao+ ark+...a,k™.
Then we rewrite the given expression as

n+1 n+1
i(n+1 bl fn+1 -
Zbﬂ%bjﬁmw“J=ZPW(j>mmww““

j=0 j=0
= (=1) L PR AR (k).
(LemmaAT) = 0-
The claim is therefore proved. O

Theorem A.5 (Rouche’s theorem). Let the polynomial ¢(z) € C[z] be a sum q(z) =
p(2) +e(z). Let zo be a simple zero of p(z). If there exists p € RT such that

Ip(2)] > le(2)]  Vz € 0B,(20),
then q(z) has a simple zero inside B,(2p).
Lemma A.6. Let there be given a sequence of polynomials Pi(z) : C — C and a
point zg € C such that
(1) Px(z0) =0 for all k € N;
(2) ‘Pé(zo)‘ > Cyy for all k € N and some constant Cy7 independent of k;
(3) for every fized k the following inequality holds for all z € Bj-1(20),
’P];/(Z)’ S C4gki
where Cyg is a constant independent of k.
Let p(k) : N — R satisfy
. (1 Cyr
0< p(k) < -, 2.
plb) < min (. 5 )
Then there exists a constant Cag independent of p(k) such that for all k, the
following holds for every z € OB, (20)-
PL(2)] > Caopl(k).

Proof. Let us write the truncated Taylor expansion of Py around zy with remainder
in Lagrange form:

Py (20 + p(k)e'®) = Pi(z0) + Pl(20)p(k) e + PkT@)pz(k) e?
O

for some & € B,(z0). Now since p(k) < + we have

|Er| > Cuzp(k),
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On the other hand,

Cy7

p(k) Cusk’
Cugkp? (k) < Cyrp(k)

2 - 2

Therefore @ > |E2| and so by taking Cyg & €z we have |Pe(z)| > Cagp(k).
O

Proposition A.7. Let n € N be given. Then for |z| < —25 the following estimate

n+2
holds:
n 1 1
I+z) "=1—nx+ Mﬁ]% (x) where  |Rs (x)] < PR
— zlnd2)
In general, for approximation of order d, we have for |x| < %,
n 1 e d—1
(14 x) zl—nx—k@ﬁ-i-“wi—(—l)dnx X((;H— )a:d
PR % (TL + d)
_1)ydtr d+1p
+(-1) R @)
where )
|Be (2)] < — Gy
d+2
Proof. Standard majorization of the Taylor series tail by a geometric series. (]

APPENDIX B. EXPLICIT CONSTRUCTION OF A BUMP

In this appendix we present an explicit construction of the bump function which
we used in our numerical simulations. We also derive an explicit bound for the size
of its Fourier coefficients to be used in the proof of localization accuracy.

Let there be given two parameters t and E with 2F > ¢, together with the point
¢ € R. Our goal is to build a function ¢ = gg (z;§) which satisfies the following
conditions:

(Gl) g=0forz ¢ [£— E,§+ E];

(G2) g=1forze [¢—L e+ 1];

(G3) g € C> (R);

(G4) the Fourier coefficients of g decay as rapidly as possible.

The idea is to take a standard C°° mollifier, scale it and convolve with a box
function.

We define two new parameters: the scaling factor s and the width of the box
r. Note that our construction implies r > 2s, because otherwise the result of the
convolution will not have a flat segment in the middle.

Let us therefore take the standard C'°*° mollifier

U(z) e /0= for [a] < 1,
xTr) =
0 otherwise,

and scale it between —s and s for some s > 0:

e~ 50 (2)

S
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where

s 1
A:l/ \p(f)dx:/ T(y)dy ~ 0.443994.

S J_g S -1
Now we take a box function centered at &, having width r:

1 for —5<z-§<3,

0 otherwise.

by (x;€) ={

Finally, we convolve the two and get a smooth bump:

£+3 -
g=grs(x;&) =br(x;8) *xmy(x) = SLA/ ) o <x - t> dt.

The new parameters s,r should be compatible with the original E.,¢. In par-
ticular, we want to have a strip of width ¢ in the center, and the extent of the
whole bump should not exceed E. Therefore we have the following compatibility

conditions:
n t < r
S a )
(B.1) 2 2
2s + 5 < FE.

The function g so constructed, clearly satisfies conditions (G1)—(G3) above. Let
us now maximize the decay of its Fourier coefficients. By definition:

1 T e &+ 5 T —t
1IRT \I’ .
2mwsA /,ﬂe {/g: ( s )dt}dx

2

cr(g) =

Notice first that ¥(z) is zero outside the region —1 < z < 1, therefore we can
make the change of variables z — t — x,t — ¢ and rewrite the integral as

1 s £+
/ e U (E> / ’ e ™t dt S dz.
27TSA S S 5*5

So now the two integrals are completely separated. Explicit calculation gives

/f""% Zefélk(ﬂrzg) (—]_ + eZkT)
3

cr(g) =

—kt
dt =
L k

z
2

Now we scale back: z = sy and obtain the explicit formula

—Lak(r+2¢) -1 vkr 1
1e” 2 +e 1
crlg) = — ( ). / VW (y) dy
Ze—%zk(r—&-Zf) (_1 4 ezkr)
= — C_ks(\ll).
2w Ak

Finally, we would like to determine the optimal values for s and r so that |cx (g)]
decrease as rapidly as possible with k — co.

First note that since ¥ € C°°, then for every a > 1 there exists a constant
C50 («) such that

ek ()] < Cso - K[
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L
0.5

(A) The standard mollifier ¥(x) (B) The final bump for £ =0

FIGURE B.1. The construction of the bump

The formula (B.2) suggests that we should take s to be as large as possible.
Applying the conditions (B we get that the following values maximize s:

1 t
*:_ E——
§ 3( 2)’
2

== (E+1t).
=S (E+1)

We have thus proved the following result:

Theorem B.1. Given E,t with 2E > t and a point &, let gpt (x;€) be the bump
constructed above. Then it satisfies the conditions (G1)—(G4) such that for every
a > 1 there exists a constant Cs1 = Cs1 (@) such that for all k € N,

ek (gm0)| < Cs1- (2E — ) “ k=1,

APPENDIX C. INITIAL ESTIMATES VIA PRONY’S METHOD

In this appendix we present a rigorous proof that the Eckhoff’s method of order
zero produces sufficiently accurate estimates of the jump locations {¢;}, to be used
in Algorithm 51l Denote w; = e*%. For d = 0, the system (Z.2)) becomes

K
(C.1) > Agjwk & 2m (k) e (f).
j=1

————

=my
(CI) is a well-known system of equations which is sometimes called the Prony

system ([37]) or Sylvester-Ramanujan system ([32]). The original method of solu-
tion (due to Baron de Prony, [36]) is to exploit the following fact.

Lemma C.1. The sequence {my} satisfies the recurrence relation with constant

coefficients
K
E meyiq; =0
i=0

where {q;} are the coefficients of the polynomial

J K K )
Q) I —w) =Dz
=1 i=0
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Proof. We have Q(w;) =0 for all j =1,..., K. Therefore

K K K K K K
S aimugi =Y qi Y Agwh T =" A ;w0 Y gt = Ag jwhQ (w)) = 0.
i=0 j=1 i=0 j=1

i=0 j=1
O

Corollary C.2. Let qx = 1 for normalization. Then for all k € N the coefficient
K—1 . . )
vector {q;},_, s the solution of the linear system

my Meg4+1 -0 Me4K-1 q0 Mmre4+K
MEg4+1 Megy2 - Mg+ K q1 Me+K+1
(C.2) : : : : x : - :
Mpg+K—-1 M+ -0 MEg4y2K-2 dK—1 Me42K -1
Yy,

After this preparation, we can now describe the algorithm for obtaining initial
estimates using Prony’s method. Recall that our a priori bounds are given by
Ji,J2, J3 and T'; see Section Bl

Algorithm C.3. Let us be given the first M + 2K — 1 Fourier coefficients cx(f)

of a function f with K unknown discontinuities {fj}jil, which is continuously

differentiable between these discontinuities. Denote the magnitudes of the jumps by
K
{Aj }jzl'
(1) Calculate the sequence
ri = 27 (1k) ek (f)-
(2) Solve the system

M T™+1 - TM+4+K-1 q0 TM+K
TM+1 "M42 v "M+ K q1 TM+K+1
(C.3) : : ; : x : - :
T™M+K—-1 TM+K - TM42K-2 gK—1 TM+2K—1
T

3) Take the estimated {w;} to be the roots of the polynomial
j
Q) =25+ @'
i=0

and then set
& = —argw;.
Now we would like to analyze the accuracy of Algorithm [C3l First, we need

to estimate the error in solving the system (C3). We use standard result from
numerical linear algebra.

Lemma C.4. Consider the linear system Ax = b and let xo be the exact solution.
Let this system be perturbed:

(A+AA)z=b+ Ab
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and let xo + Ax denote the exact solution of this perturbed system. Denote

oz = 1Az] 0A = IAA] 0b = 2] k= ||A|l|A™Y| (condition number)
[loll 1Al 1]
for some vector norm || - || and the induced matriz norm. Then
K
. < — .
(C.4) 5m_1—/<;~(5A(6A+6b)
Proof. See e.g. [45]. O

Consider (C3)). The error in the right-hand side is given by (5.I)). Therefore we
now need to estimate the condition number of the matrix Hy. Although all the
entries are bounded, it may still happerﬁ that « (Hy) is unbounded. Fortunately,
this is not the case. To see this, we are going to factorize Hy into a component
which depends on k, and a component which doesn’t.

Lemma C.5. Let V =V (&1,...,Ek) denote the Vandermonde matriz on the nodes
{w;}, ie.,

1 1 1
w1 w2 WK
V= .
-1 K-1 -1
wi Wy Wi

Then for all k € N,
Hy, =V x diag {4 jwi} x VT,
Proof. Direct computation from the definitions (CJ)) and (C.2). O

Corollary C.6. For all k € N,

J:
K (Hy) < 2R3 (V).
Ji
Remark C.7. k (V) is well studied in e.g. [20]. It essentially depends on the minimal

distance between the nodes. In particular,

n

1

IV~ max .
1§7.§Kj:1;ﬂ[¢i |wj — wi|
Lemma C.8. There exist constants Csy, K12 such that for all i = 0,1,...,d and
for all k > K252 62 (V),
1
- TJy _
|Qz' - Qi| < C52?fi2 (V) kL
i

Proof. In the context of Lemma [C4] our original system is Hrq = m (C2]) and
the perturbed system is Hpq = m (C3). Note that [my| > Jy - Cs3 for some Css.

1 141
3Consider, for instance, Hy = |: 11 k }
Tk
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From previous considerations we therefore have

H ~k - k” 1
s, = e Hll o T 1
g [He = 0 &

T 1
sm < Cyy - — - —
m = Uss Ik
Jo
k(Hy) < —=r=(V).
J1
We would like to estimate dq according to (C.A4). If

T Jo 4
k> 2054 — - —r°(V),
54(]1 Jlﬁ( )

def
=Ki2

then x2 (Hy) 6Hjy, < % and so

Ja o T 1
6q < 2(C Css) =k° (V) — - —. O
q<2(Cs4 + 55)J1K( )J1 2
d:Cme

We can finally estimate the accuracy of Algorithm [C.3] To shorten notation, let

TJ
F = F(A,G,T) d:ef J—22I€2
1

V).

Theorem C.9. For every 0 < o < 1 there exist constants Cse (o) , K13 (o, F') such
that for every k > Kys Algorithm reconstructs the locations of the jumps with
accuracy

’gj—gj’gc%-F-ka*l.

Proof. We have shown that the perturbation ¢ — é has coefficients of magnitude
k~1. We will use the same reasoning as in Section@lin order to estimate the quantity
|w;j — @;|, which is the perturbation of the roots of @ (z). Let |z| < 2. Since the
coefficients of @ (z) do not depend on k, we can obviously find constants Cs7 and
Css such that

(1) Q" (w;)| = Csr,

(2) 1Q" (2)| < Css.
By reasoning similar to Lemma we conclude that there exist constants Csg <
1, Cgp such that for every function 0 < p (k) < Cs9 we have

(C.5) Q) > Coop (k) V2 € DB,y (wj).

Now let
p(k)=F k1,
1

If k> %)m, then p (k) < Cs9 and so (CH) holds. On the other hand, by

Lemma we have that

‘(Q_Cj) (2)| < Ce1-F -kt
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1

Now finally we require that k > (%) E, in which case
60

‘(Q — @) (z)’ < COg F k' < CooFko! < |Q ()]

and therefore Q(z) has a simple zero inside Byry (wy).

Thus we have shown that |©; —w;| < F - k>t Write ©; = w; + B (k) k> !
where |8 (k)| < F. Then by Taylor expansion of the logarithm we will have (recall
lwj| = 1) for large enough k > K3 (a),
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